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Abstract. In this paper we introduce a grand generalized Sobolev-Morrey spaces. Also, with the help of
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1 Introduction and preliminary notes

This paper is devoted to investigations of embedding theorems for the grand generalized

Sobolev-Morrey spaces
n

N L5 ., (1.1)
=0

where G C R" is a bounded domain, 1 < p' < oo; I' € Ny (i = 0,1,2,...,n),
l? >0,(j = 1,2,...,n); l; >0, (i =0,1,2,...,n), I{ > 0 are non-negative inte-
gers (i = 0,1,2,...,n); a € [0,1]; 5 € (0,00)". First we introduce a grand generalized
Sobolev-Morrey, and on the based of the method of integral representation we study some
differential properties of functions, defined on n-dimensional domains satisfying flexible
(- horn condition (see, [12]).

Note that the grand Lebesgue spaces L, (G) for a measurable set G C R™ of finite
Lebesgue measure were introduced in the work of T. Iwaniec and C. Sbordone in [3]. After
a vast amount of research about small Lebesgue-Morrey space, grand and small Sobolev
spaces, grand grand Lebesgue-Morrey space, grand grand and small small Sobolev-Morrey
spaces, grand grand Nikolskii-Morrey spaces, and grand Sobolev-Morrey spaces with dom-
inant mixed derivatives (with different norms) has been done by many mathematicians
(see,e.g. [2,4-8,10,11,13-21]) .

Let G C R" is a bounded domain, ¢ > 0, and let for all z € R"

1
G (x) :Gﬂ{y: ly; — x| < §t”j,j = 1,2,...,71}.
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Definition 1.1 We denote by ﬂ L<l ~ (Q) the space of locally summable functions f on

pt,a
G having weak derivatives Dl f (1 =0,1,...,n) with the finite norm
11l A<t @) = leD”fllp ,0:C- (1.2)
i=0 pi),%a =0
Here
||f||p 1), ,a;G Hf”L ,)%a
_1
i s ) (1.3
= sup Yy Yy ) .
0<t<do, tlla ’Gt’f( N J G ()
zeG,
0<ee<p—1

and dy = diam G .

Note that the space L (G) defined and studied in [13], and [ Ly .. o(G), in the
i=0

p)7a7%

1=
case [ = (0,...,0),1* = (0,...,0,1;,0,...,0), p" = p(i = 0,1,...,n) coincides with
the grand Sobolev-Morrey space Wl) (G) introduced and studied in [13].

We give some properties of the spaces ﬂ L=t (G).

pt),a,x
1.The following embedding holds: =
~ l 1>
< : <U
i=0 s D= ﬂ -
i.e.,
I oy S OM g e oy (4

n .
Norm in grand generalized Sobolev space [ L;Z)D (G) defined as:
i=0

11 2 o iy = 21D Fllpy
i=0

i—o P9

1
- — £ pi—e g ) P e
e = @ = swe (G [ @l ~<ar)

O<e<pt—1

2. The spaces ﬂ Lp s

3071 =71 = :
<ll> <li>
i 0 p)uo( ZOOLpl) @
To prove the main theorems, we need some auxiliary inequalities given in the lemma
below. Let ¢ (-, y, 2) € C5°(R™) be such that

(GQ) is complete;

1
S(w)zsupdeCIl:{:E:]a:j\ <§,j:1,2,...,n},
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andlet0 < T <1,A=(A1,...,\n),A\; >0(j =1,2,...,n) and put

Y
ro U () <)
o<t<T

Clearly, V C Ip» = x;|zj] < %Tj)‘,j =1,2,...,n,and let U be an open set contained
in the domain G; henceforth we always assume that U + V' C G, and put Gp»(U) =
U+ _[T%(I) NG.

Obviously, if 0 < »; < \j(j = 1,2,...,n), then Ipx C I~ and therefore U + V' C
Gr=(U) = Z.

; A

Lemma 1.1 Ler 1 < p' <p <7 <o00;0< | < L—L;O<t,n§T§ 1,0 <y <y
v=(v1,v2,...,vn)v; > 0areintegers (j = 1,2,...,n); ¢ € Ly .. o(G) and

m@'=<zﬂA>—<u,A>—<\Ar—r%—r%w( LR ) 15)

pt—¢e p—¢

) =D vd, A =D,
j=1 i=1

Y
; 1A — (v i t’\,:c
R%(w) = /t 1=[A|= (M) +( ,)\)dt/ 80($+y)¢(ty)\,p( ” ),p’(t’\,x))dy, (1.6)
0

n

; T v i t)‘,x
@) = [N [ o 208 gy 4
77 n

Then
; 1 —r A i
Sug HRan—a,U«,%(i‘) <C H(PHpi),%,a,ZE preqy PmEn (m > 0)7 (1.8)
A
a+1
|%|pi,€

i -1
Sup HR¢77T|’p*57Uw%(1) < CQH()OHp"),%,a,Zg piery
zelU

™ for mZ > 0,
X ln%for mt =0, (1.9)
n™" for m* < 0.

Here U2 = {x : |z; — @j] < %’y”j,j = 1,2,...,n and C*, C? are constants
independent of p,~v,n, T and ¢ .

Proof. Applying the generalized Minkowskii inequality for any z € U, we get

. 70 i
IR lp—etr, () < C /0 A [ M (1.10)

where

A
oe.0) = [ oter o (5255000 ) an (L)
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From Holder’s inequality (p < ), we have

P ——
16 D lp—er ) < 16 Dllr—er ey 5772 (1.12)

Now we estimate the norm [[¢(., )|, —c v/ . (2)-

Let y be the characteristic function of S(¥) and let ¥ (z, y, 2) satisfy condition ¥ (x, y, z)|
< Cl¥y(x)|, forae. (y,z) € R™ x R™.

Account into that 1 < p* < r < o0, s < 7 (% =1-
integrand function (1.11) as the form

) , represent the

r—e

i_g —£ 1 i syL——2
Il = (ol e |3 ) 7= ) (@' ~=x) 7 —(|¥7)s =

and applying Holders inequality < + ( B ) + <

r—E&

» |
\

‘H
N——
|
—_
N——
3
(@)
=
oo
<
(@)

1
: o < P
H(b( 7t)HT7€,U7%(x) > Sup(,) (/I;n ’@(CE + y)’ X <t)\> dy)

EGU,Y% T

1

) pi—e S
X Sup (/ lo(z + )P de) </ 2 (%) |3dy> . (1.13)
yev U’y”‘(i) n

For any x € U, we have

/!s@:z:+y|p ( )dy</z ()Is@(y)lpi‘edy
a(x

t

</ e B B v (S B
t%

Also, fory € U

/ [p(@ + )P ~2dz < / (@) da < lloll) 7, e, (119)
U "‘(i‘) U,Y%(Lf’“!‘y)
[ ey =t (116

From inequalities (1.12)-(1.16) for (r = p) it is implies that

||d)(a t)||p—€,U.Yz(:7:)
|51

1 1 1
e z [A=(Al= =1l a)(——5=)
< C’1||SZ/1HSHQ0||p”“'),%,a;Z5 ey —e t T =T .

Take into account last inequality in (1.10) for all z € U, we have

| | a+1

“imen™ (m' > 0). (1.17)

”RZHp 5U%()<Cl”90Hp %aZg v 67

Similarly, we can prove (1.9).
This complete the proof.
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2 Main results

Now we proved theorems for functions from grand generalized Sobolev-Morrey spaces
N L' (G).

i—0 pt),5,a

Theorem 2.1 Let G C R" be an open bounded set satisfying the flexible A-horn condition

(see [1]); 1 < p* < p < o0 ; M' v = (vi,10,...,W,), v; > 0 are integers

1+a’
G=1,2...,n);m >03Gi=12,...,n),and f € () LL> (G).
i=0

pl)7%7a
Then the following embeddings hold

n

DY - ﬂL<l >

),x,a
=0

(G) = L,—-(G).

n .
More precisely, for f € (| L<L> (Q) there exists a generalized (weak) derivatives D" f
i=0

p'),x,a
and
1D fllp—e,c < CHE) Y T™ D Fll iy s 2.1)
i=0
In particular; if m*® = (11, \) — (1, \) — (|]A] — | 5] — |#|a ) (1=0,1,2,...,n),
then D" f are continuous on G and
sup |D” f(z)| < C'(e) Flpiy e 2.2)

zeG

__1
where 0 < T < dg, C'(e) = C'e” »"~< and C' is a constant independent of f, T and ¢ .

Proof. At first note that in the conditions of Theorem 2.1 there exists a generalized deriva-

tives D¥f on G Indeed, from the condition m* > 0(i = 1,...,n) it follows that for
Pl <l < 1+ L and

n . n .

QL;!;;@(G) = QL;I; = ﬂ LG (p — e > 1),

- i=

Then DY f exists on (G and belongs to L, _.(G) and for almost each = € G the integral
identity is hold

D' f(x) = f¥ / /nZt AN D f(a 4 y)

v t,
M (5 b ( P ) (6 x))dydt, 2.3)

f%) (z) = (_1)IVITfI/\\*(V,/\)Jr(lO)\)

T,
x [ D f(a+y) 0t <1?A AT x)) dy. 24
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where 0 < T < min(dp, Tp), £2(-,y, 2) and M;(-,y,z) € C§°(R™)(see, [9]). Recall that
the support of the integral representations (2.3) and (2.4) is V(). Applying the Minkowskii
inequality, from (2.3) and (2.4), we get

n
1D flp—ec < I fiallp-ec + > IIRrllp-c.c (2.5)
=1
By (1.8) for U = G, D" f = ¢, ¥ = 2W), 5 = T, one has
0 0
|5 llp—e.c < C1(E)ID" flly0) sea T (2.6)

andforU =G, D! = ¢ W = Mi(y), n = T, we have

HR%HP—&G < CQ(E)HDlZpri),%,a;G ", 2.7

Substituting (2.6) and (2.7) in (2.5), we get (2.5).
Let mh0 > O(i = 1,2,...,n). By (2.3), (2.4) from inequality (2.5) for p = oo and
mi(p = oo) = m*%(i = 1,...,n), we obtain

n
i,0 i
”Dyf - fjl:/\HOO,G < ZTm ||Dl f”pi),%,a;G"
i=1

It follows that the left hand side of the last inequality tends to zero as T" — 0. Since f7.,
is continuous on G, the convergence in L, (G) coincides with usually uniform convergence.
Then the limit function D" f is continuous on G .

Theorem 2.1 is proved.

Let p be an n-dimensional vector.

Theorem 2.2 Let all the conditions of Theorem 2.1 be fulfilled. If m* > 0(i = 1,2,...,n),
then DY f satisfies the Holder condition with exponent o on G in the metric of L,_.. More

exactly, )
1A G)DY fllp—ea < CZESN = i ICI7 (2.8)
N L7, (@)
im0 P')ma
1
where C?(¢) = C%c »'~< and C? is a constant independent of f and & and o is an arbitrary
number satisfying the inequalities:

0<o<1,if — >0,

where mo = minlgz‘gn m’; )\0 = IMaXj<i<n )\i~

IfFm > 00 =1,2,...,n), then
sup |A(¢, G)DY f(x)] < C*(e)|| £ A

70, 2.9
zeG (@) ‘C‘ 9

<>
im0 P')ima

where o satisfy the same conditions as o with m* instead of m'.
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Proof. According to Lemma 8.6 in [1], there exists a domain G, C G(o = &r(x),r =
p)\(l'a aG)a YIS G)

Suppose that |(|) < o, then for any = € G, the segment joining the points =, x + ( is
contained in GG. Consequently, for all the points of this segment, identities (2.3) and (2.4)
with the same kernels are valid. After same transformations, from (2.3) and (2.4), we get

|A(C,G)DY f(z)| < T~V

. - T x
X an Dlof(w +y) “Q( ) <ij)\<7 p(jv)\)apl(T)\ax)>

T x
_Q(V) <]{J)\7 p(fzv)\)v P/(T)\, J))) ' dy

|C|>\D i i i
+Z/ NN [ (1D f(o oty + Q)]+ D" fa+ )]

v) Y t>\7$
M P 0 ) aya

T A
1A= (v i y—C p(th,x
+/ Lt 1=|A[=(@,A)+ (1%, /n ’Dl (l‘+y | ’M ( > ’P( o ),pl(t/\,ﬂj)>
v y p t 7‘%.
_Mz( ) (t)‘, (t)\ ),pl(tk,.ﬁ))'dydt

= R(z,0) + Y _(Ri(z,¢) + Ra(x,0)), (2.10)

where 0 < T' < dy. We also assume that ||y < T, and consequently (| < min{o, T}. If
2 € G\ Gy, then A(C,G)D" f(z) = 0. By (2.10)

1A, G) DY fllp—e.c = [[AG G) DY flip—c.c,

< HR( HP &,Go +Z ”Rlz y ||p &,Go + ||R2 z( ) )prz-:,Gg)- (2-11)
Note that
n(y—¢ p(T iy p(Tx
'Q( ) < ™ 7w’pl(Tk’$)> _ Q( ) <T>\7 (T)\ ),pl(TA,.ﬁ))‘

n |
gZT—Aa‘/O ‘D 0w T§€< p(” o ),p/(TA,a:)) d,
1=0

_ <
e = 1 Therefore

R(z,¢) < 3TN A0+t

j=1

Il 0 , ™ ,
></0 dg/Rn D" f(a + €ec +y)| |D; 2 )(Z?A,p(TAz),p(TA,w)de-
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Similarly, we get

I<]

Ry i(x <Z/ 1A= A=A H00) gy

i t)\’
X/R" ’Dl flx+&ec+y) } ‘D MY tzi\,p( t}\x),p/(t)‘,x))‘dy,

Taking into account e; + G, C G, by inequality (1.8) for U = G, Dlof = ¢,
Q@) =4, and p* = p° one has

IRC, O llp—e,cs < CLENCHID f1l o) secascs- (2.12)

. 1
By (1.9) forU =G ,t=T,D" f = ¢, MY =W, n=|¢|*, we have

IR (+ O)llp—ecr < ()\cvo D" £l i) s (2.13)

Also from (1.10) for U = G, n = |C]W, Dlzf =, MW = 1, we have

1R2,i (-, Ollp—e,co < Co()ICIND" fll iy s (2.14)
It follows from (2.11) - (2.14) that

1A G D" fllp—eco < Gl 4 s )11

ZO p)%a

Estimating || D" f||,—,c by means of (2.1), in this case we get estimation (2.8).
This complete the proof.
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