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Keywords. Ostrowski inequality · Hölder inequality · power mean inequality · strongly beta-convex
functions.

Mathematics Subject Classification (2010): 26D10 · 26D15 · 26A51.

1 Introduction

In 1938, A. M. Ostrowski proved an interesting integral inequality, given by the following
theorem

Theorem 1.1 [14] Let f : I → R, where I ⊆ R is an interval, be a mapping in the
interior I◦of I , and a, b ∈ I◦, with a < b. If |f ′| ≤M for all x ∈ [a, b], then∣∣∣∣∣∣f(x)− 1

b−a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤M (b− a)
[
1

4
+

(x−a+b2 )
2

(b−a)2

]
. (1.1)

In recent decades, inequality (1.1) has attracted much interest from many researchers, a
considerable papers have been appeared on the generalizations, variants and extensions of
inequality (1.1). For more details, we advise reader to [1,10–13,17] and references therein.

In [1] Alomari et al. established the following Ostrowski type inequalities for functions
whose derivatives are convex
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Theorem 1.2 Let f : I ⊂ (0,∞) → R be a differentiable mapping on I◦ such that f ′ ∈
L ([a, b]) where a, b ∈ I◦ with a < b. If |f ′| is convex on [a, b], then the following inequality
holds ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤
(

1
6 + 1

3

(
b−x
b−a

)3) ∣∣f ′ (a)∣∣+ (1
6 + 1

3

(
x−a
b−a

)3) ∣∣f ′ (b)∣∣
for each x ∈ [a, b].

Theorem 1.3 Let f : I ⊂ [0,∞) → R be a differentiable mapping on I◦ such that f ′ ∈
L ([a, b]) where a, b ∈ I◦ with a < b. If |f ′|q is convex on [a, b], where q ≥ 1, then the
following inequality holds∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (b− a)

(
b−x
b−a

)2(1− 1
q

)(
1
2

(
b−x
b−a

)2 ∣∣f ′ (a)∣∣q + (b−x)3(b−3a+2x)

6(b−a)3
∣∣f ′ (b)∣∣q) 1

q

+ (b− a)
(
x−a
b−a

)2(1− 1
q

)

×
((

1
6 + (b−x)3(3a−2x−b)

6(b−a)3

) ∣∣f ′ (a)∣∣q + 1
2

(
x−a
b−a

)2 ∣∣f ′ (b)∣∣q) 1
q

for each x ∈ [a, b].

In [17] Set et al. established the following Ostrowski type inequalities for functions
whose derivatives are s-convex in the second sense

Theorem 1.4 Let f : I ⊂ (0,∞) → R be a differentiable mapping on I◦ such that f ′ ∈
L ([a, b]) where a, b ∈ I◦ with a < b. If |f ′| is s-convex on [a, b] for some fixed s ∈ (0, 1],
then the following inequality holds∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(s+1)(s+2)

{[
2 (s+ 1)

(
b−x
b−a

)s+2
− (s+ 2)

(
b−x
b−a

)s+1
+ 1

] ∣∣f ′ (a)∣∣
+

[
2 (s+ 1)

(
x−a
b−a

)s+2
− (s+ 2)

(
x−a
b−a

)s+1
+ 1

] ∣∣f ′ (b)∣∣}
for each x ∈ [a, b].

Theorem 1.5 Let f : I ⊂ [0,∞) → R be a differentiable mapping on I◦ such that f ′ ∈
L ([a, b]) where a, b ∈ I◦ with a < b. If |f ′|q is s-convex on [a, b] for some fixed s ∈ (0, 1],
where q > 1 and 1

p +
1
q = 1, then the following inequality holds∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
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≤ b−a
(p+1)

1
p (s+1)

1
q

×

{(
b−x
b−a

)1+ 1
p

((
b−x
b−a

)s+1 ∣∣f ′ (a)∣∣q + [1− (x−ab−a

)s+1
] ∣∣f ′ (b)∣∣q) 1

q

+
(
x−a
b−a

)1+ 1
p

([
1−

(
b−x
b−a

)s+1
] ∣∣f ′ (a)∣∣q + (x−ab−a

)s+1 ∣∣f ′ (b)∣∣q) 1
q

}

for each x ∈ [a, b].

Theorem 1.6 Let f : I ⊂ [0,∞) → R be a differentiable mapping on I◦ such that f ′ ∈
L ([a, b]) where a, b ∈ I◦ with a < b. If |f ′|q is s-convex on [a, b] for some fixed s ∈ (0, 1],
where q ≥ 1, then the following inequality holds∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (b− a)

(
1
2

)1− 1
q

({(
b−x
b−a

)2(1− 1
q

) [
1
s+2

(
b−x
b−a

)s+2 ∣∣f ′ (a)∣∣q
+

(
1
s+2

(
x−a
b−a

)s+2
− 1

s+1

(
x−a
b−a

)s+1
+ 1

(s+2)(s+1)

) ∣∣f ′ (b)∣∣q] 1
q

}

+

{(
x−a
b−a

)2(1− 1
q

) [
1
s+2

(
x−a
b−a

)s+2 ∣∣f ′ (b)∣∣q
+

(
1
s+2

(
b−x
b−a

)s+2
− 1

s+1

(
b−x
b−a

)s+1
+ 1

(s+2)(s+1)

) ∣∣f ′ (a)∣∣q] 1
q

})

for each x ∈ [a, b].

Motivated by the results cited above, in this paper we introduce the class of strongly
beta-convex functions and we establish some new Ostrowski’s inequalities for functions
whose first derivatives in absolute value are strongly beta-convex. Several results for its
subclasses are also derived.

2 Preliminaries

In this section we recall some concepts of convexity that are well known in the literature.

Definition 2.1 [9] A set I ⊆ Rn is said to be convex if for any x, y ∈ H , and ∀t ∈ [0, 1],
we have

tx+ (1− t) y ∈ I.

Definition 2.2 [15] A function f : I → R is said to be convex, if

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f(y)

holds for all x, y ∈ I and t ∈ [0, 1].
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Definition 2.3 [16] f : I = [a, b] ⊂ R→ R is called strongly convex with modulus c if

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)− ct(1− t) ‖x− y‖2

holds for all x, y ∈ I and t ∈ (0, 1).

Definition 2.4 [5] A nonnegative function f : I → R is said to be P -convex, if

f (tx+ (1− t) y) ≤ f (x) + f(y)

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.5 [2] A nonnegative function f : I → R is said to be strongly P -convex, if

f (tx+ (1− t) y) ≤ f (x) + f(y)− ct(1− t) ‖x− y‖2

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.6 [6] A nonnegative function f : I → R is said to be s-Godunova-Levin
function, where s ∈ [0, 1], if

f (tx+ (1− t) y) ≤ f (x)

ts
+

f(y)

(1− t)s

holds for all x, y ∈ I and all t ∈ (0, 1).

Definition 2.7 [20] Let f : I ⊂ R→ R be a nonnegative function. We say that f : I → R
is tgs-convex function on I if the inequality

f (tx+ (1− t) y) ≤ t (1− t) [f (x) + f (y)]

holds for all x, y ∈ I , and t ∈ (0, 1).

Definition 2.8 [21] A function f : I ⊂ R→ R is said to be beta-convex on I , if

f (tx+ (1− t) y) ≤ tp (1− t)q f (x) + tq (1− t)p f (y)

holds for all x, y ∈ I , and t ∈ [0, 1], where p, q > −1.

Definition 2.9 [3] A nonnegative function f : I ⊂ [0,∞) → R is said to be s-convex in
the second sense for some fixed s ∈ (0, 1], if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)

holds for all x, y ∈ I and t ∈ [0, 1].

Definition 2.10 [2, 7] A nonnegative function f : I ⊂ [0,∞) → R is said to be strongly
s-convex in the second sense for some fixed s ∈ (0, 1], if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)− ct(1− t) ‖x− y‖2

holds for all x, y ∈ I and t ∈ [0, 1].

Definition 2.11 [22] A nonnegative function f : I ⊂ [0,∞) → R is said to be extended
s-convex for some fixed s ∈ [−1, 1], if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)

holds for all x, y ∈ I and t ∈ (0, 1).
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Definition 2.12 [19] A nonnegative function f : I ⊂ [0,∞) → R is said to be strongly
extended s-convex for some fixed s ∈ [−1, 1], if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)− ct(1− t) ‖x− y‖2

holds for all x, y ∈ I and t ∈ (0, 1).

Definition 2.13 [4] The incomplete beta function is defined by

Bx(α, β) =

x∫
0

tα−1(1− t)β−1dt,

where x ∈ [0, 1] and α, β > 0.

Lemma 2.1 [1] Let f : I ⊂ R→ R be a differentiable mapping on I
◦

where a, b ∈ I with
a < b. If f ′ ∈ L[a, b], then the following equality holds:

f (x)− 1

b− a

b∫
a

f (u) du = (a− b)
1∫
0

p (t) f ′ (ta+ (1− t) b) dt

for each t ∈ [0, 1], where

p (t) =

 t if t ∈
[
0, b−xb−a

]
t− 1 if t ∈

(
b−x
b−a , 1

]
,

for all x ∈ [a, b].

3 Main results

Definition 3.1 A nonnegative function f : I ⊂ [0,∞) → R is said to be strongly beta-
convex on I , if

f (tx+ (1− t) y) ≤ tp (1− t)q f (x) + tq (1− t)p f (y)− ct (1− t) ‖x− y‖2

holds for all x, y ∈ I and t ∈ [0, 1], where p, q > −1.

Remark 3.1 The Definition 3.1 recapture the Definition 2.2 for c = q = 0 and p = 1,
Definition 2.3 for q = 0 and p = 1, Definition 2.4 for p = q = c = 0, Definition 2.5 for
p = q = 0, Definition 2.6 for p ∈ (−1, 0] and q = c = 0, Definition 2.7 for c = 0 and
p = q = 1, Definition 2.8 for c = 0, Definition 2.9 for p ∈ (0, 1] and q = c = 0, Definition
2.10 for p ∈ (0, 1] and q = 0, Definition 2.11 for p ∈ (−1, 1] and q = c = 0, Definition
2.12 for p ∈ (−1, 1] and q = 0.

Definition 3.2 A nonnegative function f : I ⊂ [0,∞) → R is said to be strongly tgs-
convex on I , if

f (tx+ (1− t) y) ≤ t (1− t) (f (x) + f (y))− ct (1− t) ‖x− y‖2

holds for all x, y ∈ I and t ∈ (0, 1).
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Definition 3.3 A nonnegative function f : I → R is said to be strongly s-Godunova-Levin
function, where s ∈ [0, 1], if

f (tx+ (1− t) y) ≤ f (x)

ts
+

f(y)

(1− t)s
− ct (1− t) ‖x− y‖2

holds for all x, y ∈ I and all t ∈ (0, 1).

Theorem 3.1 Let f : I ⊂ R → R be a differentiable mapping on I
◦

where a, b ∈ I
with a < b, and f ′ ∈ L[a, b]. If |f ′| is strongly beta-convex with modulus c > 0, then the
following inequality∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
B b−x
b−a

(p+ 2, q + 1) +Bx−a
b−a

(q + 2, p+ 1)
) ∣∣f ′ (a)∣∣

+
(
B b−x
b−a

(q + 2, p+ 1) +Bx−a
b−a

(p+ 2, q + 1)
) ∣∣f ′ (b)∣∣

− c
(b−a)3

(
(b− x)5

(
1
3 −

b−x
4(b−a)

)
+ (x− a)5

(
1
3 −

x−a
4(b−a)

)))
holds for all x ∈ [a, b], where βx (., .) is the incomplete beta function and p, q > −1.

Proof. From Lemma 2.1, properties of modulus, and strongly beta-convexity of |f ′|, we
get ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (b− a)


b−x
b−a∫
0

t
∣∣f ′ (ta+ (1− t) b)

∣∣ dt+ 1∫
b−x
b−a

(1− t)
∣∣f ′ (ta+ (1− t) b)

∣∣ dt


≤ (b− a)


b−x
b−a∫
0

t
(
tp (1− t)q

∣∣f ′ (a)∣∣+ tq (1− t)p
∣∣f ′ (b)∣∣− ct (1− t) (b− x)2) dt

+

1∫
b−x
b−a

(1− t)
(
tp (1− t)q

∣∣f ′ (a)∣∣+ tq (1− t)p
∣∣f ′ (b)∣∣− ct (1− t) (x− a)2) dt



=(b− a)

∣∣f ′ (a)∣∣
b−x
b−a∫
0

tp+1 (1− t)q dt+
∣∣f ′ (b)∣∣

b−x
b−a∫
0

tq+1 (1− t)p dt

− c (b− x)2
b−x
b−a∫
0

t2 (1− t) dt+
∣∣f ′ (a)∣∣ 1∫

b−x
b−a

tp (1− t)q+1 dt



B. Meftah, A. Azaizia 7

+
∣∣f ′ (b)∣∣ 1∫

b−x
b−a

tq (1− t)p+1 dt− c (x− a)2
1∫
b−x
b−a

t (1− t)2 dt



=(b− a)

∣∣f ′ (a)∣∣


b−x
b−a∫
0

tp+1 (1− t)q dt+

x−a
b−a∫
0

tq+1 (1− t)p dt



+
∣∣f ′ (b)∣∣


b−x
b−a∫
0

tq+1 (1− t)p dt+

x−a
b−a∫
0

tp+1 (1− t)q dt



− c

(b− x)2
b−x
b−a∫
0

t2 (1− t) dt+ (x− a)2
x−a
b−a∫
0

(1− t) t2dt




=(b− a)
((
B b−x
b−a

(p+ 2, q + 1) +Bx−a
b−a

(q + 2, p+ 1)
) ∣∣f ′ (a)∣∣

+
(
B b−x
b−a

(q + 2, p+ 1) +Bx−a
b−a

(p+ 2, q + 1)
) ∣∣f ′ (b)∣∣

− c
(b−a)3

(
(b− x)5

(
1
3 −

b−x
4(b−a)

)
+ (x− a)5

(
1
3 −

x−a
4(b−a)

)))
.

The proof is completed.

Corollary 3.1 In Theorem 3.1 if we put x = a+b
2 , we get∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
B 1

2
(p+ 2, q + 1) +B 1

2
(q + 2, p+ 1)

) ∣∣f ′ (a)∣∣
+
(
B 1

2
(q + 2, p+ 1) +B 1

2
(p+ 2, q + 1)

) ∣∣f ′ (b)∣∣− 5c(b−a)2
384

)
.

Corollary 3.2 Under the assumptions of Theorem 3.1 and if |f ′| is strongly extended s-
convex where s ∈ (−1, 1], we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
1

(s+1)(s+2) −
1
s+1

(
b−x
b−a

)s+1
+ 2

s+2

(
b−x
b−a

)s+2
) ∣∣f ′ (a)∣∣

+

(
1

(s+1)(s+2) −
1
s+1

(
x−a
b−a

)s+1
+ 2

s+2

(
x−a
b−a

)s+2
) ∣∣f ′ (b)∣∣

− c
(b−a)3

(
(b− x)5

(
1
3 −

b−x
4(b−a)

)
+ (x− a)5

(
1
3 −

x−a
4(b−a)

)))
.
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Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

(
1

(s+1)(s+2)

(
1− 1

2s+1

) (∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣)− 5c(b−a)2
384

)
.

Corollary 3.3 Under the assumptions of Theorem 3.1 and if |f ′| is strongly tgs-convex, we
have ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ (b− a)

×

((
4
(
b−x
b−a

)3
−3

(
b−x
b−a

)4
+4

(
x−a
b−a

)3
−3

(
x−a
b−a

)4

12

)(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣)
− c

(b−a)3

(
(b− x)5

(
1
3 −

b−x
4(b−a)

)
+ (x− a)5

(
1
3 −

x−a
4(b−a)

)))
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ 5(b−a)
96

((∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣)− c(b−a)2
4

)
.

Corollary 3.4 Under the assumptions of Theorem 3.1 and if |f ′| is strongly convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
1
3

(
b−x
b−a

)3
+ 1

2

(
x−a
b−a

)2
− 1

3

(
x−a
b−a

)3) ∣∣f ′ (a)∣∣
+

(
1
2

(
b−x
b−a

)2
− 1

3

(
b−x
b−a

)3
+ 1

3

(
x−a
b−a

)3) ∣∣f ′ (b)∣∣
− c

(b−a)3

(
(b− x)5

(
1
3 −

b−x
4(b−a)

)
+ (x− a)5

(
1
3 −

x−a
4(b−a)

))))
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
8

(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣− 5c(b−a)2
48

)
.

Corollary 3.5 Under the assumptions of Theorem 3.1 and if |f ′| is strongly P function∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ b−a

2

(((
b−x
b−a

)2
+
(
x−a
b−a

)2)(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣)
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− c
(b−a)3

(
(b− x)5

(
1
3 −

b−x
4(b−a)

)
+ (x− a)5

(
1
3 −

x−a
4(b−a)

))))
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
4

(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣− 5c(b−a)2
192

)
.

Corollary 3.6 under the conditions of Theorem 3.1 and if |f ′| is beta-convex one has∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
B b−x
b−a

(p+ 2, q + 1) +Bx−a
b−a

(q + 2, p+ 1)
) ∣∣f ′ (a)∣∣

+
(
B b−x
b−a

(q + 2, p+ 1) +Bx−a
b−a

(p+ 2, q + 1)
) ∣∣f ′ (b)∣∣) .

Moreover if we choose x = a+b
2 , we get∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
B 1

2
(p+ 2, q + 1) +B 1

2
(q + 2, p+ 1)

) ∣∣f ′ (a)∣∣
+
(
B 1

2
(q + 2, p+ 1) +B 1

2
(p+ 2, q + 1)

) ∣∣f ′ (b)∣∣) .
Corollary 3.7 Under the assumptions of Theorem 3.1 and if |f ′| is extended s-convex, we
have ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
1

(s+1)(s+2) −
1
s+1

(
b−x
b−a

)s+1
+ 2

s+2

(
b−x
b−a

)s+2
) ∣∣f ′ (a)∣∣

+

(
1

(s+1)(s+2) −
1
s+1

(
x−a
b−a

)s+1
+ 2

s+2

(
x−a
b−a

)s+2
) ∣∣f ′ (b)∣∣) .

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
(s+1)(s+2)

(
1− 1

2s+1

) (∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣) .
Remark 3.2 Corollary 3.7 will be reduced to Theorem 2.1 from [17] if we assume that
s ∈ (0, 1]. Moreover if we take x = a+b

2 we obtain Corollary 2.1 from [17].
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Corollary 3.8 Under the assumptions of Theorem 3.1 and if |f ′| is tgs-convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
12

(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣)
×
(
4
(
b−x
b−a

)3
− 3

(
b−x
b−a

)4
+ 4

(
x−a
b−a

)3
− 3

(
x−a
b−a

)4)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ 5(b−a)
96

(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣) .
Corollary 3.9 Under the assumptions of Theorem 3.1 and if |f ′| is convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

((
1
3

(
b−x
b−a

)3
+ 1

2

(
x−a
b−a

)2
− 1

3

(
x−a
b−a

)3) ∣∣f ′ (a)∣∣
+

(
1
2

(
b−x
b−a

)2
− 1

3

(
b−x
b−a

)3
+ 1

3

(
x−a
b−a

)3) ∣∣f ′ (b)∣∣) .
Moreover if we choose x = a+b

2 , we obtain Theorem 2.2 from [8].

Corollary 3.10 Under the assumptions of Theorem 3.1 and if |f ′| is P function∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ b−a

2

((
b−x
b−a

)2
+
(
x−a
b−a

)2)(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣) .
Moreover if we choose x = a+b

2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
4

(∣∣f ′ (a)∣∣+ ∣∣f ′ (b)∣∣) .
Theorem 3.2 Let f : I ⊂ R → R be a differentiable mapping on I

◦
where a, b ∈ I with

a < b, and f ′ ∈ L[a, b], and let µ > 1 with 1
λ + 1

µ = 1. If |f ′|µ strongly beta-convex with
modulus c > 0, then the following inequality∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(λ+1)
1
λ

((
b−x
b−a

)1+ 1
λ
(∣∣f ′ (a)∣∣µ β b−x

b−a
(p+ 1, q + 1) +

∣∣f ′ (b)∣∣µ β b−x
b−a

(q + 1, p+ 1)
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− c (b−x)
4

(b−a)2

(
1
2 −

b−x
3(b−a)

)) 1
µ

+
(
x−a
b−a

)1+ 1
λ
(∣∣f ′ (a)∣∣µ βx−a

b−a
(q + 1, p+ 1) +

∣∣f ′ (b)∣∣µ βx−a
b−a

(p+ 1, q + 1)

− c (x−a)
4

(b−a)2

(
1
2 −

x−a
3(b−a)

)) 1
µ

)
holds for all x ∈ [a, b], where βx (., .) is the incomplete beta function and p, q > −1.

Proof. From Lemma 2.1, properties of modulus, and Hölder inequality, we get∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (b− a)




b−x
b−a∫
0

tλdt


1
λ


b−x
b−a∫
0

∣∣f ′ (ta+ (1− t) b)
∣∣µ dt


1
µ

+


1∫
b−x
b−a

(1− t)λ dt


1
λ


1∫
b−x
b−a

∣∣f ′ (ta+ (1− t) b)
∣∣µ dt


1
µ



= b−a
(λ+1)

1
λ


(
b− x
b− a

)1+ 1
λ


b−x
b−a∫
0

∣∣f ′ (ta+ (1− t) b)
∣∣µ dt


1
µ

+

(
x− a
b− a

)1+ 1
λ


1∫
b−x
b−a

∣∣f ′ (ta+ (1− t) b)
∣∣µ dt


1
µ

 . (3.1)

Since |f ′|µ is strongly beta-convex, we deduce∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(λ+1)
1
λ

((
b−x
b−a

)1+ 1
λ

×


b−x
b−a∫
0

(
tp (1− t)q

∣∣f ′ (a)∣∣µ + tq (1− t)p
∣∣f ′ (b)∣∣µ − ct (1− t) (b− x)2) dt


1
µ

+
(
x−a
b−a

)1+ 1
λ
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×


x−a
b−a∫
0

(
tq (1− t)p

∣∣f ′ (a)∣∣µ + tp (1− t)q
∣∣f ′ (b)∣∣µ − ct (1− t) (x− a)2) dt


1
µ


= b−a

(λ+1)
1
λ

((
b−x
b−a

)1+ 1
λ
(∣∣f ′ (a)∣∣µ β b−x

b−a
(p+ 1, q + 1) +

∣∣f ′ (b)∣∣µ β b−x
b−a

(q + 1, p+ 1)

− c (b−x)
4

(b−a)2

(
1
2 −

b−x
3(b−a)

)) 1
µ

+
(
x−a
b−a

)1+ 1
λ
(∣∣f ′ (a)∣∣µ βx−a

b−a
(q + 1, p+ 1) +

∣∣f ′ (b)∣∣µ βx−a
b−a

(p+ 1, q + 1)

− c (x−a)
4

(b−a)2

(
1
2 −

x−a
3(b−a)

)) 1
µ

)
.

The proof is completed.

Corollary 3.11 In Theorem 3.2 if we put x = a+b
2 , we get∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
λ+1
λ (λ+1)

1
λ

×
((∣∣f ′ (a)∣∣µ β 1

2
(p+ 1, q + 1) +

∣∣f ′ (b)∣∣µ β 1
2
(q + 1, p+ 1)− c (b−a)

2

48

) 1
µ

+
(∣∣f ′ (a)∣∣µ β 1

2
(q + 1, p+ 1) +

∣∣f ′ (b)∣∣µ β 1
2
(p+ 1, q + 1)− c (b−a)

2

48

) 1
µ

)
.

Corollary 3.12 Under the assumptions of Theorem 3.2 and if |f ′| is strongly extended s-
convex where s ∈ (−1, 1], we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(λ+1)
1
λ

((
b−x
b−a

)λ+1
λ

(
1
s+1

(
b−x
b−a

)s+1 ∣∣f ′ (a)∣∣µ + 1
s+1

(
1−

(
x−a
b−a

)1+s) ∣∣f ′ (b)∣∣µ
− c (b−x)

4

(b−a)2

(
1
2 −

b−x
3(b−a)

)) 1
µ

+
(
x−a
b−a

)λ+1
λ

(
1
s+1

(
1−

(
b−x
b−a

)1+s) ∣∣f ′ (a)∣∣µ + 1
s+1

(
x−a
b−a

)s+1 ∣∣f ′ (b)∣∣µ
− c (x−a)

4

(b−a)2

(
1
2 −

x−a
3(b−a)

)) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
(λ+1)

1
λ 2

λ+1
λ

×
((

1
s+1

(
1
2

)s+1 ∣∣f ′ (a)∣∣µ + 1
s+1

(
1−

(
1
2

)1+s) ∣∣f ′ (b)∣∣µ − c (b−a)248

) 1
µ
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+
(

1
s+1

(
1−

(
1
2

)1+s) ∣∣f ′ (a)∣∣µ + 1
s+1

(
1
2

)s+1 ∣∣f ′ (b)∣∣µ − c (b−a)248

) 1
µ

)
.

Corollary 3.13 Under the assumptions of Theorem 3.2 and if |f ′| is strongly tgs-convex,
we have ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(λ+1)
1
λ

((
b−x
b−a

)2+ 1
µ
(
1
2 −

b−x
3(b−a)

) 1
µ
(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (b− x)2) 1

µ

+
(
x−a
b−a

)2+ 1
µ
(
1
2 −

x−a
3(b−a)

) 1
µ
(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (x− a)2) 1

µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
2
1+ 1

µ (λ+1)
1
λ

(
|f ′(a)|µ+|f ′(b)|µ

3 − c(b−a)2
12

) 1
µ
.

Corollary 3.14 Under the assumptions of Theorem 3.2 and if |f ′| is strongly convex, we
have ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(λ+1)
1
λ

((
b−x
b−a

)1+ 1
λ

(
1
2

(
b−x
b−a

)2 ∣∣f ′ (a)∣∣µ + 1
2

(
x−a
b−a

)2 ∣∣f ′ (b)∣∣µ
− c (b−x)

4

(b−a)2

(
1
2 −

b−x
3(b−a)

)) 1
µ

+
(
x−a
b−a

)1+ 1
λ

(
1
2

(
b−x
b−a

)2 ∣∣f ′ (a)∣∣µ + 1
2

(
x−a
b−a

)2 ∣∣f ′ (b)∣∣µ
− c (x−a)

4

(b−a)2

(
1
2 −

x−a
3(b−a)

)) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1+ 2

µ (λ+1)
1
λ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (b−a)23

) 1
µ
.

Corollary 3.15 Under the assumptions of Theorem 3.2 and if |f ′| is strongly P function∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
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≤ b−a
(λ+1)

1
λ

((
b−x
b−a

)2 (∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (b−x)3b−a

(
1
2 −

b−x
3(b−a)

)) 1
µ

+
(
x−a
b−a

)2 (∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (x−a)3b−a

(
1
2 −

x−a
3(b−a)

)) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2(λ+1)
1
λ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (b−a)324

) 1
µ
.

Corollary 3.16 under the conditions of Theorem 3.2 and if |f ′| is beta-convex one has∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
(λ+1)

1
λ

×
((

b−x
b−a

)1+ 1
λ
(∣∣f ′ (a)∣∣µ β b−x

b−a
(p+ 1, q + 1) +

∣∣f ′ (b)∣∣µ β b−x
b−a

(q + 1, p+ 1)
) 1
µ

+
(
x−a
b−a

)1+ 1
λ
(∣∣f ′ (a)∣∣µ βx−a

b−a
(q + 1, p+ 1) +

∣∣f ′ (b)∣∣µ βx−a
b−a

(p+ 1, q + 1)
) 1
µ

)
.

Moreover if we choose x = a+b
2 , we get∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
λ+1
λ (λ+1)

1
λ

×
((∣∣f ′ (a)∣∣µ β 1

2
(p+ 1, q + 1) +

∣∣f ′ (b)∣∣µ β 1
2
(q + 1, p+ 1)

) 1
µ

+
(∣∣f ′ (a)∣∣µ β 1

2
(q + 1, p+ 1) +

∣∣f ′ (b)∣∣µ β 1
2
(p+ 1, q + 1)

) 1
µ

)
.

Corollary 3.17 Under the assumptions of Theorem 3.2 and if |f ′| is extended s-convex
where s ∈ (−1, 1], we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(s+1)
1
µ (λ+1)

1
λ

((
b−x
b−a

)1+ 1
λ

((
b−x
b−a

)s+1 ∣∣f ′ (a)∣∣µ + (1− (x−ab−a

)1+s) ∣∣f ′ (b)∣∣µ) 1
µ

+
(
x−a
b−a

)1+ 1
λ

((
1−

(
b−x
b−a

)1+s) ∣∣f ′ (a)∣∣µ + (x−ab−a

)s+1 ∣∣f ′ (b)∣∣µ) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
(s+1)

1
µ (λ+1)

1
λ 21+

1
λ
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×
(((

1
2

)s+1 ∣∣f ′ (a)∣∣µ + (1− (12)1+s) ∣∣f ′ (b)∣∣µ) 1
µ

+
((

1−
(
1
2

)1+s) ∣∣f ′ (a)∣∣µ + (12)s+1 ∣∣f ′ (b)∣∣µ) 1
µ

)
.

Remark 3.3 Corollary 3.17 will be reduced to Theorem 2.2 from [17] if we assume that
s ∈ (0, 1].

Corollary 3.18 Under the assumptions of Theorem 3.2 and if |f ′| is tgs-convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
(λ+1)

1
λ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1
µ

×
((

b−x
b−a

)2+ 1
µ
(
1
2 −

b−x
3(b−a)

) 1
µ
+
(
x−a
b−a

)2+ 1
µ
(
1
2 −

x−a
3(b−a)

) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ b−a
2(λ+1)

1
λ

(
|f ′(a)|µ+|f ′(b)|µ

6

) 1
µ
.

Corollary 3.19 Under the assumptions of Theorem 3.2 and if |f ′| is convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
1
µ (λ+1)

1
λ

((
b−x
b−a

)1+ 1
λ
+
(
x−a
b−a

)1+ 1
λ

)
((

b−x
b−a

)2 ∣∣f ′ (a)∣∣µ + (x−ab−a

)2 ∣∣f ′ (b)∣∣µ) 1
µ

.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
1+ 2

µ (λ+1)
1
λ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1
µ .

Corollary 3.20 Under the assumptions of Theorem 3.2 and if |f ′| is P function∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

(λ+1)
1
λ

((
b−x
b−a

)2
+
(
x−a
b−a

)2)(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1
µ .

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2(λ+1)

1
λ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1
µ .
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Theorem 3.3 Let f : I ⊂ R → R be a differentiable mapping on I
◦

where a, b ∈ I with
a < b, and f ′ ∈ L[a, b], and let µ ≥ 1. If |f ′|q strongly beta-convex with modulus c > 0,
then the following inequality holds :∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)2(1− 1
µ

) (
B b−x
b−a

(p+ 2, q + 1)
∣∣f ′ (a)∣∣µ

+ B b−x
b−a

(q + 2, p+ 1)
∣∣f ′ (b)∣∣µ − c (b− x)2(1

3

(
b−x
b−a

)3
− 1

4

(
b−x
b−a

)4)) 1
µ

+
(
x−a
b−a

)2(1− 1
µ

) (
Bx−a

b−a
(q + 2, p+ 1)

∣∣f ′ (a)∣∣µ
+ Bx−a

b−a
(p+ 2, q + 1)

∣∣f ′ (b)∣∣µ − c (x− a)2(1
3

(
x−a
b−a

)3
− 1

4

(
x−a
b−a

)4)) 1
µ

)
holds for all x ∈ [a, b], where βx (., .) is the incomplete beta function and p, q > −1.

Proof. From Lemma 2.1, properties of modulus, and power mean inequality, we get∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (b− a)




b−x
b−a∫
0

tdt


1− 1

µ


b−x
b−a∫
0

t
∣∣f ′ (ta+ (1− t) b)

∣∣µ dt


1
µ

+


1∫
b−x
b−a

(1− t) dt


1− 1

µ


1∫
b−x
b−a

(1− t)
∣∣f ′ (ta+ (1− t) b)

∣∣µ dt


1
µ



≤ b−a
2
1− 1

µ

( b−xb−a

)2(1− 1
µ

)
b−x
b−a∫
0

t
∣∣f ′ (ta+ (1− t) b)

∣∣µ dt


1
µ

+
(
x−a
b−a

)2(1− 1
µ

)
1∫
b−x
b−a

(1− t)
∣∣f ′ (ta+ (1− t) b)

∣∣µ dt


1
µ

 .

Since |f ′|µ is strongly beta-convex, we deduce∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
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≤ b−a
2
1− 1

µ

( b−xb−a

)2(1− 1
µ

)
b−x
b−a∫
0

t
(
tp (1− t)q

∣∣f ′ (a)∣∣µ
+ tq (1− t)p

∣∣f ′ (b)∣∣µ − ct (1− t) (b− x)2) dt) 1
µ

+
(
x−a
b−a

)2(1− 1
µ

)
1∫
b−x
b−a

(1− t)
(
tp (1− t)q

∣∣f ′ (a)∣∣µ
+ tq (1− t)p

∣∣f ′ (b)∣∣µ − ct (1− t) (x− a)2) dt) 1
µ

)

= b−a
2
1− 1

µ

( b−xb−a

)2(1− 1
µ

)∣∣f ′ (a)∣∣µ
b−x
b−a∫
0

tp+1 (1− t)q dt

+
∣∣f ′ (b)∣∣µ

b−x
b−a∫
0

tq+1 (1− t)p dt− c (b− x)2
b−x
b−a∫
0

t2 (1− t) dt


1
q

+
(
x−a
b−a

)2(1− 1
µ

)∣∣f ′ (a)∣∣µ
x−a
b−a∫
0

tq+1 (1− t)p dt

+
∣∣f ′ (b)∣∣µ

x−a
b−a∫
0

tp+1 (1− t)q dt− c (x− a)2
x−a
b−a∫
0

t2 (1− t) dt


1
µ


= b−a

2
1− 1

µ

((
b−x
b−a

)2(1− 1
µ

) (
B b−x
b−a

(p+ 2, q + 1)
∣∣f ′ (a)∣∣µ +B b−x

b−a
(q + 2, p+ 1)

∣∣f ′ (b)∣∣µ
− c (b− x)2

(
1
3

(
b−x
b−a

)3
− 1

4

(
b−x
b−a

)4)) 1
µ

+
(
x−a
b−a

)2(1− 1
µ

) (
Bx−a

b−a
(q + 2, p+ 1)

∣∣f ′ (a)∣∣µ +Bx−a
b−a

(p+ 2, q + 1)
∣∣f ′ (b)∣∣µ

− c (x− a)2
(

1
3

(
x−a
b−a

)3
− 1

4

(
x−a
b−a

)4)) 1
µ

)
.

The proof is completed.

Corollary 3.21 In Theorem 3.3 if we put x = a+b
2 , we get∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
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≤ b−a
2
3− 3

µ

((
B 1

2
(p+ 2, q + 1)

∣∣f ′ (a)∣∣µ +B 1
2
(q + 2, p+ 1)

∣∣f ′ (b)∣∣µ − 5c(b−a)2
768

) 1
µ

+
(
B 1

2
(q + 2, p+ 1)

∣∣f ′ (a)∣∣µ +B 1
2
(p+ 2, q + 1)

∣∣f ′ (b)∣∣µ − 5c(b−a)2
768

) 1
µ

)
.

Corollary 3.22 Under the assumptions of Theorem 3.3 and if |f ′| is strongly extended s-
convex where s ∈ (−1, 1], we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)2(1− 1
µ

)(
1
s+2

(
b−x
b−a

)s+2 ∣∣f ′ (a)∣∣µ + (x−ab−a

)s+1 (
1
s+1 −

1
s+2

(
x−a
b−a

))
×
∣∣f ′ (b)∣∣µ − c (b− x)2(1

3

(
b−x
b−a

)3
− 1

4

(
b−x
b−a

)4)) 1
µ

+
(
x−a
b−a

)2(1− 1
µ

)((
b−x
b−a

)s+1 (
1
s+1 −

1
s+2

(
b−x
b−a

)) ∣∣f ′ (a)∣∣µ
+ 1

s+2

(
x−a
b−a

)s+2 ∣∣f ′ (b)∣∣µ − c (x− a)2(1
3

(
x−a
b−a

)3
− 1

4

(
x−a
b−a

)4)) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a

2
3(1− 1

µ)

×
((

1
s+2

(
1
2

)s+2 ∣∣f ′ (a)∣∣µ + s+3
(s+1)(s+2)

(
1
2

)s+2 ∣∣f ′ (b)∣∣µ − c(b−a)2
768

) 1
µ

+
(

s+3
(s+1)(s+2)

(
1
2

)s+2 ∣∣f ′ (a)∣∣µ + 1
s+2

(
1
2

)s+2 ∣∣f ′ (b)∣∣µ − c(b−a)2
768

) 1
µ

)
.

Corollary 3.23 Under the assumptions of Theorem 3.3 and if |f ′| is strongly tgs-convex,
we have ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)(2− 2
µ

) (∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (b− x)2) 1
µ

×
(

1
3

(
b−x
b−a

)3
− 1

4

(
b−x
b−a

)4) 1
µ

+
(
x−a
b−a

)(2− 2
µ

)

×
(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c (x− a)2) 1

µ

(
1
3

(
x−a
b−a

)3
− 1

4

(
x−a
b−a

)4) 1
µ

)
.
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Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
4

(
5
24

) 1
µ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c(b−a)2
4

) 1
µ
.

Corollary 3.24 Under the assumptions of Theorem 3.3 and if |f ′| is strongly convex, we
have ∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)2 (
1
3

(
b−x
b−a

) ∣∣f ′ (a)∣∣µ + (1
2 −

1
3

(
b−x
b−a

)) ∣∣f ′ (b)∣∣µ
− c (b− x)2

(
b−x
b−a

)(
1
3 −

1
4

(
b−x
b−a

))) 1
µ

+
(
x−a
b−a

)2 ((
1
2 −

1
3

(
x−a
b−a

)) ∣∣f ′ (a)∣∣µ + 1
3

(
x−a
b−a

) ∣∣f ′ (b)∣∣µ
− c (x− a)2

(
x−a
b−a

)(
1
3 −

1
4

(
x−a
b−a

))) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
8

×
((
|f ′(a)|µ+2|f ′(b)|µ

3 − c5(b−a)2
96

) 1
µ
+
(
2|f ′(a)|µ+|f ′(b)|µ

3 − c5(b−a)2
96

) 1
µ

)
.

Corollary 3.25 Under the assumptions of Theorem 3.3 and if |f ′| is strongly P function∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)2 ( |f ′(a)|µ+|f ′(b)|µ
2 − c(b−x)3

b−a

(
1
3 −

1
4

(
b−x
b−a

))) 1
µ

+
(
x−a
b−a

)2 ( |f ′(a)|µ+|f ′(b)|µ
2 − c(x−a)3

b−a

(
1
3 −

1
4

(
x−a
b−a

))) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
4

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ − c5(b−a)2
96

) 1
µ
.

Corollary 3.26 under the conditions of Theorem 3.3 and if |f ′| is beta-convex one has∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
1− 1

µ
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×

((
b−x
b−a

)2(1− 1
µ

) (
B b−x
b−a

(p+ 2, q + 1)
∣∣f ′ (a)∣∣µ +B b−x

b−a
(q + 2, p+ 1)

∣∣f ′ (b)∣∣µ) 1
µ

+
(
x−a
b−a

)2(1− 1
µ

) (
Bx−a

b−a
(q + 2, p+ 1)

∣∣f ′ (a)∣∣µ +Bx−a
b−a

(p+ 2, q + 1)
∣∣f ′ (b)∣∣µ) 1

µ

)
.

Moreover if we choose x = a+b
2 , we get∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
3− 3

µ

((
B 1

2
(p+ 2, q + 1)

∣∣f ′ (a)∣∣µ +B 1
2
(q + 2, p+ 1)

∣∣f ′ (b)∣∣µ) 1
µ

+
(
B 1

2
(q + 2, p+ 1)

∣∣f ′ (a)∣∣µ +B 1
2
(p+ 2, q + 1)

∣∣f ′ (b)∣∣µ) 1
µ

)
.

Corollary 3.27 Under the assumptions of Theorem 3.3 and if |f ′| is extended s-convex
where s ∈ (−1, 1], we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)2(1− 1
µ

)

×
(

1
s+2

(
b−x
b−a

)s+2 ∣∣f ′ (a)∣∣µ + (x−ab−a

)s+1 (
1
s+1 −

1
s+2

(
x−a
b−a

)) ∣∣f ′ (b)∣∣µ) 1
µ

+
(
x−a
b−a

)2(1− 1
µ

)

×
((

b−x
b−a

)s+1 (
1
s+1 −

1
s+2

(
b−x
b−a

)) ∣∣f ′ (a)∣∣µ + 1
s+2

(
x−a
b−a

)s+2 ∣∣f ′ (b)∣∣µ) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
3− 1

µ+ s
µ

×
((

(s+1)|f ′(a)|µ+(s+3)|f ′(b)|µ
(s+1)(s+2)

) 1
µ
+
(
(s+3)|f ′(a)|µ+(s+1)|f ′(b)|µ

(s+1)(s+2)

) 1
µ

)
.

Corollary 3.28 Under the assumptions of Theorem 3.3 and if |f ′| is tgs-convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
1− 1

µ

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1
µ

×
((

b−x
b−a

)2+ 1
µ
(
1
3 −

1
4

(
b−x
b−a

)) 1
µ
+
(
x−a
b−a

)2+ 1
µ
(
1
3 −

1
4

(
x−a
b−a

)) 1
µ

)
.
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Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
4

(
5
24

) 1
µ
(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1

µ .

Corollary 3.29 Under the assumptions of Theorem 3.3 and if |f ′| is convex, we have∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

2
1− 1

µ

((
b−x
b−a

)2 (
1
3

(
b−x
b−a

) ∣∣f ′ (a)∣∣µ + (1
2 −

1
3

(
b−x
b−a

)) ∣∣f ′ (b)∣∣µ) 1
µ

+
(
x−a
b−a

)2 (((
1
2 −

1
3

(
x−a
b−a

)) ∣∣f ′ (a)∣∣µ + 1
3

(
x−a
b−a

) ∣∣f ′ (b)∣∣µ) 1
µ

)
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
8

((
|f ′(a)|µ+2|f ′(b)|µ

3

) 1
µ
+
(
2|f ′(a)|µ+|f ′(b)|µ

3

) 1
µ

)
.

Remark 3.4 The second inequality of the corollary 29 is the correct estimate of Corollary
2.6 from [17].

Corollary 3.30 Under the assumptions of Theorem 3.3 and if |f ′| is P function∣∣∣∣∣∣f (x)− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
2
1− 1

µ

((
b−x
b−a

)2
+
(
x−a
b−a

)2)( |f ′(a)|µ+|f ′(b)|µ
2

) 1
µ
.

Moreover if we choose x = a+b
2 , we obtain∣∣∣∣∣∣f (a+b2 )− 1

b− a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
4

(∣∣f ′ (a)∣∣µ + ∣∣f ′ (b)∣∣µ) 1
µ .
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