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Abstract. We show continuity in parabolic generalized Orlicz-Morrey spaces M Py (fol) of parabolic
nonsingular integral operators. We shall give necessary and sufficient conditions for the boundedness of
the parabolic nonsingular integral operator on parabolic generalized Orlicz-Morrey spaces M ®p (ID)T'1 ).
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1 Introduction and main results

The classical Morrey spaces were introduced by Morrey [23] to study the local behavior
of solutions to second-order elliptic partial differential equations. Although such spaces
allow to describe local properties of functions better than Lebesgue spaces, they have some
unpleasant issues. It is well known that Morrey spaces are non separable and that the usual
classes of nice functions are not dense in such spaces. Moreover, various Morrey spaces
are defined in the process of study. Guliyev, Mizuhara and Nakai [10,22,24] introduced
generalized Morrey spaces MP¥(R"™) (see, also [11,12,32]). Later, Guliyev [12] defined
the generalized Morrey spaces MP>¥(R™) with normalized norm

Ifllame = sup (@, r) " (B, r) 7P | fll o)
zeR™,r>0

where the function ¢ is a positive measurable function on R” x (0, co). Here and everywhere
in the sequel B(x,r) is the ball in R™ of radius r centered at x and |B(z, )| = v,r™ is its
Lebesgue measure, where v,, is the volume of the unit ball in R™.

The Orlicz space were first introduced by Orlicz in [29, 30] as generalizations of Lebesgue
spaces LP(R™). Since then, the theory of Orlicz spaces themselves has been well developed
and the spaces have been widely used in probability, statistics, potential theory, partial dif-
ferential equations, as well as harmonic analysis and some other fields of analysis.

In [5], the generalized Orlicz-Morrey space M %% (R™) was introduced to unify Orlicz
and generalized Morrey spaces. Other definitions of generalized Orlicz-Morrey spaces can
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2 Characterizations for the parabolic nonsingular integral operator on ...

be found in [25] and [31]. In words of [18], our generalized Orlicz-Morrey space is the
third kind and the ones in [25] and [31] are the first kind and the second kind, respectively.
According to the examples in [9], one can say that the generalized Orlicz-Morrey spaces
of the first kind and the second kind are different and that second kind and third kind are
different. However, we do not know the relation between the first and the second kind.

Note that, Orlicz-Morrey spaces unify Orlicz and generalized Morrey spaces. We extend
some results on generalized Morrey space in the papers [7,12,14,15,19,20] to the case of
Orlicz-Morrey space in [5,8,16-18].

Consider the half-space R/ ! = R"x (0, 00). Forz = (2/,t) € R,z = (2", 2, 1) €
D = R x Ry x Ry, D"t = R*™! x R_ x Ry. In the following, besides the
standard parabolic metric o(x) = max(|z’|,|t|'/?) we use the equivalent one p(x) =
1/2

|2/ |24+ /|2’ |4 +4t2 . e . .
_— introduced by Fabes and Riviére in [4]. The induced by it topology

2
consists of ellipsoids (parabolic balls)

/ 12 2
& (x) = {y S5 L et A A Uikl 1} & = Crt2,
r r
It is easy to see that &;(x) and S™ are the unit ball and the unit sphere, respectively, with
respect to the both metrics and p(x). On the other hand, the equivalence between the both
parabolic metrics o(z) and p(z) follows by the inclusion: for each &, there exist parabolic
cylinders C and C with measure comparable with "2 such that C C &, C C. In what
follows all estimate obtained over ellipsoids hold true also over parabolic cylinders and we
shall use this property without explicit references.

Let 7 = (2", —xy, t) be the reflected point”. The parabolic nonsingular integral opera-
tor R is defined by (see [2])

Rf(x) = /IDJ”+1 p(;f_(l;))Lde. (1.1)

The operator R and its commutator appear in [2] in connection with boundary estimates
for solutions to parabolic equations.

In [28] the author was study the boundedness of the parabolic nonsingular integral oper-
ator R on Orlicz spaces L? (ID)?FH). Therefore, the purpose of this paper is mainly to study
the boundedness of the operator R on parabolic generalized Orlicz-Morrey spaces of the
third kind M % (D).

A function ¢ : (0,00) — (0, 00) is said to be almost increasing (resp. almost decreasing)
if there exists a constant C' > 0 such that

o(r) < Cop(s) (resp. p(r) > Cyp(s)) forr <s.

For a Young function @, we denote by G the set of all decreasing functions ¢ : (0,00) —
(0,00) such that t € (0,00) + &1 (t7"72)p(t) ! is almost decreasing.
The following results are the fundamental theorems in this paper:

Theorem 1.1 Let @ € Ay and o1, 2 € 2.
1. The condition

o0
: ¢1(z, s) ) C1fpne2
[ (gss inf Fi(n)) P T S Cenla), (12
where C does not depend on x and r, is sufficient for the boundedness of R from M®#1 (]D)Z‘fl)
to WM®#2 (D’ffl). If, in addition, ® € Vo, then the condition (1.2) is sufficient for the
boundedness of R from M®#1 (D7) 1o MPe2 (D1,
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2. If p1 € Gg, then the condition
(,01(1',7') S C@Q(f,?"), (13)

where C does not depend on x and r, is necessary for the boundedness of R from M®%1 (]DT_?_H)
to W M2 (]D)i“) and from M®#1 (DZL_H) to MP#2(D7H).
3. If p1 € Gg satisfies the regularity type condition
e dr
[ e <ono. (14
t

forallt > 0, where C' > 0 does not depend on t, then the condition (1.3) is necessary and
sufficient for the boundedness of R from M®#1 (]D)T}fl) to W M2 (IDV};H). If, in addition,

@ € Vg, then the condition (1.3) is necessary and sufficient for the boundedness of 'R from
MEe1(DHY) 10 MP#2(DEH).

If we take @(t) = tP, p € [1,00) at Theorem 1.1 we get the following new result for
generalized Morrey spaces.

Corollary 1.1 Letp € [1,00) and 1,2 € 2, = (.
1. The condition
n+2

oo €ss inf vq(s)s »
/ t<5<0090()
T

dt < Cea(r), (1.5)

S
for all r > 0, where C' > 0 does not depend on r, is sufficient for the boundedness of R
from MP# (DY) to W MP#2 (]DT'l). If1 < p < oo, then the condition (1.5) is sufficient
for the boundedness of R from MP#1 (D't to MP#2(DH),

2. If o1 € Gy, then the condition (1.3) is necessary for the boundedness of R from
MP#1(DEHY) 10 W MP2(DEHY) and from MP#1 (D) to MP#2 (D7),

3. If p1 € G, satisfies the regularity condition (1.4), then the condition (1.3) is necessary
and sufficient for the boundedness of R from MP#1 (]D)’?ﬁl) to W MP-#2 (]D)Trl). If, in addi-
tion, 1 < p < oo, then the condition (1.3) is necessary and sufficient for the boundedness
of R from MP#1(D'tHY) to MP#2(DH),

Remark 1.1 Note that, in [8] was study the boundedness of the nonsingular integral oper-
ator on generalized Orlicz-Morrey spaces of the third kind M QS’W(R’}F).

By A < B we mean that A < C'B with some positive constant C' independent of

appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Definitions and Preliminary Results

2.1 On Young Functions and Orlicz Spaces
We recall the definition of Young functions.

Definition 2.1 A function ¢ : [0,00) — [0,00] is called a Young function if ¢ is convex,
left-continuous, lin+1O &(r) =&(0) =0and lim &(r) = co.
r—r r—00
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From the convexity and ¢(0) = 0 it follows that any Young function is increasing. If
there exists s € (0, 00) such that &(s) = oo, then &(r) = oo for r > s. The set of Young
functions such that

0<P(r) <oo for 0<r<oo

will be denoted by V. If @ € Y, then P is absolutely continuous on every closed interval in
[0, 00) and bijective from [0, c0) to itself.
For a Young function @ and 0 < s < o0, let

& (s) =inf{r>0:&(r) > s}.
If & € ), then ! is the usual inverse function of &. We note that
O (r)) <r <& HP(r)) for0 <r < oo.
It is well known that
r<®'(r)® '(r)<2r  forr >0, (2.1)
where ®(r) is defined by

5(7“) _ {sup{rs - @(so)o: s €[0,00)} : TTGZ[O,OOOO)

A Young function @ is said to satisfy the As-condition, denoted also as ® € Ao, if
&(2r) < kP(r) forr >0
for some £k > 1. If ® € Ay, then & € ). A Young function @ is said to satisfy the V-
condition, denoted also by & € Vg, if

1
d(r) < —@ >
() < 5 @), 720,
for some k£ > 1.

Definition 2.2 (Orlicz Space). For a Young function ®, the set

n+1
]D)+

L*(D7) = {f € Li, (D) / S (k|f(z)|)dx < oo for some k > 0 }

is called Orlicz space. If &(r) = 1P, 1 < p < oo, then L*(D'IH!) = LP(DT'l). Ifo(r) =
0,(0 < r < 1)and &(r) = oo, (r > 1), then L*(D") = L°(D"). The space
L? (DTFI) is defined as the set of all functions f such that fx, € Lé(]D)T'l)for all balls

loc

+1
B cDi™.

L?(D'*1) is a Banach space with respect to the norm

_ i . |/ ()]
||f||qu(D1+1)—1nf{)\>0./m+lq§< : Jaz<1p.

/ @(wﬁx <1 (2.2)
ID)Q‘_+1 Hf”L@(]DT'l)

‘We note that
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The weak Orlicz space
WLP(DHY) = {f € Li (DY) - 1 lyyze @ntry < +00}

is defined by the norm
: f
n :1nf{)\>0:su @tm(—,t>§1}.
HfHWL@(D;rl) t>g ®) A
The following lemmas are valid.

Lemma 2.1 [1,21] Let ® be a Young function and £ a set in ]Dfrl with finite Lebesgue
measure. Then ]

HXSHWLQS(MH) = HXgHLqS(DiH) = W
Lemma 2.2 For a Young function @ and for all parabolic balls £ in Diﬂ, the following

inequality is valid
1fllzrey < 21E1@7 (IE17Y) 1f | o e)-
The following theorem were proved in [28].
Theorem 2.1 [28] Let @ be a Young function and R be a parabolic nonsingular integral

operator, defined by (1.1). If ® € Ay Vo, then the operator R is bounded on L‘P(DTFI)
and if & € A, then the operator R is bounded from L® (D) to Wqu(DT'l).

In the case @(t) = tP, we get the following result proved in [2].

Corollary 2.1 [2] Let 1 < p < ocoand f € LP (]D)i“). Then there exists a constant Cy,
independent of f, such that

HRJCHLp(DiH) < Cpr”Lp(Diﬂ)a I<p<oo

and
”Rf||WL1(D1+1) § Cl”f”[,l(]])i-!-l).

2.2 Parabolic generalized Orlicz-Morrey Space

Various versions of generalized Orlicz-Morrey spaces were introduced in [25], [31] and
[5]. We used the definition of [5] which runs as follows.

‘We now define parabolic generalized Orlicz-Morrey spaces of the third kind. The parabolic
generalized Orlicz-Morrey space M 4’>,¢(D1+1) of the third kind is defined as the set of all
measurable functions f for which the norm

1 1

ntly = ¢!
1l a0 ey mem;llp,wo o(z,7) <|5+(x7r)|> 1 fll Lo &+ @)

is finite, where £T (z,7) = E(z,7) N ]D)’}fl. Also by WMQS"(D’}FH) we denote the weak
parabolic generalized Orlicz-Morrey space of the third kind of all functions f € WLf) . (ID)T‘I)
for which

1w are.ertry = sup oz, r) 7 OTHET (2, 7)) I fllwre e+ () < 005
:L‘E]D)Trl,r>0

where W L?(E*(x, 7)) denotes the weak L?-space of measurable functions f for which
1Fllw Lo e+ @y = 1 X o lw o @nry-

Note that M?¢(D't*!) covers many classical function spaces.



6 Characterizations for the parabolic nonsingular integral operator on ...

Example 2.1 Let 1 < g < p < oo and @ € Ay N Va. From the following special cases,
we see that our results will cover the Lebesgue space LP (D'} ™), the classical Morrey space
Mg (DY), the generalized Morrey space M ¢p (]D’}fl) and the Orlicz space L¢(D’}r+1)
with norm coincidence:

n+2

1 If&(t) = tP and ¢(t) = t_%, then M%¢(D'tH1) = LP(D'™!) with norm equivalence.

2 If (1) = 17 and ¢(t) = £, then M (D), which is denoted by MF D'V, is

the parabolic Morrey space.

3 If ¢(t) = P, then MP#(D") = MP?(DH) is the parabolic generalized Morrey

space which were discussed in [10], see also [12,22,24].

4 1f ¢(t) = &~ (t7"72), then MP(DTT) = LE(D'FH).

Other definitions of generalized Orlicz-Morrey spaces can be found in [9,25-27]. There-
fore, our definition of generalized Orlicz-Morrey spaces here is named “third kind”.

&1 (|E(x,r) 1)
&1 (1€ (a,r)|~/m
M®A(R™) from parabolic generalized Orlicz-Morrey space M®¢(R™). We refer to [6,
Lemmas 2.8 and 2.9] for more information about Orlicz-Morrey spaces.

In the case p(x,r) = ) we get the parabolic Orlicz-Morrey space

Lemma 2.3 [6, Lemma 2.12] Let ¢ be a Young function and o be a positive measurable
Sunction on R™ x (0, 00).

(i) If
O (|E(z,r)|7h) n
sup =00 forsomet >0 andforall x € R", (2.3)
t<r<oo Sp(xa 7’)
then M®¥(R") = 6.
(ii) If
sup p(z,7) L =00 forsomeT >0 andforall x € R", 2.4)

o<r<r
then M®%(R") = O.

Remark 2.1 Let ¢ be a Young function. We denote by {24 the sets of all positive measur-
able functions ¢ on R™ x (0, c0) such that for all t > 0,

S (|E(x, )|
sup H < 00,
zeR? o(z,r) Lo (t,00)
and
-1
sup T, T H < 00,
rEeR™ (70( ) LOO(Ovt)

respectively. In what follows, keeping in mind Lemma 2.3, we always assume that ¢ € (2g.
The following lemma plays a key role in our main results.

Lemma 2.4 Let £ := 7 (x0,70) a parabolic ball in ]Dﬁ“. If ¢ € Gg, then there exist

C > 0 such that
1 C

2(r0) = o)’

< HXngHM@,v prtly S
0 (D)
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Proof. Let ET = £7(,7) denote an arbitrary parabolic ball in D'} t*. By the definition and
Lemma 2.1, it is easy to see that

1
oH(ETnES

Ieslame = sup () 01 (EF| )
zeD T r>0

e 1 1 1
> @(TO) P 1(|€S_| )é_l(fga— mg{;}-‘_l) = S0(7,0)'

Now if r < rg, then p(rg) < Cp(r) and

1 C
P Lot (|et < 1< ,
o(r) IETTxet o) < 207 = o0

On the other hand if » > rg, then é—lfl(ggr)l—l) <C @,15272',1) and

C

“lg=lgt|-! <
o(r) (1€7] )ng;Hm(gﬂ S o0ro)

This completes the proof.

3 Parabolic nonsingular integral operators in the space M %:%# (]D)Trl)

We will use the following statement on the boundedness of the weighted Hardy operator

Hqg(t) := /:0 g(s)w(s)ds, 0<t < oo,

where w is a weight.
The following theorem were proved in [13,15] and in the case w = 1 in [3].

Theorem 3.1 Let vy, vy and w be weights on (0, 00) and v1(t) be bounded outside a neigh-
borhood of the origin. The inequality

sup v (t)Hyg(t) < Csupwvi(t)g(t) (3.1
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, c0) if and only if

B :=supwvs(t) /OO w(s)ds < 0. (3.2)
t

t>0 SUPs<r<o0 V1 (T)

Moreover, the value C = B is the best constant for (3.1).

Remark 3.1 In (3.1) and (3.2) it is assumed that é =0and0- 00 =0.

For any » € D7t! define # = (2, —,) and recall that 2° = (2',0). Also define
EF =&ET(a%r) = £ r)NDI, 28 = £+ (a0, 2r).
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Lemma 3.1 Let & any Young function, f € L

loc

(ID)TH), be such that

o oy dt
/1 1f 1l o (et (o0, @1 (ET ) 7 < (3.3)
l) Ifd e JAY ﬂ Vo, then
IRfll e e+ @) < o 1(rn2) /2r 1 Fll e e+ @0,y @ (ET"72) — = (3.4)

i) If ® € Ao, then

¢ > “1(pen-2y 9t
IRfllwre e+ @om) Sm /27« 1f1 L e+ @0, P (t )7, (3.5)

where the constants are independent of x°, r and f.

Proof. i) Denote by & = £+ (2%, 7), & = £7(2°,¢) and for any f € LE (D) write

loc

f=fi+ fowith f{ = f Xog:+ and fo=f X(2e)e- Because of the @—boundedness of the
operator R (see Theorem 2.1) and f; € L?(D'/*!) we have

||Rf1||L¢(gr+) < ”Rflnm(miﬂ) < C||f1”L4>(1D>1+1) = C||f”L¢~(25;L)-

It is easy to see that for arbitrary points z € &, and y € (2&,1)¢ it holds

1 _ 3
3P =) < p(E —y) < Sp(a" —y). (3.6)
Applying the Fubini theorem to R fo we get
|f2(y)]
Rfa(z)| < C —
RAISC | s
/()| / =
<C —— sy <C dy
(261)e p(mO - y)n+2 (25+)L | p(z0—y) tn+3

o dt
<c / d _c/ / s
A (quowdw<>y)ﬂﬁg ( ny>ﬁﬁg

Applying the Holder’s inequality (see, Lemma 2.2), we get

£ ()] [~ o
/(%;f)cp(xo—y)"“dyw/% 1A e ey 1M L3 ey s

3.7
Y e 1 O Lt
_/2T HfHLﬁb(g:—)@’_lﬂgt_i_‘_l)tn+3 N/QT ||f||L<p(gt+)¢ (t )7
Direct calculations give
¢ = —1(3—n—2 dt
\lRf2!L¢(gT+)<W/2T 7oy @ () (3.8)

and the last estimate holds for all f € L?(D'}') satisfying (3.3). Thus

1 oo o di
IRf oy S Nfllpe@er) + 1(7”"2)/2 £l oy @ (¢ 2)7- 3.9)
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On the other hand,
o di
e e L M G
¢ —n—2 dt
3@5_1(7,”_2)/% 1Fll oy @71 (ET2) — ; (3.10)

which unified with (3.9) gives (3.4).
ii) Let now f € L?(D't'1), the weak ®-boundedness of R (see Theorem 2.1) implies

HRfl ”WLdﬁ(g;*) < HRfl HWL‘P(]DT'I) 5 ||f1 ||L<P(Di+1) = Hf”]ﬁ(zgjy
The estimate (3.5) follows by (3.8).
For proving our main results, we need the following estimate.
Lemma 3.2 If & := E1(wo,10), then C < Rxe (z) for every x € &

Proof. If 2,y € &, then p(Z — y) < p(& — w0) + p(y — x0) < 2rg. We get Crg ™2 <
p(Z — y) ™" 2. Therefore

Rxes (@) = /Rn Xex (W)p(@ —y) ™" Py = /+ p(@ —y) "2y > Crg" eS| = C

60
Theorem 3.2 Let ¢ any Young function, @1, @3 : ]D’}fl x Ry — Ry be measurable func-
tions satisfying (1.2).
i) If & € Ay (\Va, then it is bounded from M®#1 (D" in M®%2 (D) and

||RfHM¢,¢2(D1+1) < CHfHM‘P’m(Di“)- (3.11)

ii) If & € Ay, then it is bounded from M1 (D"1) to W M®#2(D" ) and
HRJCHMQW(DQH) < CHfHWM@m(Di“)
with constants independent of f.

Proof. Let R bounded in LQS(IDDTFI) than by Lemma 3.1 we have

dt

IR fllpge .2ty < € sup oo (2%, 7)” 1/ £l o e+ oy @1 (E"72) — -

z0,r>0
Applying the Theorem 3.1 to the above integral with
w(r) =07 ("), va(a®,r) = pa(a®, ) (@) = pa ()T TR,

o0
9@, r) = |fllpo@Er@ory,  Hugla®r) = / [ fll L g+ (20,0 w(t)dt
T
where the condition (3.2) is equivalent to (1.2) we get

||RfHM45,ap2 (]1])1+1) <C sup P1 (xovr)il 4571(7“7”72) Hf‘|L¢(S+(xO,7‘)) = CHf”M?&Pl (]D)i“’l)'
zeD} 1 r>0

The case p = 1 is treated in the same manner making use of (3.5) and (3.2)

e o dt
IR flw arsez ety <€ sup pa(2,7) 1/ £ 1|2+ oy @1 (E"72) — "

20Dt r>0

=C gupowl(ﬂﬂO’T)_l@_l(T_n_Q) 1o+ @ory) = CllFllareor ey
¥, r>
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Proof of Theorem 1.1. The first part of the theorem follows from Lemma 3.1 and The-

orem 3.2. We shall now prove the second part. Let £ = £T(z¢,7¢) and z € &; . It is easy
to see that Ry £ (z) = 1 for every x € & . Therefore, by Lemmas 2.1 and 3.2

1= 27 (w(E)TIRXgt Loy < e2(ENIRX gt aroes

902(53)
e1(EF)

< CoaE)IXet lagoam < C

Since this is true for every £, we are done.

The third statement of the theorem follows from the other statements of the theorem.
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