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Abstract. In this paper, we study the boundedness of the fractional maximal operator My and its kth
order commutators [b, Mo ]* on generalized weighted Morrey spaces My, (w). We find the sufficient con-
ditions on the pair (o1, p2) withb € BMO(R") and w € Apq which ensures the boundedness of the
operators My, and [b, Ma)* from My, o, (w) to Mp,p, (w) for 1 < p < oo. In all cases the conditions
for the boundedness of the operators M, [b, Ma]k are given in terms of supremal-type inequalities on
(¢1,92) and w, which do not assume any assumption on monotonicity of ¢1(x,r), w2(x,r) in r. The
main advance in comparison with the existing results is that we manage to obtain conditions for the
boundedness not in integral terms but in less restrictive terms of supremal operators.
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1 Introduction

The classical Morrey spaces were originally introduced by Morrey in [26] to study
the local behavior of solutions to second order elliptic partial differential equations. For
the properties and applications of classical Morrey spaces, we refer the readers to [5-9,
12]. Recently, Komori and Shirai [24] considered the weighted Morrey spaces LP*(w) and
studied the boundedness of some classical operators such as the Hardy-Littlewood maximal
operator, the Calderén-Zygmund operator on these spaces. Guliyev [13] gave a concept
of generalized weighted Morrey space M), ,(w) which could be viewed as extension of
both generalized Morrey space M,, , and weighted Morrey space L”"(w). In [13] Guliyev
also studied the boundedness of the classical operators and its commutators in these spaces
M, ,(w), see also Guliyev et al. [10,15-17].

Let 0 < a < n. The fractional maximal operator M, and the Riesz potential operator
1, are defined by

f()

n |z —y[rm

_ 143 _
Maf(z) = sup| Bz, ) /B L Wl 1t /R
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2 Fractional maximal operator and its higher order commutators on . ..

If o = 0, then M = M) is the well known Hardy-Littlewood maximal operator. Recall that,
for0 < a < n,

2_q
Mo f(z) < i Ta(|f])(2)-
The commutators generated by a suitable function b and the operator M, is formally

defined b
e [b; Ma]f = Ma(bf) = bMa(f)-

Given a measurable function b the fractional maximal commutator operators Mp , is
defined by

My o(f)(@) := sup|B(a, )|~ / [b(x) — b(y)|[.f (y)|dy-
t>0 B(x,t)
If « = 0, then My o = M, is the sublinear commutator of the Hardy-Littlewood maximal
operator.
For a function b defined on R", we denote

(0, ifb(@) >0
b (@) = {|b(x), if b(z) < 0

and b (z) := |b(z)| — b~ (). Obviously, b*(z) — b~ (z) = b(z).
The following relations between [b, M, ] and M, , are valid :
Let b be any non-negative locally integrable function. Then

b, Mo]f (2)| < Myo(f)(z),  x€R"

holds for all f € L (R™).
If b is any locally integrable function on R", then

b, M) f(@)] < Mya(f)(@) + 20" ()Mo f(a), @ €R” (1.1)

holds for all f € Llloc(R”) (see, for example, [29]).

The main purpose of this paper is to study Spanne-Guliyev type boundedness of the
operator M, on the generalized weighted Morrey spaces, including weak versions. Also
we study Spanne-Guliyev type boundedness of the kth order commutator operator [b, M, ]"
on the generalized weighted Morrey spaces. We find the sufficient conditions on the pair
(p1,p2) withb € BMO(R") and w € A,, which ensures the boundedness of the operators
My, [b, My]¥ from My, o, (w) to My, (w) for 1 < p < g < oo.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A = B and say that A and B are
equivalent.

2 Generalized weighted Morrey spaces

The classical Morrey spaces M, » were originally introduced by Morrey in [26] to study
the local behavior of solutions to second order elliptic partial differential equations. For the
properties and applications of classical Morrey spaces, we refer the readers to [11,22,25].

We recall that a weight function w is in the Muckenhoupt’s class A, [27], 1 < p < oo,
if

[w]a, = Sup[w]Ap(B)
B

ap G ) i for e
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where the sup is taken with respect to all the balls B and % + 1% = 1. Note that, for all balls
B by Holder’s inequality

1 1 _
[l gy = 1B wll 2y o™, 5y > 1. (22)
For p = 1, the class A; is defined by the condition Mw(z) < Cw(x) with [w]a, =
Mu(z) " and f An A — inf
xseuﬂgn w(a) > and for p = oo = Ur<p<oo Ap and [w]a, 1S1]£1<00[w},4p.

A weight function w belongs to the Muckenhoupt-Wheeden class A, , [28] for 1 <
p,q < oo if

[wa,, = Sgp[wJAp,qw)

op i o) iy ) <

where the sup is taken with respect to all balls B. Note that, for all balls B by Holder’s
inequality

11 -
[w]qu |B’ HwHLq(B) ||w 1||Lp/(B) > 1. 2.3)
Ifp=1wisin A g with1 < ¢ < oo if

[w]Al,q L= S%p[w}ALq(B)

1 o) 1
= sup <|B / w(z) dm) <esg?€s};1p w(z:)) < 00,

where the sup is taken with respect to all balls B.
We define the generalized weighed Morrey spaces as follows.

Definition 2.1 Ler 1 < p < o0, ¢ be a positive measurable function on R™ x (0, 00)
and w be non-negative measurable function on R™. We denote by M, ,(w) the generalized

weighted Morrey space, the space of all functions f € Lloc ¢ (R™) with finite norm

_1
12ty oy = sup @@, )" w(B(@, )% (| £llL, (B2
z€R™,r>0

where Ly, .,(B(z, 1)) denotes the weighted L,-space of measurable functions f for which

P

12y w(B@r)) = 1 Xpm | Lpw®r) = (/ |f(y)|pw(y)dy>

B(z,r)
Furthermore, by W M,, ,(w) we denote the weak generalized weighted Morrey space of
all functions f € W LYS,(R™) for which

1
| fllw sy (w) = Eﬂzgpww(%r)_lw(B(w,?")) P W Lp.w(B@r) < 00

where W Ly, ,(B(x, r)) denotes the weak Ly, ,-space of measurable functions f for which

)
1w, o) = 1 X Iwr, . n—supt/ wiy)dy | .
Wl (Bl pen W Ee G000 \ et i



4 Fractional maximal operator and its higher order commutators on ...

Remark 2.1 (1) If w = 1, then M, ,(1) = M, is the generalized Morrey space.
k—1

(2) If p(x,r) = w(B(x,7)) » , then M, (w) = Ly .(w) is the weighted Morrey
space.

(3) If o(z,7) = U(B(x,r))%w(B(x,r))fi, then M, ,(w) = Ly .(v,w) is the two

weighted Morrey space.
A—n

(4) Ifw = 1and p(x,7) =7 » with0 < XA < n, then M, ,(w) = L, \(R") is the
classical Morrey space and WM, ,(w) = W L, (R") is the weak Morrey space.

5) I o(x, r) = w(B(x, 7)) 7, then My, (w) = Ly (R") is the weighted Lebesgue

(5) I I 2 g g
space.

In the sequel M (R4 ), M+ (R4) and MM T (R ; 1) stand for the set of Lebesgue-measurable
functions on R , and its subspaces of nonnegative and nonnegative non-decreasing func-
tions, respectively. We also denote

A={peM (Ry:1): lim =0}

Let u be a continuous and non-negative function on R . We define the supremal operator
Sy by

(Sug)(t) := [[ugll Loc (t.00)s T € (0, 00),

The following theorem was proved in [4].

Theorem 2.1 [4] Suppose that v1 and vo are nonnegative measurable functions such that
0 < [Jv1]| Loo(0,) < 00 for every t > 0. Let u be a continuous nonnegative function on R.

Then the operator S, is bounded from Loy, (R4 10 Loo 1, (R+) on the cone A if and only
if

028y ([l |7 H < o0.
H 29ulllvtllz ) Loo(R+)
3 Fractional maximal operator in the spaces M, ,(R™, w)

The following Guliyev weighted local estimates are valid (see [13]).

Theorem 3.1 Let 1 <p<g<oo, 0<a<?f 1=

S e = 1% — 9 andw € Ay, 4(R™). Then, for
p > 1 the inequality

1 _1
HMaf‘|Lq7,wq(B(x,r)) S (wq(B($7T)))q Stl>1p ”f”Lp,wp(B(:p,t) (wq(B(:c,t))) 5 3.1

holds for any ball B(x,r) and forall f € L
Moreover, for p = 1 the inequality

(R™).

loc

p?w
1 _1

HMafHWLq’wq (B(z,r)) S (wq(B(xa r)))q il>lp HfHLLw(B(x,t) (wq(B(a:,t))) K (3.2)

holds for any ball B(z,r) and for all f € Lll"fv(R")
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Proof.Let1<p<q<oo,0<a<%,%:
x € R"andr > 0,set B= B(x,r), 2B = B(x,
We present f as

f=h+Fn i) =) xes®): L) = 1Y) Xy ©):

110 &, and w € Ay 4(R"). For arbitrary
2

T).

and have
1Mo fllL, o) < [Mafillz, . oB) + 1 Mafolln,

Since f1 € Lpur(R™), Mofi € Lgwe(R™) and from the boundedness of M, from
Ly wr (R™) to Lg e (R™) (see [28]) it follows that:

1Mo fillLy () < 1MafillLywe S Willz, e = 1L, 0 @B)- (3.3)

From (3.3) we obtain

IMafillL, B) S (wi(B(z,r)))s Supllfllewp Bla,t) (W (B(z, 1))

Q=

(3.4)

Let z be an arbitrary point in B = B(z,r). If B(z,t) N cB(ac7 2r) # @, thent > r.
Indeed, ify € B(z,t)N CB(m,2r),thenwe gett > ly—z| > |z—y|—|x—2z| >2r—r=r.

On the other hand, B(z,t) N EB(a:, 2r) C B(x,2t). Indeed, if y € B(z,t) N BB(x, 2r),
then we get | — y| < |y — z| + |z — 2| < t+r < 2t. Hence, forall z € B

Mafo(2) = sup | B(z, 6)| 15 / Faly)ldy
t>0 B(z,t)

gsup]B(m,2t)|*1+% /B( B Q)If(y)’dy
z,t)N z,2r

t>r

< sup |B(z, 2t)|71+% / |f(y)|dy

t>r

)

— sup Bz, )]~ 1+5 /B L, W

t>2r

By applying Holder’s inequality, for all z € B we get

Mafa(2) < sup | Bl £)] 1+ / 15y

t>2r B(z,t)

< Sup |B(CC t)’ s HfHLp wp (B(z,t)) Hu)ilHLp/(B(z,t))

_1
S8z, (B (0B, )75

Thus, the function M, f2(z), with fixed x and r, is dominated by the expression not
depending on z. Then

1 _
1Mofallzy waB@n) S WB@, )7 sup | fllr, ,» (5. (W (Bl 1))

Q=

3.5)

We then obtain (3.1) from (3.4) and (3.5).
Letp =1,and w € A; 4(R").
Then,

[Mafllwer, ,aB) < IMafillwr, o) + [Mafollwi, )
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Since f1 € L1,u(R™), Mofi € WLgwe(R™) and from the boundedness of M, from
L1 ,(R™) to WL a (R™) (see [28]) it follows that:

IMafillwe, o) < Mafillwe, o S 1l = 1f]L . es)- (3.6)

From (3.6) we obtain

Mo 1102 ) S (0 (BT D ]y (0 (Bl )77 B
On the other hand,
1Mo follwi, vo(Br)) < [Maf2llL, wo(B@r)
< (WI(B(, 1)) 0D | s sy (w0 (Bla 1)) 7. (3)

We then obtain (3.2) from (3.7) and (3.8).

For the operator M, the following Spanne-Guliyev type result on the space M), ,,(w) is
valid.

Theorem 3.2 Let1 <p<g< oo, 0 <a<
satisfy the condition

3R

s w € Ap(R™), and (p1, ¢2)

Q=
S

n
5)

ess Inf 1 ,9) (W B (2,9))) 7
N V) LR R 9

where C' does not depend on v and r. Then the operator M, is bounded from M, ,, (wP) to
Mgy oo (w?) for p > 1 and from M ,, (w) to W Mgy o, (w?) for p = 1. Moreover, for p > 1

1Mo Sty gy ey S N1 llaty 0, (wr)s

and forp =1
[ Mafllwntg oy wsy S W Fllat , w)-

Proof. For p > 1 from Theorem 2.1 and Theorem 3.1 we get
_1
IMafllntypywny S sup ga(@, )~ sup || fllz,wrw(B(z, 1)
zeR™,r>0 t>r

< -1 -1
~ 265&2,}:>0 (. 7) HwHLq(B(SM))HfHLP’wp

S 1 llag, o, wr)

and forp =1

Q|

IMafllwty pywn) S SUp @a(@, 7)™ sup || £l oy ww(B(z, 1)~
z€eR™,r>0 t>r

< -1 -1
~ IEEBE>O e1(z,7) Hw”Lq(B(;p,r))HfHLlaw

S Il aty g, (wr)-

Remark 3.1 Note that, in the case w = 1, Theorems 3.1 and 3.2 were proved in [14], see
also [1,2,18-20].
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4 Commutators of fractional maximal operators in the spaces M, ,(R™, w)

We recall the definition of the space of BM O(R").
Definition 4.1 Suppose that b € LI°°(R"™), and let

1
Bl= sup / 1b(y) — by ldy < oo,
‘B(H?,T‘)’ B(z,r) Blar)

z€R™,r>0

where )
bo(er) = ey [ D
B ] e

Define

BMO(R™) = {b € LY(R") : ||b]l« < oc}.
Modulo constants, the space BAM O(R™) is a Banach space with respect to the norm || - ||.
Lemma 4.1 [28] Let w € A. Then the norm || - ||« is equivalent to the norm

1
bllsww = sup / b(y) —b w(y) dy,
H ;W 2ERM 50 'U)(B(.T7 7’)) Bla) ’ ( ) B(:C,T),w’ ( )

where

1
bBar)w = —Tmr / b(y)w(y) dy.
w0 w(Ba,r) e
The following lemma is proved in [13].

Lemmad4.2 [ Letw € Ao andb € BMO(R"™). Letalso1 < p < oo,z € R", k>0
and ri,ro > 0. Then,

1 kp % 1\ k
=YY - < 1 In —
(w(B(x,rl)) /B(Ml) b() = byl Pw(v)dy) " < O +) nm) b,

where C' > 0 is independent of f, w, x, r1 and ro.
2 Letw e Apandb ¢ BMO(R"™). Letalso 1 < p < oo, x € R, k > 0 and r1,1r2 > 0.
Then,

1 / / i/
b b kp 1-p du)?
<w17p/(B(x,7‘1)) /B(wyrl)‘ (y) B(:E,TQ),’LU‘ w(y) y)

k
<1+ m =) b,
T2

where C' > 0 is independent of b, w, x, r1 and 7.

Remark 4.1 (1) Let b € BMO(R"). Then

1
1 P
bl = sup | = 6(y) = bB@n[Pdy 4.1)
zeR™,r>0 ’B(l’, T)‘ B(z,r) Blar)
forl < p < oo.
(2) Letb € BMO(R™). Then there is a constant C' > 0 such that
‘bB(g:,r) — bB(xJ)‘ < C||b]]« log; for 0 < 2r <, 4.2)

where C' is independent of f, x, r and 7.
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The commutator generated by b € L'°“(R™) and the operator M, is defined by

Myo(f)(2) = sup | B(a, r)| "5 /B NG RUCIEOICE

r>0

For the kth-order fractional maximal commutator operator My , 1. (see [14])

r>0

My k(f)(x) = sup | B(z,r)| @ /B( )Ib(fﬂ)—b(y)!k!f(y)!dy

the following Guliyev weighted local estimates are valid (see [13]).

Theorem41Let1<p<q<ooO<a<%%:IlJ
w € Ay, o(R™). Then the inequality

Mo rfllL )
1
q

t _1
< 61w (B, >> sup In® (e + ) w! (B, 1)) 51 fllz, 00 (500

9, b € BMO(R"), and

q,wi (B

holds for any ball B(x,r) and for all f € L°¢,(R™

p,wP

~—

— a

Proof. letl <p<g<oo,0<a<

f=h+f h=f

. We write f as

S
<©

—1_
D

Y x28(): f2(y) = F(Y) Xepgp (0)-

1
’q

—~

Hence,

My arfllr, a3 < Myarfilln, o) + 1Myarfoli, o8
q, q, q,

From the boundedness of Mb’a,k from Ly ,» (R™) to Lg e (R™) (see [3]) it follows that:

1Mb,000f1l1 2, o () < 1 Mbagef1llzg e S WOIIE 1F1lEy 0 = IOIE 1S, oo (2m)-  (44)

From (4.4) we obtain
Mot il a(5) S N0 (B, r))) 5 S0P 1L, 0 (w0 (B 1))
- (4.5)
Let z be an arbitrary point in B = B(z,r). If B(z,t) N EB(ur:, 2r) # @, then t > r.
Indeed, ify € B(z,t)N CB(a:,2r),then wegett > |y—z| > |lz—y|—|z—z] >2r—r=r.
On the other hand, B(z,t) N ‘B(x,2r) C B(x,2t). Indeed, if y € B(z,t) N ‘B(x,2r),
then we get |z — y| < |y — z| + |x — 2| < t+r < 2t. Hence, forall z € B

My o fo(z) = sup | B(z, £) 5 / 1b(y) — b(=)[F|faw)]| dy
t>0

B(z,t)

—sup ()| [ i 116 B dy

t>0

< sup | Bz, 2011 / 1b(y) — b(=)[F1 £ (v)] dy

x,2t

t>2r

— sup | B, 26)| 5 /B L 1K) —HP )]
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Therefore, for all z € B we have

Myanfo(2) < sup |B(e, 20) 45 / 1b(y) — b)F1F ()] dy.
t>2r B(z,t)

Thus, the function M, fo(z), with fixed w and r, is dominated by the expression not
depending on z. Then

1M,k f2ll L,

& (/B (sup 'B@’t)"”% /B o ) - bI|f w)ldy ) w(2) d2)
< (f, Gupimeor [ o) - bB(x,m,w!'“!f(y)!dy)qwq(z) )

3=

3=

t>2r

([ (sup BGol % [ ) = b
B “Mt>2r B(z,t)
=J + Jo.

3=

(v)ldy)" w(z) dz)

Let us estimate .J;. Applying Holder’s inequality and by Lemma 4.2 we get

1 —14-<
Ji = w(B(z,r))7 sup |B(z,1)] 1+"/ 16(9) = bp(e.r) wl"1f (W)l dy
t>2r B(x,t)

1

~ wI(B(x,r))7 sup Q /B ) = )l
z,t

t>2r

1

< (wi(Ba.r))? sup (| oy 120 = bty () )7 1ty 000

t>2r

< bk 9B 1 a—Q 1 A% 1
S 1ot w3 sup 129 (1 E) T ey 0
T
)k:

t
< bl w(B(x, 7)) " sup £~ (1 +1n-

1 E+£
sup Tt | fllL, op (Bt))

= kot % k E q —5
[0l wt (B, 7))o sup i (o4 et (B, )5 s, oo (50

In order to estimate /5 we get

1
@ q q
B=( / (sup Bz, )75 / 6(2) = ey Lf )y ) w(2) dz)
B Mt>2r B(z,t)

1
= ([ 162) = bl 0t ()dz) sup i@ [ f)ay
B B(z,t)

t>2r

According to the first part of Lemma 4.2, we get

r\k 1 _
75 s (1 m ) w B sup e [y

t>2r

1
< [Ib]|¥ w(B(z, ) sup £ NNy e B le e, (B

_ k q 1 t\ 4 _1
61w (B 7))+ sup b e+ 2w (B, 1) 311, o0
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Summing up J; and J , for all p € (1, 00) we get

Q=

1Mook follz, acm) S DI w! (B, 7))

S k LAWY -3
x sup (e + Yot (B, 0) 0L, e (46

q,w?

Finally, from (4.5) and (4.6) we get

1

1 _1
1Mo 1 f Nz, am) S 015 (0 (B(z, 7)) sup 111z, o (Bt (W (B, 1))@

bIF w(B(z, 1))+ sup ln® (e + ) wd(B(a, 1))
+|ollF w!(B(z,r))e supIn® e+ — Jw!(B(z,t) 1| fllL, .o (Bt
t>2r r

< 1BlI* 1 k \ 4 _1
S 0l wt (B, ) o sup i (o4 Jwt (B, )75l oo

For the operator M}, , 1, the following Spanne-Guliyev type result on the space M), ,,(w) is
valid.

= l_%’ w € Apy(R"), b€ BMO(R")

Theorem 4.2 Let 1 <p<q<oo,0<a<%,% 5

and (1, p2) satisfy the condition

ess inf o1 (z, ) (WP B((x, 5)))1/p
k <
supIn” (e + -

1\ t<s<oo
t>r ( ) (we(B(x,t)))/ < Cpa(z,r), @.7

where C does not depend on u and . Then the operator My, o, 1, is bounded from M, ,, (wP)
to My o, (w?). Moreover,

[ Mo, ke f | 0y (w3) S ||bH]fo\|Mp,¢,1(wp)-

Proof. Using the Theorem 2.1 and the Theorem 4.1 we have

1
1M 0k fllagy oy ey = sup  @a(z,r) " w(B(z,r)) || MyarflL, paBr
2 zER™,r>0 “

_ t _1
S ol sup pafw,m) ™t sup It (e + = Jwt (B, ) 111f 1, ()
ER™ r>0 t>2r r ’

_1
< lIbfl¥ eﬂzgpwm(z,T)*l(w”(B(:r,T))) Il o (B

= [1BI31£11 04y, ()-

Corollary 4.1 Let 1 < p < g < o0, 0 < a < 3, % = %— Sow € Apg(R™), b €
BMO(R™), b= € L*®(R") and (p1,p2) satisfy the condition (4.7). Then the operator

b, Mp]* is bounded from M, ,, (wP) to M, ,,(w?).
P ap

Remark 4.2 Note that, in the case w = 1, Theorems 4.1 and 4.2 were proved in [14], see
also [19,21,23].
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