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1 Introduction

It is well - known that the studies connected with Sasaki metric in the fiber bundles are
one of the basic foundations of the modern differential geometry [1-7], [10], [13], [14].
However, the Sasaki metric is non homogeneous in the fibres of above mentioned bundles
and is not used for study the global properties of these bundles. In [8] R.Miron introduced
the homogeneous lift G of a Riemannian metric g to tangent bundle. Similar homogeneous
lift of a Riemannian metric g in the cotangent bundle T ∗(Mn) was investigated by P.Stavre
and L.Popescu [15]. The homogeneous lift of a Riemannian metric g to the tensor bundle
of type (1, 1) and the curvature properties of the Levi-Civita connection of this metric are
studied in [9].

This paper is devoted to the investigation of curvature properties of homogeneous lift
of a Riemannian metric in the linear coframe bundle. In 2 we briefly describe the defini-
tions and results that are needed later, after which the homogeneous lift g̃ of a Riemannian
metric g to the linear coframe bundle F ∗(Mn) is constructed in 3. The Levi-Civita connec-
tion of homogeneous lift g̃ is studied in 4. Curvature properties of homogeneous lift of a
Riemannian metric are investiqated in 5.

2 Preliminaries

In this section, we summarize all the basic definitions and results, which be used later. In the
following all manifolds, maps, tensor fields, connections and metrics under consideration
are supposed to be differentiable of class C∞.
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Let (Mn, g) be an n−dimensional Riemannian manifold and

F ∗(Mn) = {(x, u∗) |x ∈M n , u
∗ : basis (coframe) for T ∗x (Mn)}

be the linear coframe bundle over Mn(see, [11, 12]). We denote by π the natural projection
of F ∗(Mn) to Mn defined by π(x, u∗) = x. If (U ;x1, x2, ..., xn) is a system of local
coordinates in Mn, then a coframe u∗ = (Xα) = (X1, X2, ..., Xn) for T ∗x (Mn) can be
expressed uniquely in the form Xα = Xα

i (dxi)x and hence

(π−1(U);x1, x2, ..., xn, X1
1 , X

1
2 , ..., X

n
n )

is a system of local coordinates inF ∗(Mn) (see, [11]). We note that indices i, j, k, ..., α, β, γ, ...
have range in {1, 2, ..., n}, while indices A,B,C, ... have range in{

1, ..., n, n+ 1, ..., n+ n2
}
.

We put hα = α · n+ h (hα = n+ 1, n+ 2, ..., n+ n2). Summation over repeated indices
is always implied.

We denote by =rs(Mn) the set of all differentiable tensor fields of type (r, s) on Mn.
Also we consider a symmetric linear connection∇ on Mn with components Γ kij .

Let a vector field V ∈ =1
0(Mn) and a covector field (1-form) ω ∈ =0

1(Mn) are given on
Mn. In terms of local components, if V = V i∂i and ω = ωidx

i. Then the complete and hor-
izontal lifts CV,HV ∈ =1

0(F
∗(Mn)) of V and the β−th vertical lifts

Vβω ∈ =1
0(F

∗(Mn)) (β = 1, 2, ..., n) of ω defined by

CV = V i∂i −Xα
m∂iV

m∂iα ,

HV = V i∂i +Xα
mΓ

m
ik V

k∂iα , (2.1)

Vβω =
∑
i

δαβωi∂iα , (2.2)

with respect to the natural frame {∂i, ∂iα} =
{

∂
∂xi
, ∂
∂Xα

i

}
, respectively (see [11] for more

details).
The vertical lift of a smooth function f on Mn is a function V f on F ∗(Mn) defined by

V f = f ◦ π.
Let (U, xi) be a coordinate system in Mn. In U ∈Mn, we put

X(i) =
∂

∂xi
, θ(i) = dxi, i = 1, 2, ..., n.

Taking account of (2.1) and (2.2), we easily see that the components of HX(i) and Vβθ(i)

are given by
HX(i) =

(
AHi
)

=

(
δhi

Xα
j Γ

j
ih

)
, (2.3)

Vβθ(i) =
(
AHiα
)

=

(
0

δαβ δ
i
h

)
(2.4)

with respect to the natural frame {∂i, ∂iα}, respectively. The set
{
HX(i),

Vβθ(i)
}

is called
the frame adapted to linear connection∇ on π−1(U) ⊂ F ∗(Mn). On putting

Di = HX(i), Diα = Vαθ(i),
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we write the adapted frame as {DI} = {Di, Diα}. From equations (2.1)-(2.4), we see that
HV and Vβω have respectively, components

HV =

(
V i

0

)
, (2.5)

Vβω =

(
0

δαβωi

)
(2.6)

with respect to the adapted frame {DI}.
The Lie-bracket of the linear coframe bundle F ∗(Mn) over Mn are expressed in the

form

[HX,HY ] = H [X,Y ] +
n∑
σ=1

(
VσX ◦R (X,Y )

)
,

[HX, Vβω] = Vβ (∇Xω),

[Vβω, Vγθ] = 0

for allX,Y ∈ =1
0(Mn) and ω, θ ∈ =0

1(Mn), where β, γ = 1, 2, ..., n andR is the curvature
tensor field of∇ defined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

for all X,Y, Z ∈ =1
0(Mn).

3 Homogeneous lift of a Riemannian metrics

The diagonal lift Dg of a Riemannian metric g onMn to the linear coframe bundle F ∗(Mn)
defined by formula (see, [3])

Dg = gijdx
i ⊗ dxj + δαβg

ijδXα
i ⊗ δX

β
j

and satisfies the following conditions:

Dg(HX,HY ) = V (g(X,Y )) = g(X,Y ) ◦ π.

Dg
(
Vαω, Vβθ

)
= δαβV (g−1 (ω, θ)) = δαβ

(
g−1 (ω, θ)) ◦ π

)
,

Dg(HX, Vβθ) = 0

for all X,Y ∈ =1
0 (Mn) and ω, θ ∈ =0

1 (Mn), where δXα
i = dXα

i − ΓmkiXα
mdx

k and gij
denote contravariant components of g.

We easily see, that the metric Dg is not 0−homogeneous on the fibers of the linear
coframe bundle F ∗ (Mn), i.e. for any λ ∈ R+,

Dg (x, u∗) 6= Dg (x, λu∗) .

Now, we define a new lift g̃ of a Riemannian metric g on Mn, to the coframe bundle
F ∗ (Mn) as follows:

g̃ = gijdx
i ⊗ dxj + 1

hδαβg
ijδXα

i ⊗ δX
β
j ,
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where h is a function defined as

h =
n∑

α=1

‖Xα‖2 =
n∑

α=1

gijXα
i X

α
j =

n∑
α=1

g−1 (Xα, Xα) . (3.1)

It is easy to see that g̃ is 0−homogeneous with respect to Xα
i , i.e.

g̃ (x, λu∗) = gijdx
i ⊗ dxj + λ2

λ2·hδαβg
ijδXα

i ⊗ δX
β
j = g̃ (x, u∗) ,∀λ ∈ R+.

The metric g̃ has components

(g̃IJ) =

(
gij 0
0 1

hδαβg
ij

)
(3.2)

with respect to the adapted frame {DI} in F ∗ (Mn).
From (3.2) it easily follows that if g is a Riemannian metric in Mn, then g̃ is a Rieman-

nian metric in F ∗(Mn). The metric g̃ is similar to that of the Riemannian metric studied by
Miron in the slit tangent bundle T (Mn)\ {0} [8] (for the slit cotangent bundle T ∗(Mn)\ {0}
and slit (1, 1)− tensor bundle T 1

1 (Mn)\ {0} see [15] and [9], respectively).

Remark 3.1 Since u∗ = (X1, X2, ..., Xn) 6= 0 is a basis of the cotangent space T ∗x (Mn),
the condition h 6= 0 is fulfilled at each point x ∈ Mn and the bundle of linear coframes
F ∗(Mn) is naturally a slit bundle. This means that the metric g̃ is defined in the linear
coframe bundle F ∗(Mn).

It is easily to verify that the inverse matrix
(
g̃IJ
)

of matrix (g̃IJ) is as follows:

(
g̃IJ
)

=

(
gij 0
0 hδαβgij

)
(3.3)

with respect to the adapted frame {DI} in F ∗ (Mn).
Also, we can represent the metric g̃ by the following global formulas:

g̃
(
HX,HY

)
= g (X,Y ) ◦ π.

g̃
(
Vαω, Vβθ

)
= 1

hδαβ
(
g−1 (ω, θ) ◦ π

)
, (3.4)

g̃
(
HX, Vβθ

)
= 0

for all vector fields X,Y ∈ =1
0 (Mn) and covector fields (1− forms) ω, θ ∈ =0

1 (Mn).
Let us consider local 1−forms η̃I in π−1 (U) defined by

η̃I = ĀI Jdx
J ,

where

A−1 =
(
ĀI J

)
=

(
Āij Ā

i
jβ

Āiαj Ā
iα
jβ

)
=

(
δij 0

−Xα
mΓ

m
ij δ

α
β δ

j
i

)
. (3.5)

The matrix (3.5) is the inverse of the matrix

A =
(
A J
K

)
=

(
A j
k A j

kγ

A
jβ
k A

jβ
kγ

)
=

(
δjk 0

Xβ
mΓmjk δ

β
γ δkj

)
(3.6)
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of the transformation DK = A J
K ∂J ( see (2.3) and (2.4)). It is easy to establish that the

set
{
η̃I
}

is the coframe dual to the adapted frame {DK}, i.e.

η̃I (DK) = ĀI JA
J

K = δIK .

Since the adapted frame is non-holonomic, we put

[DI , DJ ] = Ω K
IJ DK

from which we have
Ω K
IJ =

(
DIA

L
J −DJA

L
I

)
ĀKL.

According to (3.5) and (3.6), the components of non-holonomic object Ω K
IJ are given by{

Ω
kγ

ijβ
= −Ω kγ

jβi
= −δγβΓ

j
ik,

Ω
kγ

ij = Xγ
mR m

ijk

(3.7)

all the others being zero.

4 Levi-Civita connection of g̃

We note that the Levi-Civita connection∇ of a Riemannian metric g is given by well-known
Koszul formula

2g (∇XY, Z) = Xg (Y,Z) + Y g (Z,X)− Zg (X,Y ) + g ([X,Y ], Z)

−g ([Y,Z], X) + g ([Z,X], Y ) (4.1)

for all vector fields X,Y, Z ∈ =1
0 (Mn).

By using (2.5), (2.6), (3.1), (3.3), (3.7) and (4.1), we have

Theorem 4.1 Let Mn be a Riemannian manifold with metric g and ∇̃ be the Levi-Civita
connection of the linear coframe bundle F ∗(Mn) equipped with the metric g̃. Then ∇̃ sat-
isfies

i) ∇̃HX
HY = H (∇XY ) + 1

2

n∑
σ=1

Vσ (Xσ ◦R (X,Y )) ,

ii) ∇̃HX
Vαω = Vα (∇Xω) + 1

2h

n∑
σ=1

δασ
H (Xσ ◦R ( , X) ω̃) ,

iii) ∇̃Vαω
HY = 1

2h

n∑
σ=1

δασ
H (Xσ ◦R ( , Y ) ω̃) , (4.2)

iv) ∇̃Vαω
Vβθ = −g̃

(
Vαω,

n∑
σ=1

VσXσ

)
Vβθ − g̃

(
Vβθ,

n∑
σ=1

VσXσ

)
Vαω

+g̃
(
Vαω, Vβθ

) n∑
σ=1

VσXσ,

for all X,Y ∈ =1
0 (Mn), ω, θ ∈ =0

1 (Mn), where ω̃ = g−1 ◦ ω ∈ =1
0 (Mn), X̃α = g−1 ◦

Xα ∈ =1
0 (Mn) .
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We note that the analogue of Theorem 4.1 for the case of a diagonal lift Dg of a Riemannian
metric g to the linear coframe bundle F ∗ (Mn), was proved in [3].
Let us put

∇̃DIDJ = Γ̃KIJDK

with respect to the adapted frame {DK} of linear coframe bundle F ∗ (Mn), where Γ̃KIJ
denote the components of the Levi-Civita connection ∇̃. Then by using the Theorem 4.1,
we immediately get the following.

Theorem 4.2 Let (Mn, g) be a Riemannian manifold and ∇̃ be the Levi-Civita connection
of the linear coframe bundle F ∗ (Mn) equipped with the homogeneous lift g̃ of a Rieman-
nian metric g on Mn. The particular values of Γ̃KIJ for different indices, on taking account
of (4.2) are then found to be

Γ̃ kij = Γ kij , Γ̃ kiαjβ = Γ̃
kγ
iαj

= 0,

Γ̃
kγ
ij = 1

2

n∑
σ=1

δγσX
σ
mR

m
ijk , Γ̃

kγ
ijβ

= −δβγΓ
j
ik,

Γ̃ kiαj = 1
2h

n∑
σ=1

δασX
σ
mR

k im
·j · , Γ̃ kijβ = 1

2h

n∑
σ=1

δβσX
σ
mR

k jm
·i · , (4.3)

Γ̃
kγ
iαjβ

= − 1
h

(
gim

(
n∑
σ=1

δασX
σ
m

)
δβγ δ

j
k + gjm

(
n∑
σ=1

δβσX
σ
m

)
δαγ δ

i
k

−gijδαβ

(
n∑
σ=1

δσγX
σ
k

))
,

with respect to the adapted frame {DK}, where Rk jm
·i · = gklgjsR m

lis .

5 Curvature properties of Levi-Civita connection ∇̃

Let R̃ be a curvature tensor field of the Levi-Civita connection ∇̃. Then we have

R̃ (DI , DJ)DK = ∇̃I∇̃JDK − ∇̃J∇̃IDK −Ω L
IJ ∇̃LDK ,

where ∇̃I = ∇̃DI . The curvature tensor field R̃ has components

R̃ L
IJK = DI Γ̃

L
JK −DJ Γ̃

L
IK + Γ̃LIP Γ̃

P
JK − Γ̃LJP Γ̃PIK −Ω P

IJ Γ̃LPK

with respect to the adapted frame {DI}. Taking account (3.7) and (4.3), we obtain:

R̃ l
ijk = R l

ijk − 1
2h

n∑
σ=1

(Xσ
mX

σ
r )R m

ijp Rl · pr· k ·

+ 1
4h

n∑
σ=1

Xσ
mX

σ
r

(
R m
jkp Rl pr

· i · −R
m

ikp Rl pr
· j ·

)
,

R̃ l
iαjk = − 1

2hX
α
m∇jRl im

· k · ,

R̃ l
ijβk

= 1
2hX

β
m∇iR

l jm
· k · ,
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R̃ l
ijkγ = 1

2hX
γ
m

(
∇iRl km

· j · −∇jRl km
· i ·

)
,

R̃ l
iαjβk

= 1
h2

(
XβjXα

mR
l im
· k · −XαiXβ

mR
l jm
· k ·

)
+ 1

2hδαβ

(
Rl ji
· k · −R

l ij
· k ·

)
+ 1

4h2
Xα
mX

β
r

(
Rl im
· p · Rp jr

· k ·

−Rl jr
· p · R

p im
· k ·

)
,

R̃ l
iαjkγ = 1

2hδ
γ
αR

l ki
· j · + 1

4h2
Xα
mX

γ
rR

l im
· p · R

p kr
· j ·

− 1
2h2

n∑
τ=1

Xτ
rR

l pr
· j ·

(
gim Xα

mδ
γ
τ δ
k
p + gkmXγ

mδ
α
τ δ

i
p − gikδαγ Xτ

p

)
,

R̃ l
ijβkγ

= − 1
2hδ

γ
βR

l kj
· i · −

1
4h2

Xβ
mX

γ
rR

l jm
· p · R

p kr
· i ·

+ 1
2h2

n∑
τ=1

Xτ
rR

l pr
· i ·

(
gjm Xβ

mδ
γ
τ δ
k
p + gkmXγ

mδ
β
τ δ

j
p − gjkδβγ Xτ

p

)
,

R̃
lµ

ijk = 1
2X

µ
m

(
∇iR m

jkl −∇jR m
·ikl

)
,

R̃
lµ

iαjk
= 1

2δ
µ
αR

i
jkl − 1

2h

n∑
τ=1

Xτ
rR

r
jkp

(
gim Xα

mδµτδ
p
l (5.1)

+gpmXτ
mδαµδ

i
l − gipδατX

µ
l

)
− 1

4hX
µ
mX

α
r R

m
jpl Rp ir

· k · ,

R̃
lµ

ijβk
= −1

2δ
µ
βR

j
ikl + 1

2h

n∑
τ=1

Xτ
rR

r
ikp

(
gjm Xβ

mδµτδ
p
l

+gpmXτ
mδαµδ

j
l − g

jpδβτX
µ
l

)
+ 1

4hX
µ
mX

α
r R

m
jpl Rp ir

· k · ,

R̃
lµ

ijkγ
= δγµR

k
jil + 1

4hX
µ
m

(
R m
ipl Xγ

rR
p kr
· j · −R

m
jpl Xγ

rR
p kr
· i ·

)
− 1
h

n∑
τ=1

Xτ
mR

m
ijp (gpr Xτ

r δ
γ
µδ
k
l + gkrXγ

r δ
τ
µδ
p
l − g

pkδτγ X
µ
l

)
,

R̃
lµ

iαjβkγ
= −2Xαi

h3

(
Xγkδβµδ

j
l − g

jkδβγX
µ
l

)
+2Xβj

h3

(
Xγkδαµδ

i
l − gikδαγX

µ
l

)
+ 1

h2

[
Xγk

(
Xβjδαµδ

i
l −Xαiδβµδ

j
l

)
−

n∑
τ=1

XτpXτ
p

(
gjkδαµδβγδ

i
l − gikδβµδαγδ

j
l

)
+Xµ

l

(
Xαiδβγg

jk −Xβjδαγg
ik
)]
,

R̃ l
iαjβkγ

= R̃
lµ

iαjβk
= R̃

lµ
iαjkγ

= R̃
lµ

ijβkγ
= 0.

Therefore, the following theorem holds.

Theorem 5.1 Let (Mn, g) be a Riemannian manifold and F ∗ (Mn)be its linear coframe
bundle with metric g̃. Then the coefficients of the Riemannian curvature tensor of metric g̃
with respect to the adapted frame {DI} are given by (5.1) , where Xαi = gimXα

m.
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Let R̃IJ = R̃ K
KIJ are the components of the Ricci tensor field with respect to the adapted

frame {DI}, then the scalar curvature r̃ = g̃IJ R̃IJ based on equalities (3.4) and (5.1), is
given by

r̃ = g̃ijR̃ij + g̃iαjβ R̃iαjβ = gij
(
R̃ k
kij + R̃

kγ
kγ ij

)
+hgijδ

αβR̃ k
kiαjβ

+ hgijδ
αβR̃

kγ
kγ iαjβ

=

r − 1
2h

(
n∑
σ=1

Xσ
mX

σ
r

)
gijgkqgpsR m

kip R r
qjs + 1

4h

(
n∑
σ=1

Xσ
mX

σ
r

)
gijgkqgpsR r

qks R
m

ijp

− 1
4h

(
n∑
σ=1

Xσ
mX

σ
r

)
gijgkqgpsR r

qis R m
ijp + 1

2g
ijδγγR

k
ijk

− 1
2h

(
n∑
τ=1

Xτ
mX

τ
r

)
gijgkmR r

ijk − 1
2h

(
n∑
τ=1

Xτ
mX

τ
r

)
gijgpmRrijpδγγδ

k
k

+ 1
2h

(
n∑
τ=1

Xτ
kX

τ
r

)
gijgkpR r

ijp − 1
4h

 n∑
γ=1

Xγ
mX

γ
r

 gijgpqgksR r
qjs R

m
ipk

−1
2gijg

kqδββR
i

qks − 1
4h

 n∑
β=1

Xβ
mX

β
r

 gijg
kqgisgptgjaR m

qps R r
tka

+ 1
2h

(
n∑
τ=1

Xτ
mX

τ
r

)
gijg

kqgjsgimR r
qks + 1

2h

(
n∑
τ=1

Xτ
mX

τ
r

)
gijg

kqgisgjmR r
qks

− 1
2hδ

α
αδ

i
i

(
n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsR r

qks − 2
h2

(
n∑
τ=1

XτkXτj

)
gkj

+ 2
h2
δii

(
n∑
τ=1

XτiXτj

)
gijδ

γ
γδ
k
k − 2

h2

(
n∑
τ=1

XτkXτ
k

)
+ 1

hδ

(
n∑
τ=1

XτiXτj

)
gijδ

γ
γδ
k
k

− 1
h

(
n∑
τ=1

XτjXτk

)
gkj − 1

hδ
i
i

(
n∑
τ=1

XτpXτ
p

)
δγγδ

k
kδ
α
α

+ 1
hδ

i
i

(
n∑
τ=1

XτpXτ
p

)
δαα + 1

hδ
i
i

(
n∑
τ=1

XτkXτ
k

)
δαα − 1

h

(
n∑
τ=1

XτkXτ
k

)

= r + 1
2h

(
1− n2

)( n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsR r

qks

+ 2
h2

(
n2 − 1

)( n∑
τ=1

XτiXτj

)
gij + 2

h2

(
n2 − 1

)( n∑
τ=1

XτkXτ
k

)

+ 1
h

(
n2 − 1

)( n∑
τ=1

XτiXτj

)
gij − 1

h

(
n4 − n2

)( n∑
τ=1

XτpXτ
p

)
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+ 1
h

(
n2 − 1

)( n∑
τ=1

XτkXτ
k

)
= r + 1

2h

(
1− n2

)( n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsR r

qks

+ 4
h2

(
n2 − 1

)( n∑
τ=1

XτkXτ
k

)
− 1

h

(
n4 − 3n2 + 1

)( n∑
τ=1

XτpXτ
p

)

= r +
(
1− n2

) (
1
2h

(
n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsR r

qks − 4
h2

(
n∑
τ=1

X τkXτ
k

))

− 1
h

(
n4 − 3n2 + 1

)( n∑
τ=1

XτpXτ
p

)
.

Thus we have

Theorem 5.2 Let (Mn, g) be a Riemannian manifold and F ∗ (Mn) be its coframe bundle
equipped with metric g̃. Then the scalar curvature of g̃ satisfies the following equation:

r̃ = r +
(
1− n2

) (
1
2h ·A−

4
h2
·B
)
− 1

h

(
n4 − 3n2 + 1

)
·B, (5.2)

where r is the scalar curvature of g and

A =

(
n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsR r

qks , B =
n∑
τ=1

XτkXτ
k .

Now we suppose that (Mn, g) , n > 2 be a Riemannian manifold of constant curvature κ,
i.e.

R s
kmj = κ (δskgmj − δsmgkj) (5.3)

and
r = n (n− 1)κ.

Then by using (5.2) and (5.3), we deduce the following equation:

r̃ = r +
(
1− n2

) (
1
2h ·A−

4
h2
·B
)
− 1

h

(
n4 − 3n2 + 1

)
·B

= r +
(
1− n2

)(
1
2h

(
n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsRsqks − 4

h2

(
n∑
τ=1

XτkXτ
k

))

− 1
h

(
n4 − 3n2 + 1

)( n∑
τ=1

XτkXτ
k

)
= r

+
(
1− n2

)(
1
2h

(
n∑
τ=1

Xτ
rX

τ
p

)
gkqgpsκ

(
δsqgks − δskgqs

)
− 4

h2

(
n∑
τ=1

XτkXτ
k

))

− 1
h

(
n4 − 3n2 + 1

)( n∑
τ=1

XτkXτ
k

)
= n (n− 1)κ+B ·

(
4
h2
·
(
n2 − 1

)
− 1
h

(
n4 − 3n2 +1)

)
.

Thus we have
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Theorem 5.3 Let (Mn, g) , n > 2 be a Riemannian manifold of constant curvature κ. Sup-
pose that Mn has the scalar curvature r = n (n− 1)κ. Then (F ∗ (Mn) , g̃) has the scalar
curvature

r̃ = n (n− 1)κ+B ·
(

4
h2
·
(
n2 − 1

)
− 1

h

(
n4 − 3n2 +1)

)
(5.4)

where

B =
n∑
τ=1

XτkXτ
k .

Corollary 5.1 If the base manifold (Mn, g) has constant curvature, then its linear coframe
bundle F ∗ (Mn) equipped with metric g̃ is not (curvature) homogeneous.

Proof. The equation (5.4) implies that the scalar curvature r̃ is never constant if κ is a
constant. Hence the assertion follows.
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