Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci.
Mathematics, 39 (4), 1-9 (2019).

Nonexistence of global solutions of the mixed problem for a system of
nonlinear wave equations with ¢-Laplacian operators

Asif F. Pashayev *

Received: 06.02.2019 / Revised: 05.09.2019 / Accepted: 01.11.2019

Abstract. We study the mixed problem for the system of nonlinear q-Laplacian wave equations and in-
vestigate the nonexistence of the global solutions.

Keywords. System of Nonlinear Wave Equations, nonexistenge of global solutions, linear damping
term, initial-boundary value problem, Laplacian operator

Mathematics Subject Classification (2010): 35G25, 35J50, 35Q51

1 Introduction

In this paper we consider the nonlinear initial-boundary value problem

{ultt - Aqul + (_A)ault = fl(u17 u2)7 (1 1)

ugt — Aqug + (—A)Yug = fo(ur, uz), '
uj(t,z) =0, t>0, z€0f2, j=1,2, (1.2)

uj(0,2) = @j(x), uj(0,2) =v;(x), e, j=1,2. (1.3)

Here (2 is a bounded domain in R", n > 1 with smooth boundary 92, ¢t > 0, z € (2,
O<a<l,

fr(ur, u) = |ug + ua | (ug + ug) + |ur [P~ Hug |/ uy;

fo(uy, ug) = |uy + ua|* (ug + us) + |u1]|?Hug [P~ tuy;

q0u
a.’Ei

Aqu = i aii (‘ g;

=1

), where ¢ > 2;
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2 Nonexistence of global solutions of the mixed problem for a system of . ..

(—A)%u =Y X (u,05)05,
j=1

where 0 < A1 < A2 < A3 < ..., ©1,p2,93,... are the sequence of eigenvalues and
eigenfunctions of —A in H}(§2), respectively.

The norm in Lg(£2) is denoted by || - ||, and in W} (£2) = {u : u € W;(£2)} we use
the norm

n
lallg,y =D llus, 1.
j=1

For the reader’s convenience, we recall some of the basic properties of the operators used
here. The degenerate operator A,u is bounded, monotone and hemicontinuous from

W, (92)to Wqu(_Q), where % + % =1.
We investigate the nonexistence of the global solutions of problem (1.1)-(1.3).

2 Preliminaries and main results

First, we make some preparations. Assume 0 < a@ < 1 and the p, g satisfy the condition

qg—1
> . 2.1
P55 2.1
0<p<+4oo for n<gq; 2.2)
ng
0<p< ———, f > q. 2.3
P g T 23)

Lemma 2.1 (Local existence) Let the condition (2.1)-(2.3) hold, then for any initial data

Ujo Equ (£2), ujn € Lo(£2), if T is small enough, then there exists a solution (u1, uz)u of
(1.1)-(1.3) which satisfies

uj € Loo(0, T W;; (2)), u} € Loo(0,T; La(£2)) N La(0,T; D((=4)*3)). (24

For the week solution the following energetic identity is valid

2 t
E<t>+§§; | [ rstt.oppas = p0) 25)

where

1< 1<
E(t) = 5 ; /_Q |th(t,l’)’2dl‘ + q; ’vuj(ta $)|qd$ - G(ul(ta :E)v Ug(t,lL‘)), (26)

1

G(uy,uz) = m

/ |u1(t,z)+u2(t,x)’2(p+1)dx+pil/ lur (£, 2 )us (t, o) P da.
2 1
2.7
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To prove the Lemma 2.1 we use the Galerkin method (see [8]).
In [1] is proved that in the case when conditions (2.2), (2.3) and

q—1
<7
2

hold, then local solution defined by Lemma 2.1 is global. In this work we prove that for the
global solvability condition (2.8) is principle.

Similar problems for the Klein-Gordon systems with the usual dissipations, i.e. when
a = 0 are enough investigated (see [2, 3]).

For the semilinear equation with p-laplacian and with fractal dissipation the close results
are obtained in [4,5].

When ¢ = 2, and the damping term is given by |u¢|"us, 7 > 0, many authors studied the
existence and uniqueness of the global solution and the blow up of the solution (see [6,7]).

Our main results are expressed by the following theorem.

Theorem 2.1 Let the conditions (2.1)-(2.3) hold, for any initial data
() ¥5) EWY (£2) x La(92), if

0 (2.8)

1< 1<
E©) =5 ; /Q () ? + q; IV (x)|1de — G(p1(x), p2(x)) <0.  (2.9)

Then exists T' > 0 such that

2
li (t, - =
t_>17£¥1_0; i (t, )ll2pt1) = +00,

where 0 < T" < Ty (Ty can be seen in the proof).
Proof of Theorem 2.1. Using (2.5) and (2.9), we have

E(t) < E(0) <O0. (2.10)
Let

H(t) = (—E(t))+(q+1>z2:/| 1[2d
=q 5 p 0 Ujt X

2
1 2p+1) —
+Z/ [Vu;|9dz + b+ 1) LG (ur, un). (2.11)
1= /e 2
Now, we introduce

2
Flt) = ;Z/ﬁ s (1, @) 2
j=1

for any solution u, then differentiate F'(¢) with respect to t we have

Fiy=%" /Q w; (b, 2 )use(t, o) dar 2.12)

j=1

The following Statement is valid (see [9]).
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Lemma 2.2 There exists Cy > 0, Co > 0 such that the inequality

2

1 2 1)

C1 Y villabiy) < / G, vm)da <o2§j||v3u2£§il
j=1

is valid for all vy, vy € Loy 1)(£2).

From (2.5) follows that
1 2
q;nvuj(t,-ng < Gluy(t, z), u(t, x)). (2.13)
Considering Lemma 2.2 from this we get
2 2
S IVt < aCa > st atiy)- 2.14)
=1 i=1

Using (1.1), (1.2), (2.5), (2.6) and (2.12) we obtain that

F(t Z/ luje(t, )] dl‘—Z/ |Vu;(t,z)|%dx + 2(p + 1) /Gu1 (t,x),uz(t, x))dx
+Z/ Vous(t, 2 (8, @)dz = g(—E(t) + (1+g) Z/Q|ujt(t,;p)|2dfc

+[2(p+1 _Q/Gulth' us(t, x) da:+2/ )% (t, ) uj(t, x)de.
Due to (2.11) we have the inequality

F'"(t) > H(t) + 2(p+1)—q/ G(u1(t, x),ua(t,x))dx

+ Z/ ) wje (t, ) uj(t, x)de. (2.15)

Then considering Lemma 2.2 again we obtain

p+1
P > 1) + 2 clzuu] HZEEY

+ Z/ )Y uje(t, x)u;(t, x)de. (2.16)

By virtue of (2.1)-(2.3), we have

[t < csf[vu. 2.17)

It follows from (2.5) that
G(ui,u2) > —E(t). (2.18)
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Due to lemma 2.2 there exists Cy > 0 that provides
2 2
2(p+1
Co > Nuslla) = S Ve, 2.19)
7j=1 7=1
From (2.19) and (2.20) we get
- (p+1)
2(p+1
Cs> luillygny = —E(1), (2.20)
j=1
where C'5 > 0 is some constant. From the last follows
2 1
Co Y _ llujllasry > (—E() @D, @21)
j=1
2 2 .
Glur,uz) = Cu Y [Vl = (D IVully ) (222)
j=1 j=1
where Cs > 0, C7 > 0 are some constants.
By virtue of (2.3) 1 < 2(p + 1) < . So W (£2) C Lapy41)(92), ie.
HVHQ(pH) < Cg||Vvlg (see[10]). (2.23)
Therefore from (2.21) and (2.22) we get the inequality
2
1
CsCs > _[IVusllq > (—E(t)2D. (2.24)
j=1
By virtue of (2.1)-(2.3) 2—5" < 0, therefore from (2.24) we get
2 % 2 g
Co(SIVully) * < (~B(e) T, @25
j=1

2—q
where Cy = (C@CS)T
2—q

~ dp+6— _
Denoting § = 777y +1 = ﬁ;ﬁl)q we have —(1 — 3) = 74(2p+q1).
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Further, using embedding theorems and taking into account conditions (2.1)-(2.3), (2.10)
and (2.25), we obtain the following

‘Z/ )i (t, ©)uj(t, x) d:z:’ Z H %th”2 . H(—A)%ujH2
7=1
2
> leasl, z [zl
< Cio i H(‘A)%uﬁHQ ' Z HVUJH
=1

= Cuo| (-2 Bt - (Z | wus, )’ (Z [, )

w\@

IN

<Cm[@u«mwHezuwu}-(;kuqr

ka0
chgow(iuvuju) ()09, 226
Setting ¢ = QEEI=OCEON " o get_
F'(t) > H(t) — CoCro(~E(t)) Z =25 227)

Introduce the functional

o(t) = (—E(t))" + 8 F'(t). (2.28)

Using (2.27) and (2.28) we obtain

?'(t) = B(~E1) "I (=E (1) + 5

09010

Lk H(t)—CQCIO(_E(t))_(I_B)ZH(_A)%ujtm _ 20 H(t) > 0.

09010 2¢e = C’96110
(2.29)
Assume (2.9) holds, then
2
2¢e
(0) = (—F(0)° + / () (z)dx > 0. 2.30
(0) = (—E(0)) 609010; Qsog(fc)%(w) z (2.30)

q

2
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Considering this from (2.28) it is easy to get

PUB(1) < 4{(—E(t)) + (ﬂcjéloF’(t)>l/6}. 231)

From other side

2
ORI
Jj=1
2 2 2
< 3 luglaliusliagren < 3 o, 3 s, - @32
Jj=1 Jj=1 j=1

Taking into account (2.26) and (2.32), from (2.31) we obtain

2(p+1)
2p+1

2(p+1) ‘uj HQ(F-H)
2p+1

25(1) < 4 (~E) + (8 cgch’< 0"}

o{-r0 + (15 2, 3 el )

fp 3 (ol (055 3 el ) )
<s{i-p0) 53 [ a0+ (520 S ], )7}

J

IN

IN

By virtue of Lemma 2.2 and (2.11)

2
2p+1) —¢q
0, 2PV A S 200 < o),
j=1

Therefore
#5(0) < 8{(-5 z [ st + (5 p 2 ZH M)}
(2.33)
From (2.9) and (2.9) we get

2
C1z JZ:; HujH2(p+1) =z —E(0).

It follows from here that

2(p+1)—
_ E 2(p+1)— 23 T H H 25 ' 1.
(=CuE() Z Dllagpany 7
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Consideration this in (2.33) gives

1 2
2/0(0) < 8{(~B(0) + 1 3 /Q huge(t, 2)[2da
=1

b (822 Tulhrn) ™ (OB @7 Y [
N ) B

CQCIO = Jl12(p+1) 12 o J 2(p+1)

< Ci3H(t). (2.34)

Using (2.29) and (2.34) we get

d _1_1 1y _ _1
—@ T B(t :(1——)@ 5 ()P (t) < —Cha,
S0 () 5)2 P00 < ~Cu
where C14 = 02:&0_51)5 > (. Therefore we have
1-8
OB 25
@(t) Z |: 172) }1 B

Hence there exists a 7/ > 0 such that

1
T <Ty= —
C142 7% (0)
and
lim @(t) = +o0. (2.35)
t—=T"—0

By virtue of the energetic inequality
1o 1o
(—E(t) + = Z/ uje(t, )P = = > |Vu(t,2)|%dw — / G(uy (t, z), us(t, x))d.
25 Ja ¢4 0
From the last
12
(~E@W)+53. / ujo(t, o) 2 < / Glur(t, 2), us(t, z))da
2 = 0 (93
2
2(p+1
<O Y lluilloE ). (236)
j=1
It follows from (2.35) and (2.36) that

2
lim Z U; = +00.
t_>1T,_0j_1 lujll2per) = +
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