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1 Introduction and preliminary notes

This paper is devoted to investigations of embedding theorems for the grand generalized
Sobolev-Morrey spaces

n⋂
i=0

L<l
i>

pi),κ,a(G), (1.1)

where G ⊂ Rn is a bounded domain, 1 < pi < ∞; li ∈ Nn
0 (i = 0, 1, 2, . . . , n),

l0j ≥ 0,(j = 1, 2, . . . , n) ; lij ≥ 0, (i = 0, 1, 2, . . . , n), lii > 0 are non-negative inte-
gers (i = 0, 1, 2, . . . , n); a ∈ [0, 1]; κ ∈ (0,∞)n. First we introduce a grand generalized
Sobolev-Morrey, and on the based of the method of integral representation we study some
differential properties of functions, defined on n-dimensional domains satisfying flexible
ϕ- horn condition (see, [12]).

Note that the grand Lebesgue spaces Lp)(G) for a measurable set G ⊂ Rn of finite
Lebesgue measure were introduced in the work of T. Iwaniec and C. Sbordone in [3]. After
a vast amount of research about small Lebesgue-Morrey space, grand and small Sobolev
spaces, grand grand Lebesgue-Morrey space, grand grand and small small Sobolev-Morrey
spaces, grand grand Nikolskii-Morrey spaces, and grand Sobolev-Morrey spaces with dom-
inant mixed derivatives (with different norms) has been done by many mathematicians
(see,e.g. [2,4–8,10,11,13–21]) .

Let G ⊂ Rn is a bounded domain, t > 0, and let for all x ∈ Rn

Gtκ (x) = G ∩
{
y : |yj − xj | <

1

2
tκj , j = 1, 2, . . . , n

}
.
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Definition 1.1 We denote by
n⋂
i=0

L<l
i>

pi,κ,a(G) the space of locally summable functions f on

G having weak derivatives Dlif (i = 0, 1, . . . , n) with the finite norm

‖f‖ n⋂
i=0

L<l
i>

pi),κ,a
(G)

=
n∑
i=0

‖Dlif‖pi),κ,a;G. (1.2)

Here
‖f‖pi),κ,a;G = ‖f‖Lpi),κ,a(G)

= sup
0<t≤d0,
x∈G,

0<∈ε<p−1

(
1

t|κ|a
ε

|Gtκ (x)|

∫
Gtκ (x)

|f(y)|pi−εdy

) 1

pi−ε

, (1.3)

and d0 = diamG .

Note that the space Lp),a,κ(G) defined and studied in [13], and
n⋂
i=0

Lpi),κ,a(G), in the

case l0 = (0, . . . , 0), li = (0, . . . , 0, li, 0, . . . , 0), pi = p(i = 0, 1, . . . , n) coincides with
the grand Sobolev-Morrey space W l

p),a,κ(G) introduced and studied in [13].

We give some properties of the spaces
n⋂
i=0

L<l>
pi),a,κ(G).

1.The following embedding holds:

n⋂
i=0

L<l
i>

pi),κ,a(G) ↪→
n⋂
i=0

L<l
i>

pi (G),

i.e.,
‖f‖ n⋂

i=0
L<l

i>

pi)
(G)
≤ C‖f‖ n⋂

i=0
L<l

i>

pi),κ,a
(G)
. (1.4)

Norm in grand generalized Sobolev space
n⋂
i=0

L<l
i>

pi)
(G) defined as:

‖f‖ n⋂
i=0

L<l
i>

pi)
(G)

=

n∑
i=0

‖Dlif‖pi),G,

‖f‖pi),G = ‖f‖Lpi)(G) = sup
0<ε<pi−1

( ε

|G|

∫
G
|f(x)|pi−εdx

) 1

pi−ε ;

2. The spaces
n⋂
i=0

L<l
i>

pi),κ,a(G) is complete;

3. ‖f‖ n⋂
i=0

L<l
i>

pi),κ,0
(G)

= ‖f‖ n⋂
i=0

L<l
i>

pi)
(G)

.

To prove the main theorems, we need some auxiliary inequalities given in the lemma
below. Let ψ(·, y, z) ∈ C∞0 (Rn) be such that

S(ψ) = supp ψ ⊂ I1 =
{
x : |xj | <

1

2
, j = 1, 2, . . . , n

}
,
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and let 0 < T ≤ 1 , λ = (λ1, . . . , λn), λj > 0(j = 1, 2, . . . , n) and put

V =
⋃

0<t≤T

{
y :
( y
tλ

)
∈ S(ψ)

}
.

Clearly, V ⊂ ITλ = x; |xj | < 1
2T

λ
j , j = 1, 2, . . . , n, and let U be an open set contained

in the domain G; henceforth we always assume that U + V ⊂ G, and put GTκ (U) =
U + ITκ(x) ∩G.

Obviously, if 0 < κj ≤ λj(j = 1, 2, . . . , n), then ITλ ⊂ ITκ and therefore U + V ⊂
GTκ (U) = Z.

Lemma 1.1 Let 1 < pi < p ≤ r ≤ ∞; 0 < |κ| ≤ |λ|
1+a ; 0 < t, η ≤ T ≤ 1; 0 < γ < γ0;

ν = (ν1, ν2, . . . , νn),νj ≥ 0 are integers (j = 1, 2, . . . , n); ϕ ∈ Lpi),κ,a(G) and

mi = (li, λ)− (ν, λ)− (|λ| − |κ| − |κ|a)

(
1

pi − ε
− 1

p− ε

)
, (1.5)

(ν, λ) =
n∑
j=1

νjλj , |λ| =
n∑
i=1

λj ,

Riη(x) =

η∫
0

t−1−|λ|−(ν,λ)+(li,λ)dt

∫
Rn
ϕ(x+ y)ψ(

y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x))dy, (1.6)

Riη,T (x) =

∫ T

η
t−1−|λ|−(ν,λ)+(li,λ)dt

∫
Rn
ϕ(x+ y)ψ(

y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x))dy. (1.7)

Then

sup
x̄∈U
‖Riη‖p−ε,Uγκ (x̄) ≤ C1‖ϕ‖pi),κ,a,Z ε

− 1

pi−ε γ
|κ| a+1

pi−ε ηmi (mi > 0), (1.8)

sup
x̄∈U
‖Riη,T ‖p−ε,Uγκ (x̄) ≤ C2‖ϕ‖pi),κ,a,Zε

− 1

pi−εγ
|κ| a+1

pi−ε

×


Tm

i
for mi > 0,

ln T
η for mi = 0,

ηm
i

for mi < 0.

(1.9)

Here Uγκ x̄ = {x : |xj − x̄j | < 1
2γ

κj , j = 1, 2, . . . , n and C1 , C2 are constants
independent of ϕ, γ, η, T and ε .

Proof. Applying the generalized Minkowskii inequality for any x̄ ∈ U , we get

‖Riη‖p−ε,Uγκ (x̄) ≤ C
∫ η0

0
t−1−|λ|−(ν,λ)+(li,λ)‖φ‖p−ε,Uγκ (x̄)dt, (1.10)

where

φ(x, t) =

∫
Rn
ϕ(x+ y)Ψ

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ1(tλ,x)

)
dy. (1.11)
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From Hölder’s inequality (p ≤ r), we have

‖φ(., t)‖p−ε,Uγκ (x̄) ≤ ‖φ(., t)‖r−ε,Uγκ (x̄)γ
|κ|
(

1
p−ε−

1
r−ε

)
. (1.12)

Now we estimate the norm ‖φ(., t)‖p−ε,Uγκ (x̄).
Let χ be the characteristic function of S(Ψ) and let Ψ(x, y, z) satisfy condition |Ψ(x, y, z)|

≤ C|Ψ1(x)|, for a.e. (y, z) ∈ Rn × Rn.

Account into that 1 < pi < r ≤ ∞, s ≤ r
(

1
s = 1− 1

pi−ε + 1
r−ε

)
, represent the

integrand function (1.11) as the form

‖ϕΨ‖ = (|ϕ|pi−ε|Ψ |
1
s )

1

pi−ε )(|Ψ |pi−εχ)
1

pi−ε
− 1
r−ε − (|Ψ |s)

1
s
− 1
r−ε

and applying Hölders inequality
(

1
r−ε +

(
1

pi−ε −
1
r−ε

)
+
(

1
s −

1
r−ε

)
= 1
)

, we have

‖φ(·, t)‖r−ε,Uγκ (x̄) ≤ sup
x̄∈Uγκ (x̄)

(∫
Rn
|ϕ(x+ y)|pi−εχ

( y
tλ

)
dy

) 1

pi−ε
− 1
r−ε

× sup
ȳ∈V

(∫
Uγκ(x̄)

|ϕ(x+ y)p
i−εdx

) 1

pi−ε (∫
Rn
|Ψ1

( y
tλ

)
|sdy

) 1
s

. (1.13)

For any x ∈ U , we have∫
|ϕ(x+ y)|pi−εχ

( y
tλ

)
dy ≤

∫
Z
tλ

(x)
|ϕ(y)|pi−εdy

≤
∫
Ztκ (x)

|ϕ(y)|pi−εdy ≤ ‖ϕ‖p
i−ε
pi−ε,Z

tλ
(x)
≤ ‖ϕ‖p

i−ε
p),κ,a;Z ε

−1 γ|κ|(a+1). (1.14)

Also, for y ∈ U

∫
Uγκ (x̄)

|ϕ(x+ y)|pi−εdx ≤
∫
Uγκ (x̄+y)

|ϕ(x)|pi−εdx ≤ ‖ϕ‖p
i−ε
p),κ,a;Zε

−1γ|κ|(a+1), (1.15)

∫
Rn
|Ψ(

y

tλ
)|sdy = t|λ|‖Ψ1‖ss. (1.16)

From inequalities (1.12)-(1.16) for (r = p) it is implies that

‖φ(·, t)‖p−ε,Uγκ (x̄)

≤ C1‖Ψ1‖s‖ϕ‖pi),κ,a;Zε
− 1

pi−ε γ
|κ| a+1

pi−ε t
|λ|−(|λ|−|κ|−|κ|a)( 1

pi−ε
− 1
p−ε )

.

Take into account last inequality in (1.10) for all x ∈ U , we have

‖Riη‖p−ε,Uγκ (x̄) ≤ C1‖ϕ‖pi),κ,a;Z ε
− 1

pi−ε γ
|κ| a+1

pi−ε ηm
i

(mi > 0). (1.17)

Similarly, we can prove (1.9).
This complete the proof.
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2 Main results

Now we proved theorems for functions from grand generalized Sobolev-Morrey spaces
n⋂
i=0

L<l
i>

pi),κ,a(G).

Theorem 2.1 Let G ⊂ Rn be an open bounded set satisfying the flexible λ-horn condition
(see [1]); 1 < pi < p ≤ ∞ ;|κ| ≤ |λ|

1+a ; ν = (ν1, ν2, . . . , νn), νj ≥ 0 are integers

(j = 1, 2, . . . , n); mi > 0 (i = 1, 2, . . . , n), and f ∈
n⋂
i=0

L<l
i>

pi),κ,a(G).

Then the following embeddings hold

Dν :
n⋂
i=0

L<l
i>

pi),κ,a(G) ↪→ Lp−ε(G).

More precisely, for f ∈
n⋂
i=0

L<l
i>

pi),κ,a(G) there exists a generalized (weak) derivatives Dνf

and

‖Dνf‖p−ε,G ≤ C1(ε)

n∑
i=0

Tm
i‖Dlif‖pi),κ,a;G. (2.1)

In particular, if mi,0 = (li, λ) − (ν, λ) − (|λ| − |κ| − |κ|a) 1
pi−ε > 0 (i = 0, 1, 2, . . . , n),

then Dνf are continuous on G and

sup
x∈G
|Dνf(x)| ≤ C1(ε)

n∑
i=0

Tm
i,0‖Dlif‖pi),κ,a;G, (2.2)

where 0 < T ≤ d0, C1(ε) = C1ε
− 1

pi−ε and C1 is a constant independent of f , T and ε .

Proof. At first note that in the conditions of Theorem 2.1 there exists a generalized deriva-
tives Dνf on G. Indeed, from the condition mi > 0(i = 1, . . . , n) it follows that for
pi < p, |κ| ≤ |λ|

1+a , and

n⋂
i=0

L<l
i>

pi),κ,a(G) ↪→
n⋂
i=0

L<l
i>

pi)(G) ↪→
n⋂
i=0

L<l
i>

pi−ε (G) (pi − ε > 1).

Then Dνf exists on G and belongs to Lpi−ε(G) and for almost each x ∈ G the integral
identity is hold

Dνf(x) = f
(ν)

Tλ
(x) +

∫ T

0

∫
Rn

n∑
i=1

t−1−|λ|−(ν,λ)+(li,λ)Dlif(x+ y)

×M (ν)
i (

y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x))dydt, (2.3)

f
(ν)

Tλ
(x) = (−1)|ν|T−|λ|−(ν,λ)+(l0,λ)

×
∫
Rn
Dl0f(x+ y)Ω(ν)

(
y

T λ
,
ρ(T λ, x)

T λ
, ρ′(T λ, x)

)
dy, (2.4)
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where 0 < T ≤ min(d0, T0), Ω(·, y, z) and Mi(·, y, z) ∈ C∞0 (Rn)(see, [9]). Recall that
the support of the integral representations (2.3) and (2.4) is V (λ). Applying the Minkowskii
inequality, from (2.3) and (2.4), we get

‖Dνf‖p−ε,G ≤ ‖fνTλ‖p−ε,G +
n∑
i=1

‖RiT ‖p−ε,G (2.5)

By (1.8) for U = G , Dl0f = φ, Ψ = Ω(ν), η = T, one has

‖fνTλ‖p−ε,G ≤ C1(ε)‖Dl0f‖p0),κ,a,G T
m0

(2.6)

and for U = G , Dli = φ ,Ψ = M
(ν)
i , η = T , we have

‖RiT ‖p−ε,G ≤ C2(ε)‖Dlif‖pi),κ,a;G T
mi . (2.7)

Substituting (2.6) and (2.7) in (2.5), we get (2.5).
Let mi,0 > 0(i = 1, 2, . . . , n). By (2.3), (2.4) from inequality (2.5) for p = ∞ and

mi(p =∞) = mi,0(i = 1, . . . , n), we obtain

‖Dνf − fνTλ‖∞,G ≤
n∑
i=1

Tm
i,0‖Dlif‖pi),κ,a;G.

It follows that the left hand side of the last inequality tends to zero as T → 0. Since fν
Tλ

is continuous onG, the convergence inL∞(G) coincides with usually uniform convergence.
Then the limit function Dνf is continuous on G .

Theorem 2.1 is proved.

Let ρ be an n-dimensional vector.

Theorem 2.2 Let all the conditions of Theorem 2.1 be fulfilled. If mi > 0(i = 1, 2, . . . , n),
then Dνf satisfies the Hölder condition with exponent σ on G in the metric of Lp−ε. More
exactly,

‖∆(ζ,G)Dνf‖p−ε,G ≤ C2(ε)‖f‖ n⋂
i=0

L<l
i>

pi),κ,a
(G)
|ζ|σ, (2.8)

whereC2(ε) = C2ε
− 1

pi−ε andC2 is a constant independent of f and ε and σ is an arbitrary
number satisfying the inequalities:

0 ≤ σ ≤ 1, if
m0

λ0
> 0,

0 ≤ σ < 1, if
m0

λ0
= 1,

0 ≤ σ ≤ m0

λ0
, if

m0

λ0
< 1,

where m0 = min1≤i≤nm
i;λ0 = max1≤i≤n λi.

If mi,0 > 0(i = 1, 2, . . . , n), then

sup
x∈G
|∆(ζ,G)Dνf(x)| ≤ C2(ε)‖f‖ n⋂

i=0
L<l

i>

pi),κ,a
(G)
|ζ|σ0 , (2.9)

where σ0 satisfy the same conditions as σ with mi,0 instead of mi.
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Proof. According to Lemma 8.6 in [1], there exists a domain Gσ ⊂ G(σ = ξr(x), r =
ρλ(x, ∂G), x ∈ G).

Suppose that |ζ|λ < σ, then for any x ∈ Gσ the segment joining the points x, x + ζ is
contained in G. Consequently, for all the points of this segment, identities (2.3) and (2.4)
with the same kernels are valid. After same transformations, from (2.3) and (2.4), we get

|∆(ζ,G)Dνf(x)| ≤ T−|λ|−(ν,λ)+(l0,λ)

×
∫
Rn
Dl0f(x+ y)

∣∣∣∣Ω(ν)

(
y − ζ
T λ

,
ρ(T λ, x)

T λ
, ρ′(T λ, x)

)
−Ω(ν)

(
y

T λ
,
ρ(T λ, x)

T λ
, ρ′(T λ, x)

)∣∣∣∣ dy
+

n∑
i=1

∫ |ζ| 1
λ0

0
t−1−|λ|−(ν,λ)+(li,λ)

∫
Rn

(
|Dlif(x+ y + ζ)|+ |Dlif(x+ y)|

)
×|M (ν)

i (
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)|dydt

+

∫ T

|ζ|
1
λ0

t−1−|λ|−(ν,λ)+(li,λ)

∫
Rn
|Dlif(x+ y)|

∣∣∣∣M (ν)
i

(
y − ζ
tλ

,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)

−M (ν)
i

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)∣∣∣∣ dydt
= R(x, ζ) +

n∑
i=0

(R1,i(x, ζ) +R2,i(x, ζ)), (2.10)

where 0 < T ≤ d0. We also assume that |ζ|λ < T , and consequently |ζ|λ ≤ min{σ, T}. If
x ∈ G \Gσ, then ∆(ζ,G)Dνf(x) = 0. By (2.10)

‖∆(ζ,G)Dνf‖p−ε,G = ‖∆(ζ,G)Dνf‖p−ε,Gσ

≤ ‖R(·, ζ)‖p−ε,Gσ +
n∑
i=0

(‖R1,i(·, ζ)‖p−ε,Gσ + ‖R2,i(·, ζ)‖p−ε,Gσ). (2.11)

Note that∣∣∣∣Ω(ν)

(
y − ζ
T λ

,
ρ(T λ, x)

T λ
, ρ′(T λ, x)

)
−Ω(ν)

(
y

T λ
,
ρ(T λ, x)

T λ
, ρ′(T λ, x)

)∣∣∣∣
≤

n∑
i=0

T−λj
∫ |ζ|

0

∣∣∣∣DjΩ
(ν)(

y − ξeζ
T λ

,
ρ(T λ, x)

T λ
, ρ′(T λ, x))

∣∣∣∣ dξ,
eζ = ζ

|ζ| . Therefore

R(x, ζ) ≤
n∑
j=1

T−λj−|λ|−(ν,λ)+(li,λ)

×
∫ |ζ|

0
dξ

∫
Rn

∣∣Dl0f(x+ ξeζ + y)
∣∣ ∣∣DjΩ

(ν)(
y

T λ
,
ρ(T λ,x)

T λ
, ρ′(T λ, x))

∣∣dy.
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Similarly, we get

R2,i(x, ζ) ≤
n∑
j=1

∫ |ζ|
0

t−1−|λ|−(ν,λ)−λj+(li,λ)dt

×
∫
Rn

∣∣Dlif(x+ ξeζ + y)
∣∣ ∣∣DjM

ν
i (
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x))

∣∣dy.
Taking into account ξeζ + Gσ ⊂ G, by inequality (1.8) for U = G , Dl0f = φ,

Ω(ν) = ψ, and pi = p0 one has

‖R(·, ζ)‖p−ε,Gδ ≤ C1(ε)‖ζ|‖Dl0f‖p0),κ,a;G. (2.12)

By (1.9) for U = G ,t = T , Dlif = φ, Mν
i = Ψ , η = |ζ|

1
λ0 , we have

‖R1,i(·, ζ)‖p−ε,Gσ ≤ C2(ε)|ζ|
mi

λ0 ‖Dlif‖pi),κ,a;G. (2.13)

Also from (1.10) for U = G, η = |ζ|
1
λ0 , Dlif = ϕ, M (ν) = ψ, we have

‖R2,i(·, ζ)‖p−ε,Gσ ≤ C2(ε)|ζ|σ‖Dlif‖pi),κ,a;G. (2.14)

It follows from (2.11) - (2.14) that

‖∆(ζ,G)Dνf‖p−ε,Gσ ≤ C3(ε)‖f‖ n⋂
i=0

L<l
i>

pi),κ,a
(G)
|ζ|σ|.

Estimating ‖Dνf‖p−ε,G by means of (2.1), in this case we get estimation (2.8).
This complete the proof.
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