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Abstract. In this paper, we introduce the class of strongly beta-convex functions and establish some new
Ostrowski’s inequalities for functions whose first derivatives in absolute value are strongly beta-convex.
Several results for its subclasses are also derived.
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1 Introduction

In 1938, A. M. Ostrowski proved an interesting integral inequality, given by the following
theorem

Theorem 1.1 [/4] Let f : I — R, where I C R is an interval, be a mapping in the
interior I°of I, and a,b € I°, with a < b. If | f'| < M for all x € [a, ], then

b
@)= itz [ 10 @) <aro-a [+ EEE] (L)

In recent decades, inequality (1.1) has attracted much interest from many researchers, a
considerable papers have been appeared on the generalizations, variants and extensions of
inequality (1.1). For more details, we advise reader to [1,10-13,17] and references therein.

In [1] Alomari et al. established the following Ostrowski type inequalities for functions
whose derivatives are convex
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2 Ostrowski type inequalities for functions whose derivatives are strongly beta-convex

Theorem 1.2 Ler f : I C (0,00) — R be a differentiable mapping on I° such that f’ €
L ([a, b)) where a,b € I° witha < b. If | f'| is convex on [a, b], then the following inequality

holds
1 b
d
= [fwaa

<(3+1(2) ) Ir@i+ (51 (2)) 1rm

foreach z € [a,b].

Theorem 1.3 Let f : I C [0,00) — R be a differentiable mapping on 1° such that ' €
L ([a,b]) where a,b € I° with a < b. If | f'|? is convex on [a,b], where ¢ > 1, then the
following inequality holds

<(b—a) (g:g)m;) <; (2:—§)2|f’ <a>|uw¢\f )| >

2 .
(ot a4 (122) U o))
foreach x € [a,b].

In [17] Set et al. established the following Ostrowski type inequalities for functions
whose derivatives are s-convex in the second sense

Theorem 1.4 Let f : I C (0,00) — R be a differentiable mapping on I° such that f' €
L ([a,b]) where a,b € I° with a < b. If | f'| is s-convex on [a, b] for some fixed s € (0, 1],
then the following inequality holds

b
1
-y [ fw

ot { e 0 (2)" e =)
. [2 (s 41) (%)5—1—2 (s12) (%)S—H

for each x € [a,b).

Theorem 1.5 Let f : I C [0,00) — R be a differentiable mapping on 1° such that ' €
L ([a,b]) where a,b € I° witha < b. If | f'|? is s-convex on [a, b] for some fixed s € (0, 1],
where g > 1 and % + % = 1, then the following inequality holds
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foreach x € [a,b].

Theorem 1.6 Let f : I C [0,00) — R be a differentiable mapping on 1° such that ' €
L ([a,b]) where a,b € I° with a < b. If | f'|? is s-convex on [a, b] for some fixed s € (0,1],
where q > 1, then the following inequality holds

Q=

+ () - (52) + et ) L0

}
)

Motivated by the results cited above, in this paper we introduce the class of strongly
beta-convex functions and we establish some new Ostrowski’s inequalities for functions
whose first derivatives in absolute value are strongly beta-convex. Several results for its
subclasses are also derived.

Qe

s+2 s+1
v (e ()™ - () + ) Ir @]

for each x € [a,b).

2 Preliminaries
In this section we recall some concepts of convexity that are well known in the literature.

Definition 2.1 [9] A set I C R" is said to be convex if for any x,y € H, and Vt € [0, 1],
we have

tr+(1—t)y el
Definition 2.2 [15] A function f : I — R is said to be convex, if
fltz+Q—t)y) <tf(x)+(1—1) f(y)
holds for all x,y € I and t € |0, 1].
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Definition 2.3 [16] f : I = [a,b] C R — R is called strongly convex with modulus c if
fltz+(1=t)y) <tf (@) + 1 —t)f(y) —ct(l =) o~y
holds for all x,y € I and t € (0,1).
Definition 2.4 [5] A nonnegative function f : I — R is said to be P-convex, if
fltz+ 1=ty < f(z)+ fy)
holds for all x,y € I and all t € [0, 1].
Definition 2.5 [2] A nonnegative function f : I — R is said to be strongly P-convex, if
fltz+ (1 =t)y) < f(x) + fly) —ct(l =) |z - y|
holds for all x,y € I and all t € [0, 1].

Definition 2.6 [6] A nonnegative function f : I — R is said to be s-Godunova-Levin
function, where s € [0, 1], if

fz+(1-1t)y) < -

holds for all x,y € I and all t € (0, 1).

Definition 2.7 [20] Let f : I C R — R be a nonnegative function. We say that f : [ — R
is tgs-convex function on I if the inequality

fle+@—t)y) <t(I-t)[f (2)+ [ (y)]
holds for all x,y € I, and t € (0, 1).
Definition 2.8 [21] A function f : I C R — R is said to be beta-convex on I, if
flz+(1=-t)y) <P A =t)7f(z) +t1(1=1)" f(y)
holds for all x,y € I, and t € [0, 1], where p,q > —1.

Definition 2.9 [3] A nonnegative function f : I C [0,00) — R is said to be s-convex in
the second sense for some fixed s € (0, 1], if

fltz+ (1 —t)y) <t°f(x)+(1-1)°f(y)
holds for all x,y € I and t € [0, 1].

Definition 2.10 /2, 7] A nonnegative function f : I C [0,00) — R is said to be strongly
s-convex in the second sense for some fixed s € (0, 1], if

flte+ (1 =t)y) <t f@)+ (1=t f(y) —ct(l—1t)[|lz —y||”
holds for all x,y € I and t € [0, 1].

Definition 2.11 [22] A nonnegative function f : I C [0,00) — R is said to be extended
s-convex for some fixed s € [—1,1], if

[tz + (1 =t)y) <t*f(x)+ (1 -1)"f(y)
holds for all x,y € I andt € (0,1).
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Definition 2.12 [19] A nonnegative function f : I C [0,00) — R is said to be strongly
extended s-convex for some fixed s € [—1,1], if

flte+ (1= t)y) <f(2)+ (1= 1)°f(y) —ct(l = 1) lz —y|”
holds for all x,y € I and t € (0, 1).

Definition 2.13 [4] The incomplete beta function is defined by

T

Bu(a, ) = / (11— 1P,

0

where x € [0,1] and o, 5 > 0.

Lemma2.1 [I]Let f : I C R — R be a differentiable mapping on I’ where a,b € I with
a < b. If f' € Lla,bl, then the following equality holds:

b 1
f@) =y [Fwde= (=) [ f tar @ -t
a 0

for each ¢ € [0, 1], where

toifte |0, 3]
p(t) = . b
t—1ifte (b= 1},

a’

forall z € [a, b).

3 Main results

Definition 3.1 A nonnegative function f : I C [0,00) — R is said to be strongly beta-
convexon I, if

flz+ 1 —=t)y) <P (1= f (@) + 191 = )" f(y) —ct (1 =) [lz =y
holds for all x,y € I and t € [0, 1], where p,q > —1.

Remark 3.1 The Definition 3.1 recapture the Definition 2.2 forc = ¢ = 0 and p = 1,
Definition 2.3 for ¢ = 0 and p = 1, Definition 2.4 for p = ¢ = ¢ = 0, Definition 2.5 for
p = q = 0, Definition 2.6 for p € (—1,0] and ¢ = ¢ = 0, Definition 2.7 for ¢ = 0 and
p = q = 1, Definition 2.8 for ¢ = 0, Definition 2.9 for p € (0, 1] and ¢ = ¢ = 0, Definition
2.10 for p € (0,1] and ¢ = 0, Definition 2.11 for p € (—1,1] and ¢ = ¢ = 0, Definition
2.12forp € (—1,1] and ¢ = 0.

Definition 3.2 A nonnegative function f : I C [0,00) — R is said to be strongly tgs-
convexon I, if

flte+ (1 =t)y) <t —=t)(f(2) + () —ct (1= t) [l — y?
holds for all x,y € I and t € (0,1).
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Definition 3.3 A nonnegative function f : I — R is said to be strongly s-Godunova-Levin
function, where s € [0,1], if

—ct(1—1t) |z —y|

fz+(1-1t)y) <

holds for all x,y € I and all t € (0,1).

Theorem 3.1 Let f : I C R — R be a differentiable mapping on I~ where a,b € I
witha < b, and ' € Lla,b]. If |f'| is strongly beta-convex with modulus ¢ > 0, then the

following inequality

(t) dt

f(x) =

( bos q+2p+1)+Bz a(p+2 q+1>\f ()|

o) (5~ aty) + @ =) (5~ 5555

holds for all = € [a, b], where j3, (., .) is the incomplete beta function and p, ¢ > —1.

b

(( =2 (P+2,0+ 1)+ Boza (g 42, p+1)|f’(a)}
(

< (0

(ba

Proof. From Lemma 2.1, properties of modulus, and strongly beta-convexity of |f'|, we

get
1 b
—b_a/f(u)du

= 1

<(b—a) tlf (ta+ (1L—t)b)|dt+ [ (1—¢)|f (ta+ (1 —1t)b)|dt
l J

<(b—a) /t(tp(l—t)q\f’(a)\+tq(1—t)p\f’(b)\—ct(l—t)(b—x)2>dt
0

1
+ / (1—1) (tp(l—t)q]f’(aﬂ+tq(1—t)p\f’(b)\ —ct(l—t)(x—a)2> dt

=0b—a)||f (@] [ T A -t)dt+|f b)] [ 7T (1 -t)at
/ /
o 1
—cb—2)? [EQ-t)dt+|f ()| [ Q1) at
/ /

b—a
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1 1
+‘f’(b)‘/tq( HPtae — a:—aQ/t (1—1t)?

b—x b—x
b—a b—a
b—zx r—a
b—a b—a
=(b—a)||f (a) /tp“ )7 dt + /tq+1 t)P dt
0 0
b—zx T—a
b—a b—a
+ | (b)) /tq+1(1—t)pdt~|— /tp“(l—t)th
0 0
b—zx x—a
b—a b—a
—c (bx)Q/t2(1t)dt+(9:a)2 / (1 —t)¢2dt
0 0

=(—0) (B 0+ 2.9+ 1) + Bee (g + 2.0+ 1)) | (@)

b—a

+ (BZ%Z (g+2,p+ 1)+B% (p—|—2,q+1)> |/ (b)]
= o (02 (3 - afiz) + @ -0 (3 - 48)))

The proof is completed.

Corollary 3.1 In Theorem 3.1 if we put x = 52, we get

b
1
el BACL

<(b-a)((By

—|—(B%(q+2,p+1)+B%(p+27Q+1))‘f ‘— 584“))-

F(%5?) -

(p+2,¢g+1)+Bi(g+2,p+1))|f (a)
2

Corollary 3.2 Under the assumptions of Theorem 3.1 and if |f'| is strongly extended s-
convex where s € (—1,1], we have

f@)- s [ra

é(b_a)<<(5+1)1(5+2)_s}rl(IIZ_Z)SH%-HQQ(%YH) )
+ (e - () + 2 (2) ) 1r ol

— o (0= (3ot + -0’ (3 - a5))) -
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Moreover if we choose © = ‘QH’ we obtain

b

|f(“2")b1a/f(t)dt

a

<(b- o) (g (1 - 20) (1 @]+ 17 0)]) - o).

Corollary 3.3 Under the assumptions of Theorem 3.1 and if | f'| is strongly tgs-convex, we

have
/f s
) <<4(2_"§) -3(=2) 1+24(b)3 3(M>4> (1 @] + |7 &)

~ s (0= (3 aty) + -0’ (3 - at))) -

Moreover if we choose © = “T’Lb, we obtain

< (b—a)

< XG0 (7 @] + 15 0)]) — 57)

b—a

f (%) /f t)dt

Corollary 3.4 Under the assumptions of Theorem 3.1 and if | f’| is strongly convex, we have

Moreover if we choose x = a—“’

/f

Corollary 3.5 Under the assumptions of Theorem 3.1 and if | f’| is strongly P function

—bia/bf(t)dt
<tz (((82)+ (22)) (@l + 17 @)

, we obtain

< 2 (I @]+ |7 o)) - 252
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- i (0-2P (3-a) + e -o” (3-5%))))-

atb
2

Moreover if we choose © = , we obtain

b
f(az“’)—bfa/f(t)dt <t (7 @]+ 17 )] - 2452

Corollary 3.6 under the conditions of Theorem 3.1 and if | f'| is beta-convex one has

<(b-a) ((By

+ (B (a+2,p+1) + Bazs (0+ 2,0+ 1)) |1 0)]) -

2 (P+2,g+ 1) + Beea (g +2,p + 1)) |/ (a)]

Moreover if we choose T = atb , we get
2 8

b
£33 -5 [ rwa

<t-a((B
+ (B

(p+2.9+1)+ B, (q+2,p+1)) £ (a)]

1
2

(+2,p+1)+ By (p+2,Q+1)) \f/(b)D-

1
2

Corollary 3.7 Under the assumptions of Theorem 3.1 and if | f'| is extended s-convex, we

have
1 b
— t)dt
i [0

<(b-a) ((()H)— (=2)"
+ (e — o (22) + 2 (522) ) 17 @),

a+b

Moreover if we choose x = , we obtain

/f Jdt] < Grttersy (1= ) (IF @]+ £ @)])-

b—a

Remark 3.2 Corollary 3.7 will be reduced to Theorem 2.1 from [17] if we assume that
€ (0, 1]. Moreover if we take © = “+b we obtain Corollary 2.1 from [17].
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Corollary 3.8 Under the assumptions of Theorem 3.1 and if | f'| is tgs-convex, we have

/f <5 (| (@)] + | 0)])

b—a
4 b—x 3 b—z 4 4 z=a 3 3 (z=a 4
x b=a) “9\b=a) T4\ o=a) —9\b=a) |-
Moreover if we choose © = %‘H’, we obtain

5 (1 @]+ @)

7 (25t) - b_a/f

Corollary 3.9 Under the assumptions of Theorem 3.1 and if | f'| is convex, we have

Moreover if we choose © = % we obtain Theorem 2.2 from [8].

Corollary 3.10 Under the assumptions of Theorem 3.1 and if | f'| is P function

b
_bia/f(t)dt
<tz () + (2)) (@l + 17 @)

Moreover if we choose x = “T'H’, we obtain

F(eg2) - /f t < 252 (|7 (@)] + £ ) -

Theorem 3.2 Let f : I C R — R be a differentiable mapping on I° where a,b € I with
a < b, and f' € Lla,b)], and let p > 1 with % + % = L If | f'|" strongly beta-convex with
modulus c¢ > 0, then the following inequality

f@)— o [ du

<ot <(2—§) E (\f' (@] Bos (p+Lq+ 1) + |1 B) Boe (g + Lp +1)

T (D)X
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11

1

- 3))"

e)
—=
7T
2[R
Nl )
[/ N
+ —
>l ol

«(=)
1
- el (4 7))")

(17" @[ Beze (a+ 1,0+ 1) + | £ ()] Bea (0 + 1,0+ 1)

holds for all = € [a, b], where (3, (., .) is the incomplete beta function and p,q > —1.

Proof. From Lemma 2.1, properties of modulus, and Holder inequality, we get

b
f@) -5 [ du

b—=x % b—x
b—a b—a
<(b—a) / tAdt /
0 0
1
1 2 1
+ / (1—t)dt /
b—zx b—x
b—a b—a
b—x
1 b—a
__b=a b—uw 3
(>\+1)% b—a

0

b—a

N <m—a>1+i ] 1 (ta+ (1 — ) b)|" dt

b—x

b—a

Since | f/|" is strongly beta-convex, we deduce

b
f@)- o [Huydu

1
< b-a_ (M)HX
T DX b=a

o
8

S

Q

| [ (ra-or@P e a- e @F - e -0 602 d
0

|f (ta+ (1 —t)b)|" dt
|f (ta+ (1—t)b)|" dt

/ I (ta+ (1= t)b)|" dt

1
m

T =

==

==

® =

3.1
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z—a
b—a

/(tq(l—t) (@) +7 (L=t)|f (b)]" —ct(l—t)(a:—a)2>dt
0

==

:(IS&(( 5 i(>f (@) Bozs (0 + 1, q+ 1) +[f' ()] Bozs (a+ 1,0 +1)
- el (3 at5))”
+(E=)"

~ clomar (3 i)

The proof is completed.

(17 @ Byzs (a+ Lo+ 1) + [ ) Byms (0 + 1,0+ 1)
Corollary 3.11 In Theorem 3.2 if we put © = aT‘H’, we get
b
1
a+by) _ d < b—a
15 b—a/f(u) B PR S SURIP,

X<(’f,(a)|uﬁ;(P+17Q+1)+|f ‘“ (q+1,p+1)— C%)ﬁ

1:\»—‘

' (‘f/(a)‘uﬁé (g+Lp+ 1)+ [ O By (p+1g+1) - clezel )H>

Corollary 3.12 Under the assumptions of Theorem 3.2 and if | f’| is strongly extended s-
convex where s € (—1,1], we have

N[ =

(FH@ I @F (-0 o )
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# (G (@)@ O o et )

Corollary 3.13 Under the assumptions of Theorem 3.2 and if | f’| is strongly tgs-convex,

we have
b
f@)- 5 [Fwd
b—a b—x 2+l b—x m 1Y 2 m
<t (120)"F (4= ) (17 @+ 17 0 —co-o)
911 1 1
()" (3 ai)" (7 @F 417 O - e - a?) ).
Moreover if we choose x = “TH’, we obtain
1 y .
atby _ b—a '@ B eb=a)®\ &
155 b—a/f(t)dt = 2 (A1) % ( 3 12 ) '

a
Corollary 3.14 Under the assumptions of Theorem 3.2 and if |f'| is strongly convex, we

have

<= ()7 () P+ () 1o
el (b))
() () I er 1 (=) 1 or
el (b))

Moreover if we choose x = “TH’, we obtain
1

b
1
R LACL
(b—a)®

< b—a ( / B () |E - )ﬁ ‘
<t (17 @ + 1 o) - 05
Corollary 3.15 Under the assumptions of Theorem 3.2 and if | f'| is strongly P function
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<(>\IiHC;/\ <(2_§)2 (‘f’ @] + |1 B — G2 (é - 3&_—9&@)));
w(52) (17 @F 1o - <52 (3 - )" ).

a+b
2

==

, we obtain

b
1
s [ fwd

/ (b—a)® i
2()\+1)A (‘f )|#+|f (b)‘u €T ) ’

Corollary 3.16 under the conditions of Theorem 3.2 and if | f'| is beta-convex one has

/f )du| < =%
b—a )\+1)A

x <(g—_§) 3 (17 @ Bos 0+ 1,a+ 1)+ |1 B)] Bozs (q+ 1,0+ 1))

Moreover if we choose x =

<

=

()" <|f )" Baza (g + Lp+ 1) + £/ (B) ’Hﬁ“(quH))i)

Moreover if we choose x = ;rb we get
f i f b a
2/ bh—a / S IIEIEY

<< (@] B (p+Lg+ 1)+ [ (B)]" B (q+17p+1));

+ (If @] B8y (a+1,p+1 +\f’(b)\“5;(p+1,q+1)>“)-

Corollary 3.17 Under the assumptions of Theorem 3.2 and if |f’| is extended s-convex
where s € (—1,1], we have

B bia7f (u) du
Sm ((Zii)lﬂ <<Z:‘§)SH @] + <1 B (m)us) " (b)\“>i
+ <§_3>1+1 <<1 _ (7> > 1 @ + (ﬁ)sﬂ }f’ (b)]“)i> |

a+b

Moreover if we choose © = , we obtain

b

1
P - g [ ] < e

1 1
s+1)E (A+1)x2 T X

a
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(@17 @+ (1- @) I o)
(- @) @r @ o).

Remark 3.3 Corollary 3.17 will be reduced to Theorem 2.2 from [17] if we assume that
€ (0,1].

Corollary 3.18 Under the assumptions of Theorem 3.2 and if | | is tgs-convex, we have

1 L
F) =g [T < e (7 @ + 17 @)
241 1 2+ 1
()™ (b)) + (22) (- )"
Moreover if we choose x = ;rb we obtain

1
< —b=a _ (IF@PHSOI" ) #
2(A+1)% < 6 )

_a/f a

Corollary 3.19 Under the assumptions of Theorem 3.2 and if | f’| is convex, we have
141 1++
b—z A z—a A
l 7) b—a/f %,\+1)% <<b—“) +< —a> >
1
b— W+
() 17 @+ (22) 17 o)

Moreover if we choose x = “TH’, we obtain

=

<

l (42) — —a/f )du| < —5—%—

Corollary 3.20 Under the assumptions of Theorem 3.2 and if | f'| is P function

r (17 @[+ 7 @)

B (A1) X

t\)

l+

b

f(w)bla/f(u)du

a

<ot (1) (52)) (5 @l + 7 o7

a

Moreover if we choose © = ;rb we obtain
1 b
atby) _ j NI
P = g [T @] < = (7 @) | @)




16 Ostrowski type inequalities for functions whose derivatives are strongly beta-convex

Theorem 3.3 Let f : I C R — R be a differentiable mapping on I’ where a,b € I with
a < b, and f' € Lla,b], and let u > 1. If | f'|* strongly beta-convex with modulus ¢ > 0,

then the following inequality holds :

< b= <(b_x)2(1—i) (BZ% (P+2,q+1)|f (a)"

+ Bys (g +2.p+ D[ B)" —c(b—2)” <;’ <Z%§)3 aE <2_‘€>4>>i
() (B 20 ) P @)

1
+ B ot 2+ DI OF el -o? (5 (52) - 4 (52))) )
holds for all z € [a, b], where 3, (., .) is the incomplete beta function and p, ¢ > —1.

Proof. From Lemma 2.1, properties of modulus, and power mean inequality, we get

o
|
8
—
|
=
il
8
=

7
S}

it
IS}

<(b—a) /tdt /t\f’(ta+(1—t)b)\“dt

0 0
1-1 1
1 # 1 #
+ /(1—t)dt /(l—t)\f’(ta—i—(l—t)b)\”dt
b—zx b—=z
b—a b—a
1
b—x m

0

) .
+ (fg_g)Q(lJ /(1t)\f’(ta+(1t)b)\“dt

b—zx
b—a

Since | f/|" is strongly beta-convex, we deduce

b
f@)- o [Hwdu
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+ (1=t |f ()" —ct(l—t)(x—a)2)dt)‘1‘>
:;ia% (zé i) ( _ﬁ> \f’ (a)‘u ]atp+1( )7 dt
0

[e=]

0

8

|

Q
=

+ |f )" /tp+1( t)1dt — c(x — a) / (1-t)d
0

=t ((1)__@2(1—”) (BZ%;” (p+2.0+ D) |f (@) + Bz (g+ 2+ 1) [/ ()"

o (1(52)" -1 (1))

+<g§—g>2(1_“) (Bga( +2,p+1)|f (@)]" + Bazs (p+ 2,9+ 1) | ()]

— (é () -1 (= 3>4>> )

The proof is completed.

Corollary 3.21 In Theorem 3.3 if we put © = aTer, we get

b
f(a-gb)_bia/f(u)du




18 Ostrowski type inequalities for functions whose derivatives are strongly beta-convex

1
<t ((31 (+2,4+1)|f @+ By (g +2p+ D] f (B - 24525 )"
93w 2 2

768

+ (By@+2p+ )| @] + By 0+ 2.0+ D) | )] - 56(?58“)2)“> '

Corollary 3.22 Under the assumptions of Theorem 3.3 and if | f’| is strongly extended s-
convex where s € (—1,1], we have

Moreover if we choose © = GTH’, we obtain

b
bia/f(u)du

1
s s s+2 c(b—a)?\ »
- <<541r2 (%) o ‘f/ (a)‘”—i— (s+1;r(§+2) (%) ! ‘f/ <b){y - (b768) )M

< b—a
o 23(1’%)

F(%5?) -

S S c —a2 m
+ (eriEm )71 @ + 25 ) 0 - L )“) |

Corollary 3.23 Under the assumptions of Theorem 3.3 and if |f'| is strongly tgs-convex,
we have
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Moreover if we choose © = ‘%b, we obtain

b
1 1 —a)? i
F(eg) = 5= [r@an <252 (3)F (I @ + 17 @) - 25)

Corollary 3.24 Under the assumptions of Theorem 3.3 and if |f’| is strongly convex, we
have

Moreover if we choose x = “TH’, we obtain

b
F(eg) = 5 [ < b2

1 1
Fl@+2f )" Bb—a)?\ n 2 ()P +|f/ )" e5b—a)?\ k
><<( QAT _ hoalt) ey (AL IOV (96))”)

Corollary 3.25 Under the assumptions of Theorem 3.3 and if | f'| is strongly P function

b
f@) -5 [ du

é;ii‘; ((2_2)2 (\f’(a)l“;lf’(b)l“ _ o=z’ (% ~1 (bw)))‘l‘
K (%)2 <|f/<a)|”;|f’(b>|“ _ dz=a)’ (% — 1 (H)))i>

Moreover if we choose © = “Ter, we obtain

96

b
f(L%) B bia/f(u)du < bTTa (}f’(a)}”+}f’(b)]“— c5(b—a)2>ﬁ.

Corollary 3.26 under the conditions of Theorem 3.3 and if | f'| is beta-convex one has
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==

() Gz zasnlrap s znieor)

*(?ﬁfo_J(Bi:@+2m+4HfHM“+B§;@+2g+1ﬂfwnﬂ“>.

a+b

Moreover if we choose x = , we get

b
-y [ fw

gz@((B;@+24+¢MfQM“+B;@+2m+1nfwﬂﬂ

T [

V]
Tl

+ (Bylat+2p+ 1|7 (@) + B, (p+2,q+1)|f’(b)\“>“>,

1
2

Corollary 3.27 Under the assumptions of Theorem 3.3 and if |f’| is extended s-convex
where s € (—1, 1], we have

() (G- s () b+ 3 (i) o)),

“+b , we obtain

b
1 —a
-y [fw ] < St

9 <<(s+1>| (@l + (s+3)|f’(b)“>1 + (Lt (s+1)|f'<b>|“>i).

Moreover if we choose x =

f(“52)

(s+1)(s+2) (s+1)(s+2)

Corollary 3.28 Under the assumptions of Theorem 3.3 and if | f'| is tgs-convex, we have

=5 (7 @]" + [ ®)]")”

X
N
/~
7

Q
—
)
+
/~
Wl
|
=
—
717
QI8
N~
N
T [=
—
8
I
Qe
——
)
+
=
P
Wl
|
=
—
i
|
ISHIS]
~——
N
T [=
"
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Moreover if we choose © = ‘%H’, we obtain
) b
1 1
£ = 5 [T@dnd <352 (3)F (I @) + 17 )7

Corollary 3.29 Under the assumptions of Theorem 3.3 and if | f'| is convex, we have

Moreover if we choose T = aT*b, we obtain

b
1 —a (@) |* RN Y F 4 £ (b)) P %
f(a;b)_b_a/f(u)du < i ((f()l LSO (Al 70 ))

Remark 3.4 The second inequality of the corollary 29 is the correct estimate of Corollary
2.6 from [17].

Corollary 3.30 Under the assumptions of Theorem 3.3 and if | f'| is P function

b
P -yt frma < b () (2)7) (rerprer)

Moreover if we choose © = GTH’, we obtain

b

/f (w) du| < 252 (|7 @]" + |7 O)")

a

1
b—a

T =

(o) -
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