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1 Introduction

Let Dy = {(z,t) : 0<2x <1,0<t¢<T}, and let f(z,t), pi(z),i = 0,2 and h(t)
are the given functions defined for = € [0,1] and ¢ € [0, T.

In this paper we shall discuss the following inverse boundary value problem: find the
functions u(x, t) and a(t) connected in the area D by equation

Uttt(l'a t) + ua:x($a t) = a(t)u('x’ t) + f($, t) (L.1)

under the fulfillment of the following initial and boundary conditions, and the condition of
redefinition for the function u(x, t):

U(CU,O) = 900('%')7 ut(xao) = (pl(x)a utt(xaT) = 902('%') 0 <zx< 17 (12)
w(0,8) = up(1,8) =0, 0 <t < T, (1.3)
w(l,t) = h(t),0 <t < T (1.4)

Recently, inverse boundary value problems have found very wide application in various
fields of science: geophysics, aerodynamics, hydrodynamics, filtration theory, explosion
theory, mineral exploration, biology, medicine, computer tomography, etc. Various inverse
problems for individual types of partial differential equations studied in many works. We
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note here, first of all, Tikhonov [13], Lavrent’ev [4], Lavrent’ev, Romanov and Shishatsky
[5], Ivanov, Vasin and Tanina [2] and others. For more information, see, for example,
Denisov [1].

Different boundary value problems for a partial differential equation of third order were
investigated in [6, 7]. In [12] the inverse problem is considered to determine the solution of
a third-order equation and the unknown right-hand side of this equation.

In this paper, the existence and uniqueness of the solution of the inverse boundary value
problem (1.1)-(1.4) are proved.

2 Statement of the problem and reduction it to an equivalent problem

To study problem (1.1)-(1.4), we first consider the following problem
y"'(t) = alt)y(t), 0 <t < T, 2.1

y(0) =0, ¥'(0) =0, y"(T) =0, (2.2)

where a(t) € C[0, T is given function and y(¢) is desired function (by the solution of prob-
lem (2.1)-(2.2) we mean the function y(t) belonging to C*3(0, T') and satisfying conditions
(2.1)-(2.2) in the usual sense).

Lemma 2.1 Let a(t) € C[0,T) such that
la(t)|l < R = const,
where || - || is the standard sup-norm in C[0,T| and

2T3R
3
Then problem (2.1)-(2.2) has only trivial solution.

< 1. (2.3)

Proof. It is easy see that the problem

y"(t)=0,0<t<T,
y(0) =0,4'(0) =0, y"(T) =0

has only trivial solution. Then problem (2.4) has one Green function and boundary value
problem (2.1)-(2.2) is equivalent the following integral equation

2.4)

T
y(t) = / Gt 7)y(r)dr, 0 <t <T, 2.5)
0
where
G(t,7) = { -5 , teloTl, (2.6)
—tr + o, t € [1,T].
Setting

T
Aly(t) = [ Gltr)alry(r) @7
0
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we can write Eq. (2.5) in the form

y(t) = Ay(1). (2.8)

We will study equation Eq. (2.8) in the space C[0, 7. It is easy to see that the operator
A is continuous in C[0, T']. Now we show that this operator is contraction in space C[0, T'].
Indeed, for any y(t),y(t) € C[0,T] we have

T
[Ay(#) = AY() | oo < la(®)ll oo lu(#) —y(t)Hoo/!G(t,T)l dr. (2.9)
0

From (2.6) we obtain
T

1 1
G(t, 1) dr = —t* + ~¢*T.
0
Obviously, the function g(t) = %t?’ + 32T, 0 < t < T takes its maximum value in C[0, T

att =T and g(T) = 2T3. Therefore,

T

2
/G(t,7)| dr < §T3, 0<t<T. (2.10)
0

Now from (2.9) with the use of (2.10), we get

[Ay(t) — Ay(t)]l,, < ;T?’ la@ oo ly(#) = T()ll oo - (2.11)

Then by (2.3) it follows from (2.11) that the operator A is contraction in C[0,7"]. Hence
the operator A in the space C[0, T'] has unique fixed point which is a solution of Eq. (2.8).
Thus, the integral equation (2.5) in C[0, T'] has unique solution. Since y(t) = 0 is a solution
of the boundary value problem (2.1)-(2.2) this problem has only a trivial solution. The proof
of this lemma is complete.

Along with problem (1.1)-(1.4) we consider the following auxiliary inverse problem: it
is required to determine a pair {u(x,t), a(t)} of functions u(x, t) and a(t) having properties
1 and 2 from the definition of classical solutions of problem (1.1)-(1.4), relations (1.1)-(1.3)
and

R () + uge(1,8) = a(t)h(t) + f(1,1), 0 <t < T. (2.12)

Lemma 2.2 Let p;(z) € C[0,1],i = 0,2, f(z,t) € C(Dr), h(t) € C3[0,T), h(t) # 0
fort € [0,T] and the following matching conditions hold

eo(1) = h(0), @1(1) =1(0), ¢2(1) =h"(T). (2.13)

Then the following statements are true:

(i) each classical solution {u(z,t),a(t)} of problem (1.1)-(1.4) is also solution of prob-
lem (1.1)-(1.3), (2.12) ;

(ii) each solution {u(x,t),a(t)} of problem (1.1)-(1.3), (2.12) such that

27° Jla(t) o
3

is a classical solution of problem (1.1)-(1.4).

<1 (2.14)
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Proof. Let {u(x,t),a(t)} be a solution of problem (1.1)-(1.4). Considering the condi-
tion h(t) € C3[0,T)] and differentiating three times (1.4), we obtain

uge(1,8) = A" (t), 0 <t <T. (2.15)
Putting z = 1 in Eq. (2.1) we have
Ut (1,6) + ugr(1,) = a(t)u(1,t) + f(1,), 0 <t <T. (2.16)

By virtue of (1.4) and (2.15) it follows from (2.16) that (2.12) holds.
Now suppose that {u(z,t),a(t)} is a solution of problem (1.1)-(1.3), (2.12) and the
condition (2.14) hold. Then it follows from (2.12) and (2.16) that

j; (u(1,£) — h(t)) = a(t) (u(1,t) — h(t)), 0 <t < T\ (2.17)
Next, by virtue of condition (1.2) and matching conditions (2.13), we get
u(1,0) —h(0) = o (1) = h(0) =0,
u (1,0) = 7' (0) = ¢1 (1) = 7' (0) = 0,
uw (1,T) — W' (T) = 3 (1) — b (T) = 0. (2.18)

By Lemma 2.1 it follows from (2.17) and (2.18) that the condition (1.4) holds. The proof
of this lemma is complete.

3 The existence and uniqueness of a classical solution of the inverse boundary value
problem (1.1)-(1.4)

The first component u(z, t) of solution {u(x,t),a(t)} of problem (1.1)-(1.3), (2.12) we
will seek in the following form

o0
ulz,t) = 3 ug(t) sin A, Ay = g(% —1), 3.1)
k=1
1
where uy(t) = 2 [u(x,t)sin \yzdr, k = 1, 2, ... . Then, applying the formal Fourier
0
scheme, from (1.1) and (1.2) we obtain
ul'(t) — Nug(t) = Fp(t;u,a), k=1,2,...;0<t<T, (3.2)

where

1
Fi(t;u,a) = fi(t) + a(t)ur(t), fu(t) = 2/f(x,t) sin \gx dz,
0

1
@ik:2/cp,»(:c)sin)\kxdx, 1=0,2;k=1,2,....
0
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In order to convert problem (3.2)-(3.3) to problem with homogenous boundary condi-
tions we introduce the desired function

k
wi (1) = v (1) + 550 + b + o, (34)

where vy, (t) is a solution of the following problem

vy (t) — )\%vk(t) =gr(t;vg,a), k=1,2,...;0<t<T, (3.5)
vE(0) = v (0) = v (T) =0, k=1,2, ..., 3.6)
where
. — 2\ [ P2k 2
g (t;vg, a) = fi(t) + a(t)vg (£) + (alt) + A7) <7t + o1y + go%) . (3.7

We first consider the homogeneous equation corresponding to (3.5)
ol () = Nvp(t) =0, k=1,2,...;0<t < T. (3.8)

It is obvious that the general solution of Eq. (3.5) has the form
v (t) = cipekt & e 3Rt <Czk cos \2[)\,225 + c3p sin \g)\,‘:’t , (3.9)

where ¢y, cof, C3i are arbitrary constants.
We can show that the problem

o' (8) = Afor(t) = 0, vx(0) = v} (0) = v(T) = 0 (3.10)

has only a trivial solution. It is known (see [12]) that problem (3.10) has only one Green
function, where the Green function of this problem is the function Gy (¢, 7) that satisfies the
following conditions:

1) the function G (t, 7) is continuous and has continuous derivative with respect to ¢ for
any t, 7 € [0,T];

2) for any fixed 7 € [0, 7] the function G(¢,7) has continuous derivatives of second
and third orders with respect to ¢ in each of intervals [0, 7) and (7, 7] and the derivative of
third order for ¢ = 7 has a leap equal to 1:

Gru(7+0,7) = Gru(T = 0,7) = 1. (3.11)

3) in each of intervals [0, 7) and (7, T'] the function G(¢, 7) that regarded as a function
of t satisfies Eq. (3.8) and boundary conditions (3.6).

Since the general solution of homogeneous equation (3.8) has the form (3.9) the Green
function for boundary value problem (3.10) has the form

2 2 2 2
113 E . 2
Crpeit 4 e it <02k cos @)\gt + ¢35 sin ?A,ﬁt) , t€]0,7],

Gi(t,7) = (3.12)

TN

A

2 2 2
Crpeet 4+ e Mt <c2k COS @)\gt + C3y, sin ?A,ﬁt) , te T,

where ¢y, cok, C3k, C1k, Cok, C3i are some functions that depend on 7.
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Differentiating (3.10) two time on ¢ we obtain

T ol

Co}; COS <‘é§)\ t—

e )
+egksin <23A§t— §>> , te[0,7],
(

wly

Gre(t,7) = ) 2 ) P ) (3.13)
clk)\geAEt — )\ge_%’\gt Cop COS (‘ég)\,g’t — g)
2
+¢3p, sin <\é§)\l§t — g)) , ter,T],
( Y 4 1B 3v5, 2
cirApe kt+)\l§’6_5 U capcos | ALt — 5
2
~+c3y, sin <‘é§)\,§t - Q?Zr)) , t €]0,7],
Gru(t,7) = . 2 . 2 , (3.14)
Elk)\ge/\gt + )\ge—%AEt <02k cos (‘égz\;;’t — 2;)
2
+Cs3p, sin (‘ég)\,ft — 2;)) , t€[r,T],

\

Then it can be seen from (3.12) and (3.13) that the continuity of the function G(t,7) and
its derivatives for ¢t = 7 gives us

\3 1,3 3.2 V3 2
Cire kT +e 2% T | Gy cos 7A£T+EngiH7AET

N 1,3 3.2 V3.2
=cipe kT +e 2% T CgkCOST)\IgT—FCnginT)\;;T ,

2 2 3 2 3 2
ElkeA;fT e s (c% cos <\2f)\,‘27' — g +¢3p. sin \g)\,‘;’T — g
2 2 3 2 3 2
= e T — e T <02k cos ({)\27‘ — g +cay sin \2[)\;;’7‘ — g ,

4 3 2 2 2 2
+A} e 2T <02k cos (?)\ET - ;) + c3p sin <\g§)\,§’;7’ - ;))] =1

Yik = Cik — Clks 72k = C2k — C2k, Y3k = C3k — C3k,
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we obtain a record of the last relations in the form of a system of equations:
2 2 2 2

ke T+ e AT Yor, €08 LENDT + 3, sin g)\gT =0,
2 2 2 2

ilke)‘ET —e —3AT <’72k cos < )\ET — g) ~+y3k sin <‘é§)\,§T g)) =0,
2 2 2 2

'ylkeAET +e 3N (’ygk cos < 5 /\ET — 23”) ~+ Y3k sin <\é§)\]§7' — 2;)) =

)

(3.15)

S oy

>
= |

whose determinant is the Wronskian of the fundamental system

2 2 2
3 _ 1,3 \/g 2 133, . \/g
Mt e 2/\ktcos—/\gt, e 2™ tgin 7/\

for ¢ = 7, and consequently, is different from zero. Therefore, the system (3.15) uniquely
defines a function ~;, 1 = 1, 3:

T wiv

t

2
[P
Y1k = —z€ kTv
32}
2 13 3(\3 f 3
'72]9:?65 kT sSm —5- /\I‘Z’T % + s 2 ) (316)
3v/3\
k
2 2
1,3 2
Y3 = — 2 3T cosT?’ AGT— 5 —i—cos )
3V3A2

It is obvious that

Clk = C1k + Y1k, C2k = Cok + V2ks  C3k = C3k + Y3k

where i, 1 = 1, 3 determined by (3.16).
Substituting the last relation in (3.12) after some calculations, we obtain

2
At (czk coS \2[)\3t+03ks1n \f)\“*t) t €0,7],

/

i\.’)\»—t

2
3
clke)‘k e

2 2 2
Gr(t,T) = cipeht + ezt <C2k cos ‘2[)\37& -+ c3p sin \/g)\;; t> +

L M) 2 i T)s1n<‘/§/\,2 (t — T)+’6’), te[r,T],

3)\§ 37
_ 3.17)
where c;;, ¢ = 1, 3, are some arbitrary constants.
To determine c;x, ¢ = 1, 3, we use the boundary conditions (3.6). Then we have
c1k + C2k =0,
C1k — C2k + \[CSk —20
2 2
clk)\3e>‘k Ty )\,2 ez T (c% cos @)\gT 2 ) + c3p sin <\f)\,§ - 2§>>
2
+le >\3(T o %eféxg (T7) oos T3)5 (T —7) =
Solving the last system, we find
-1
1 2 3 2 3 3.2
Clp = —— e%’\'?T+2cos£)\,§T Al (57— )+2€% k7 osi%? (T—-7)],
3)\2 2 2
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-1
1 2 3 2 2 2 3 2
Cok = —3 (egAST + 2 cos {A,ﬁT) (e/\z? (37-7) 4 2637 cos \2[)‘12 (T-1) ]|,
A7
-1
3 3 3.2 2 2 3 2
C3k = \/; (eg)‘ET + 2 cos \2[)\I§T) <e>‘1§ (37-7) + 23 M T cos \2[)\]3 (T — T)) ‘
3N}

Substituting the resulting expression for ¢;j, i = 1,3, in (3.17) using some transformations
we obtain the Green function G (¢, 7) for the boundary value problem (3.10):

S a(T,t,1),t €0, 7],
Gr(t,T) = {ﬁ:(Tm)’t € [r. 1], (3.18)

where 1
2 N 2
oax(T,t,7) = — 1g <€3A’?T + 2 cos ?AET> {e)‘lg (37+t=)

3>\,‘;j

2
2 3
—9eM (37-3-7) cos ()\,‘:’t —3

LN
—~
o~
+
Nl
3
S~—
[\
Gj|
rol—
>
BTN
e~
2
(@)
o
n
VN
[\V]
5
>
I Wi
~
|
wl
\_/
\_/
——

2
+2 cos ﬁ)\g (T —71) (e)‘

2
Br(T,t,7) =
2 -1 2
=— 14 €%>\ET+2COS£)\§T —2eM (3T=3577) ¢os ﬁ)\ét— T
3N 2 2 3
2 2
+2 cos \gg)\é (T —7) <e>‘l§ (t+37) _ 267%)‘1? (t=7) cos ({/\gt — g))

3.2 3 3 3 2
—2cos \2[)\,§T (e’\g(t_T) — 2e7 2% (77) gip <\2[)\,§ (t—7)+ g)) } .

Note that the boundary value problem (3.5)-(3.6) is equivalent to the following integral

equation
T
vR(t) = /Gk(t7 T)gk(T;v,a)dr, 0 <t <T. (3.19)
0
Substituting (3.19) in (3.4) and using (3.7), we get
ug (t) = %R +tp1k + port
T
(3.20)

+/Gk(t,7') |:Fk(7'; g, a) + )\2 (%72 + 71k + kaﬂ dr.

0
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From here, after some calculations, we obtain

ug(t) =

-1
2 3 2
)\gT>> {2«;:% [—eAlgtsin (‘fA,gT — 7;)
3 2
) — e2M sin <\g§)\;j (T —t)— 2;)]

|G

=N

2 5 Fp 2
+ 2 o | M s ( Lafr - 2
N 2 3
k
5 2
+e 2N tgin (fAis (T —t)— 2;) + e BT gin \[)‘Ig t]
2
s ok AR (FH) — 903N (T o ﬁ)\gt -z
3 2 3
T
—|—/Gk(t, T)Fi(T;u,a) dT. (3.21)
0

After substituting (3.21) into (3.1) for to determine the component u(x,t) of solution
(u(x,t),a(t)) of problem (1.1)-(1.3), (2.12), we obtain

2 3 3.2 2
TPk —eMtsin £)\Ig’T _
k
2 2
+e 2 M sin (?)\E (T —t)— 2;) + ez BT gjp \[)\gt]

k

2 2 5
+\<3§S02k [6’\2 (3H) — 230 (T ¢og (?A;it - g)] }

T
+/Gk(t,7)Fk(T;u,a) dr » sin A\px. (3.22)
0
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Now by (3.1) from (2.12) we find

a(t) = [h(t)]” {h’” i DFEF2 g, )}. (3.23)

k=1

In order to obtain the equation for the second component a(t) of solution {u(x,t), a(t)}
of problem (1.1)-(1.3), (2.12), we substitute (3.21) in (3.23):

a(t) = (M) {R"(t) = f(L,1)

00 2 -1 2
2 3 2 5 3 2
-> <\/§ (ai’%:?T + QCOS\Q[AgT)) {230% [e%?tsin ({)\gT - g)
k=1

2
+e2>‘ BT—1) cog (f)\gt — ) — 62)‘1?tsm <\g§)\

N
—
~
|
~
N—
|
w|
v
| |

6
2 2 2
+— Y1k —eMitsin é)\Ig’T _
A2 2 3
2 2 3
+e 2)‘k t sin ( /\12 (T - t) - ;) + 6%)\}? (3T—t) sin \/>)\]§t]
2 2
+ X3 Yok [e’\E@‘H) — 2¢2M (T71) ¢os (?A;zt — g)] }
T
+/Gk(t, T)Fi(T;u,a)dr p (—1)FIA2 4 (3.24)
0

Therefore, the solution of problem (1.1)-(1.3), (2.12) is reduces to the system (3.22)-
(3.23) with respect to the unknown functions a(¢) and u(z, t).

The following lemma plays an important role in studying the question of the uniqueness
of a solution to problem (1.1)-(1.3), (2.12).

Lemma 3.1 [f {u(x,t),a(t)} is an any solution of problem (1.1)-(1.3), (2.12), then the

functions

1
2/uwtsm)\kxdm k=1,2,...,
0

satisfy on [0, T system (3.21).

Proof. Let {u(x,t), a(t)} be the any solution of problem (1.1)-(1.3), (2.12). Then multi-
plying both sides of Eq. (1.1) on the function 2sin A\yz, k =1, 2, ... , integrating resulting
equality over x from O to 1 and using the relations

1 1
2/uttt x,t) Sm)\kxdw—— Z/u z, t)sin \gwdr) =up (t), k=1,2, ...,
0 0
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1 1
2/um($,t) sin Az do = — g ( 2/u z,t)sin \pr dr) = —MNjug(t), k=1,2, ...
0 0

we obtain that Eq. (3.2) holds.

In a similar way from (1.2) we obtain that condition (3.3) holds.

Thus, ug(t), k =1, 2, ..., is a solution of problem (3.2)-(3.3). It follows immediately
that the functions ug(t), k = 1, 2, ..., satisfy on [0, T] system (3.21). The proof of this
theorem is complete.

1
It is obvious that if ug () = 2 f u(z,t)sin \gx dx k=1, 2, ,1s a solution of system
0

(3.21), then the pair {u(x,t), a(t)} of functions u(z,t) = > ug(t)sin Ag(z) and a(t) is a
k=1

solution of system (3.22), (3.24).
It follows from Lemma 3.1 that the following result is true.

Corollary 3.1 Suppose that the system (3.22), (3.24) has an unique solution. If the problem
(1.1)-(1.3), (2.12) has a solution, then this solution is unique.

Now, in order to study problem (1.1)-(1.3), (2.12), we consider the following spaces:
1. Denote by B 5T (see [3]) set of all functions wu(z, t) of the form

=3 u(t) sinhpz, Ay = g(Qk —1),

k=1
considered D, where each of functions ug(t), k =1, 2, ... , is continuous on [0, 7] and
Jr(u) = {Z (A ”uk(t)HC[O,T])2} < +00.
k=1

The norm in this space is defined as follows:
lu(z, )l pg . = Jr(w)-
2. By E% we denote the space which consists of a topological product
BS,T X C[OvT]a
and the norm of element z = {u, a} is defined by the formula
12l = e, )y + la® ooy

Note that BS’ o+ and E% are Banach spaces.
Now we consider in the space E% the operator

b(u,a) = {P1(u,a),P2(u,a)},

where
o0

&1 (u,a) = u(x,t) = Z t) sin A\gz,

Do(u,a) = a(t),

and ug(t), k = 1, 2,... and a(t) are equal to the right-hand sides of (3.21) and (3.24),
respectively.
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Lemma 3.2 The inequality holds

1
cosx > —Ze’”, 0<z < +00. (3.25)

The proof of this lemma is similar to that of [10, Lemma 4].
It follows from (3.25) that

2
3 1 3,35
e2Me T 4 2cos = \3T > ieiAkT
By virtue of this relation we have
2 .2
et ez M (3T—t)
- <2, — <2,
323 3 323 3
e2 T 4 2 cos @)\E’T ez T 2 cos ?AgT
1,3 37
e it M (5+t)
5 5 <2, 3 5 <2, 0<t<T,
313 5 3313 5
ez T 4+ 2cos g)\ka e2 T 4 2cos @)\gT
2 2
€>\7§ (t-l—%’r) e—%/\;f (t—)
3,3 2 =7 3,3 =2
e2 T 4 2 cos @A,?T ez i T 2¢ \f>\3T
31 1,3
M (t+37) e 3N (t=7)
, <2, — <2,
313 = 34,3 =
ez T 4 2 cos @)\E’T ez T 4 9 cos é)\gT
% 3 t % 1
e)‘k (§T7§7T) e/\k (t+§‘r)
2 2 S 27 2 2 S 27
313 5 3313 5
ez T 4 2cos @)\,ﬁT e2 T 4 2cos @)\,ﬁT
L2 2
65)\’? BT—(t—1)) 6)‘3 (t—7)
" <2 — <2, 0<7<t<T.
e2 T 4+ 2cos ‘[/\3T efAkT+2cos§)\gT

Using this relation we get

N|=

(Z (AR Hﬁk(t)Hoo)2>

k=1
0o % oo
<12v2 (Z (A} !sook!)2> +12v2 <Z Ak leai]) )
k=1 k=1

1
2

1 TOO
+6f<Z<Ak|m|>> +16V/5T /Z P fk(r))dr

+16v/5T [|a(t)]| (Z (A Huk@)rm)?) , (3.26)

k=1
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&l < |t~ _ LI = £0,0)]l.

+< Akz)z { (Z P lok]) >2+4\/§ (Z(ﬁlsmlf)
k=1 k=1 k=1

oo TOO 2
(Z(Akmn) +16vT (/ (2 |fulr T)

k=1
] } . (3.27)

Suppose that data of problem (2.1)-(2.3), (2.16) satisfied the following conditions:

L. po(x )602[0 1], 0’ () € L2(0,1), ¢0(0) = ¢p(1) = 45(0) = 0;

2.¢1(z) € C?0,1], ’”( ) € L2(0,1),01(0) = '<1) ©1(0) = 0;
3-s02(x)601[0,] 5(z) € L2(0,1), p2(0) = ¢h(1) = 0;

4. f(x,t), folz,t) € C(DT) fm(x ) € L2(DT) [(0,t) = fo(1,t) =0, 0 <t < T}
5. h(t) € C3[0,T], h(t) #0, 0,<t<T.

Then from (3.26) and (3.27) we obtain

N =

o0

+16T [|a(t)]| (Z (AR IIUk(t)Iloo)2>

k=1

la(a, ipg . < AU(T) + Bi(T) [la(®)lloo [[u(z, ) 3 (3.28)
la@)lloo = A2(T) + Ba(T) la(t) oo llulz, )l 3 . (3.29)
respectively, where

AUT) = 12V2 [ @) 1, 1) + 12V2 07 @), 0.1

+6V5 [[4()l|, 01y + 16VET | fon ()
By(T) = 16V/5T,
A7) = || {lIn7 ) - £

1

+(zw) [Vl 0y + 3 1@
k=1

6115 ()| 1y 0.1y +H1OVT e, )l a0 }

1

Ba(T) = H[h(t)rlHOO (Z Akﬁ) 167
k=1
By virtue of (3.28) and (3.29) we have
la(z, )l pg . + a®)lloe < AT) + B(T) [la®)llo [lulz, D)5z, - (3.30)

wher
- A(T) = Au(T) + A(T), B(T) = Bi(T) + Ba(T).

Therefore, we can prove the following theorem.
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Theorem 3.1 Let conditions 1-5 and condition
(A(T) +2)*B(T) < 1. (3.31)

hold. Then the problem (1.1)-(1.3), (2.12) in the ball K = KR(HzHE% < R=A(T)+2)

of the space E% has a unique solution.

Proof. In the space E3. we consider the equation
z =Pz, (3.32)

where z = {u, a}, the components @;(u,a), i = 1, 2, of operator $(u, a) are determined
by the right-hand sides of equations (3.22) and (3.24).

Consider the operator ¢(u, a) in the ball K = Kp of E% Similarly to (3.30) we obtain
that for any z, 21, 29 € Kp the following estimates are true:

192l g3 < A(T) + B(T) [|a(®) o lulz, ) p3 . (3.33)

[P21 = P22l gy, < BT)R(la1(t) — a2(t)]|o + lule,t) — a2, t)lpz ). (B34

Then by (3.31) it follows from estimates (3.33) and (3.34) that the operator ¢(u, a) acts in
the ball K’ = K and is constricting. Hence in K’ = K g, the operator @(u, a) has an unique
fixed point {u, a} that is unique in the ball K = Kp solution of problem (3.32), i.e. it is an
unique solution in K = K of system (3.22), (3.24).

The function u(x,t) as an element of the space B;T is continuous and has continuous

derivatives u,(z,t), uzz(x,t) in Dr. It is easy to see from (3.22) that

D=

(g (A |’ () )2>§ <V3 (i (X |uk’(t)||oo)2>

k=1

e Ol 0y + N0l e, Dl g3, ) -

Hence It follows that u(z, t) is continuous in Dr. Itis easy to verify that the equation
(1.1) and conditions (1.2), (1.3) and (2.12) are satisfied in the usual sense. Consequently,
{u(x,t),a(t)} is a solution of problem (1.1)-(1.3), (2.12). By virtue of corollary 3.1 it is
unique in the ball K = Kp. The proof of this theorem is complete.

Using Lemma 2.2 is proved the following lemma.

Theorem 3.2 Let all conditions of Theorem 3.1 be satisfied,
2 3
g(A(T) +2)1° <1

and the following matching conditions

po(1) = h(0), @i(1)dr =1(0), (1) =n"(T).

Then problem (1.1)-(1.4) has in the ball K = KR(HZHE% < R = A(T) + 2) of the space

E% an unique classical solution.
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