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Abstract. In three-dimensional domain a Benney—Luke type partial differential equation of the even or-
der with integral form conditions, spectral parameter and small positive parameters in mixed derivatives
is considered. The solution of this partial differential equation is studied in the class of regular functions.
The Fourier method of separation of variables (Fourier series method) and the method of successive
approximation in combination with the method of compressing mapping are used. Using the method of
Fourier series, we obtain countable system of ordinary differential equations. So, the nonlocal boundary
value problem is integrated as an ordinary differential equation. When we define the arbitrary integration
constants there are possible five cases with respect to the spectral parameter. The problem is reduced
to solving countable system of linear algebraic equations. Using the given additional condition, we ob-
tained the nonlinear countable system of functional equation with respect to redefinition function. Using
the Cauchy-Schwarz inequality and the Bessel inequality, we proved the absolute and uniform conver-
gence of the obtained Fourier series.

Keywords. Benney—Luke type differential equation, regular solutions, Fourier series method, integral
conditions, inverse problem, nonlinear functional equation.
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1 Formulation of the problem

The theory of direct boundary and inverse boundary value problems is currently one of the
most important sections of the theory of differential equations. Studies of many problems
of gas dynamics, theory of elasticity, theory of plates and shells are described by high-order
partial differential equations. Partial differential equations of Boussinesq type and Benney—
Luke type have a lot of applications in different branches of sciences (see, for example, [5],
[6,17]). Therefore, a large number of works are devoted to the study of inverse problems
for differential and integro-differential equations (see, for example, [2,7,11,13-16,18,23,
241]). In cases where the boundary of the flow domain of a physical process is unavailable

* Corresponding author

T.K. Yuldashev
National University of Uzbekistan, University str. 4, Tashkent, Uzbekistan
E-mail: tursun.k.yuldashev@gmail.com

E.D. Rakhmonov
National University of Uzbekistan, University str. 4, Tashkent, Uzbekistan
E-mail: mr.haker-frd @bk.ru



2 On a boundary value problem for Benney—Luke type differential equation ...

for measurements, nonlocal conditions in integral form can serve as additional information
sufficient for unique solvability of the problem [8]. Therefore, in recent years, research
on the study of direct and inverse nonlocal boundary value problems for differential and
integro-differential equations with integral conditions has been intensified (see, for example,
[1,3,4,9,10,12,19-23]).

In this paper, we study the regular solvability of a nonlocal inverse boundary value prob-
lem for a Benney-Luke type differential equation with spectral parameter and small positive
parameters. In studying one-valued solvability and constructing solutions, the presence of
spectral parameter plays an important role.

In three-dimensional domain 2 = {(¢, z, y)|0 < t < T, 0 < z, y < [} a partial
differential equation of the following form is considered

D)= a3~ 1 (= o[ [o€n s sean)].

where T" and [ are given positive real numbers, w is positive spectral parameter,

82 82 a2k 84k a2k 84k
9t2  Ot2 <€1ax2k T2y LAk +€18y2k _626y4k>

an a4k an 84k
2
—w (8:62’“ T opk T ay2k ay4k>] Ut z, y),
£1, €9 are positive small parameters, k is given positive integer, v (¢ ) € C (£27), f (x, y, 5)
S Ciky((zl X {2 X R), 9(33, Y, ﬁ) S C(Ql X (2 X R), 2r = [O, T], 2, = [07 l},
B (x, y) € C(§2; x ;) is redefinition function. We assume that for given functions are true
the following boundary conditions

6(0,y)zﬁ(l,y):ﬁ(x,O):B(:r,l):O,

f(07y7'):f(lvy7'):f($70ﬂ '):f(x7l7‘):0'

Problem Statement. We find a pair of functions {U (¢, z, y); 5 (z, y)}, first of which
satisfies differential equation (1.1), following nonlocal conditions on the integral form

D[U]:[

T
U(T, x, y)+/ Ult,z, y)dt =p1(z,y), 0<x,y <, (1.2)
0

T
U (T, z, y) +/ U (t, z, y)tdt =2 (z,y), 0<z,y<l, (1.3)
0
zero boundary value conditions for 0 < ¢ < 7T

U, 0,y)=Ut1l,y)=U(t =z 0)=U(t zl)

02 02 02 02
= @U(@ 0,y) = WUU’ l,y) = WU(t’ r, 0) = WU(t’ z, 1)
02 02 02 92
= aT/QU(ta 0,y) = @U(ty ly) = @U(t, z, 0) = aiygU(tv z, 1) =
k-2 k-2 Ak—2 Ak—2
= WU(YZO,?/) = WU@%W = WU(YZ%O) = WU(E%Z)
Ak—2 Ak—2

3y4k—2 - 3y4k—2
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=——=U(t,z,0) =

8y4k—2 U(t’ x, l) = Oa (14)

Oy k=2
class of functions

Ult, z,y) € C(2)NCAHE " (Q) N CAA Q) n 00 () (1.5)

and additional condition
Ul(ty, z,y)=¢(x,y), 0<to<T, 0<uz y<lI, (1.6)
where ;(x, y), ¥ (z, y) are given smooth functions and
©i(0, y) = ¢i(l, y) = gi(x, 0) = @i (z,1) =0
v (0, y)=v 1, y) =19 (x 0) =9 (1) =0,
C’fj‘l;w(ﬂ) is the class of continuous functions % on {2, while Cf;oy*% (12)
is the class of continuous functions % on2,2={tz,y)|0<t<T, 0<
x, y <l}, by gick 22U (t, x, 1) we understand WU(t’ x, y)

2 Expansion of the solution of the problem in a Fourier series for regular values of
spectral parameter

Nontrivial solutions of the direct problem (1.1)—(1.5) are sought as a Fourier series

U(t> Z, y) = Z Un,m(t)ﬂn,m(l‘y y)7 (2.1)
n,m=1
where
Pnom (T, y) = 7sm Tmsm i y,n m=1,2,.

We also suppose that the following functions are expand to Fourier series

Z 5n,m79n,m($a y)) 1: Y, - Z fnm nm($7 y)7 (2.3)

n,m=1 n,m=1
where
Bnm—fo f(} nm(xa y)da:dy, (2'4)
fnm 0 0 :U ya' nm(xay)dxdy

Substituting Fourier series (2.1) and (2.3) into partial differential equation (1.1), we
obtain a countable system of ordinary differential equations of second order

" t
Uy ()‘l‘)\% W2un,m(t) = 1+ p2k ?5(11_52M721km) (Bnm = fa,m (), (2.5)

where

2k 2k
w14 TNk
)\721’,{771_ = ( Mm ) )? IU’ITCL,“L_ <l> v n%—i-m?k,

1+ M%{Cm (51 + 52:“721’,€m
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The second order countable system of differential equations (2.5) is solved by the vari-
ation method of arbitrary constants

Un,m (t) = A1n,m cOS <)\fl7mwt) + Aoy m sin ()\fi,mwt) + Yn,m (1), (2.6)
where v, m (t) = m Br,m = frn,m ()] hn,m(t), A1 n,m and Ag ,, ., are arbitrary
constants, ’

1

hon,m () =
mm 1+ ,u%’fm (51 + EQM%Ifm

) /Ot sin ()\ﬁ,mw (t— s)) a(s)ds.

Using Fourier coefficients (2.2), the integral conditions (1.2) and (1.3) are written in the
following form

T l l T
un,m<T>+/ un,m@)dt:// [(U(T,x,y>+/ U(t,x,y)dt]ﬁn,m@,y)dxdy
0 0 0 0
l l
_/ / 901(«737 Z/)ﬂn,m(él?, y)dwdy:()oln,my 2.7
0 0
T
o (T) + / iy (D) EdE
0
l l T
:// [Ut<T,x,y>+/ Ut<t,a:,y)tdt}ﬂn,m@,y)dmg
0 0 0

l l
=/ / 2 (@, ) O (2, y) dady = Ponm. 2.8)
0 0

To find the unknown coefficients A1, ., and Aoy, ,, in (2.6), we use conditions (2.7)
and (2.8) and obtain the system

{Aln,mgln,m(w)+A2n,m0'2n,m(w):@Oln,ma (2.9)

Aln,mUSn,m(w) +A2n,m04n,m(w) = Y02n,m>

where
B )\ﬁ,mw oS (2)\’7‘;7 mw T) + sin (2)\7’27 mw T)

/\§L7mw
— Cos (2)\§7mwT) + /\7’27mw sin (2)\ﬁ,mwT) +1

k
)‘n, m

Uln,m(w) s

0'2n,m(w): ,

_)\T’; nw T cos (2)\7’f,mw T) — )xfi mw T+ [1 + ()\ff,mw )2] sin (2)\7’f,mw T)

(M)’

U3n,m(w) = 5

14 (k)| cos (205 ,wT) + Ak T sin (2% ,wT) — 1
(A5 me)® |

Oan,m(w) =
w

k
n,m
)

)
+/0T7n,m (t)dt],

T
+/ v’TL’m(t)tdt].
0

Poln,m = Pln,m — |:’Vn,m T
)

(
Po2n,m = P2n,m — |:fy/n,m (T
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To uniquely determine A1,, , and Aoy, ., from system (2.9), we calculate the values
of the spectral parameter w presented in the coefficients o, m (w), @ = 1, 4. The coef-
ficients oy, m (W), @ = 1, 4 can go to zero for some values of the parameter w from the
positive semi-axis (0; o). The set of all values of the spectral parameter w, consisting of
positive solutions of trigonometric equations o, m, (w) = 0, we denote by A;, i =1, 4.
We take into account, that A; N A; = 0, 4,5 = 1,4, i # j. Also we introduce the

denotation A5 = (0; 00) \ (U{ Aj). It is possible there five cases: 1) 01, m (w) = 0;

7=1
2)oon,m (W) =0;3)03p,m (W) =0;4) 04nmWw)=0;5)0jpm(w)#0, j=1,4.
Solve the system of algebraic equations (2.9). Then from presentation (2.6) we derived
that
Un,m (t) =@lin,m Bjn,m (t) + P2on,m Cjn,m (t)
1

+m (Bn,m_fn,m()) Ejn,m(t)u WGAj,j: 757 (210)

where Fourier coefficients (3, »,, and fy, ,, (-) are defined by the presentations (2.4),

T
By (&) = hnm (8) = By (8 [/0 B (8 dt + B (T)]

—Cjnm (1) [/OT Wy m () tdt+ 1, (T)] ,

sin ()\,]3 mW t) 0 4n,m (w) €OS ()\fl W t) oS ()\fl mw t)
Bln,m(t) — : : : ) 1n,m :
02n,m w) U2n,m(w) U3n,m(w) 0'3n7m(W)
cos (AE L wt) o3, mw)sin (A wt sin (AF | wt
Bowm (0 (AR mt)  ogn,m(w)sin (A )’ Comm (8) = (A%, )7
Oln,m W) Uln,m(w) U4n,m(w) U4n,m(w)
cos (Aﬁ W t) sin ()\ffL mW t) 0 92n,m (w) €OS ()\fl mw t)
B3n,m t : ) 3n,m
Uln,m(w) U4n,m(w) Jln,m(w) U4n,m(w)
sin (/\flvmw t) cos (AF Lwt) o1 m(w)sin ()\fl’mw t)
B4n,m()_ 5 4n,m()_
UZ,n,m(w) U3n,m<w) UZn,m(W) 0'3n,m(w)
1
Bsn,m (t) = [04,7, m (w) cos ()\Z mwt) — 03n,m(w) sin ()\fl mwt)} ,
U5n,m(w)
1
n,m t) = ———~ [_ n,m ()\k t) n,m i <Ak t)},
Csn,m (1) p— O2n,m (W) cos (Ap wt) + 010 m (W) sin (Ag ,w

U5n»m(w) = Uln7m(W)O'4n,m(w) - U2n,m(w)(73n,m(w) #£0, we As.

Substituting the presentation of Fourier coefficients (2.10) of main unknown function
into Fourier series (2.1), for regular values of parameter w € A ; ( j=1, 5) we obtain

Ult,z,y) = Zﬂnmmy

n,m=1

Qpln,mBjn,m(t) + WZn,ijn,m(t) (Bn m fn,m()) Ejn,m(t) . (211)

)\k

Fourier series (2.11) is a formal solution of the direct problem (1.1)—(1.5).
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3 Redefinition function

Using the additional condition (1.6) and taking into account (2.3) and (2.4), for regular
values of parameter w € A; ( j=1, 5) we obtain from Fourier series (2.11) following
nonlinear countable system for Fourier coefficients of redefinition function

:% (Bn m) wn,mlemm+301n,m7—2jn,m+902n,m7—3jn7m

Bn,m
+/0’ /Olf<x’ y’/ol /019@”77 i Bnamﬁmm(gvn))dfdn>19n,m(l’,y)dxdy, (3.1)
n,m=1

where E ., m (to) #0, j=1,5,

k
)\n’mw

T1 =
I Ejn,m(to

)7 T2in,m — _len,mBjn,m(tO)a T3jin,m — _len,mcjn,m(tO)a

1l
:/O/Ow(x, Y) On,m (x, y)dzdy. 3.2)

The unique solvability of countable system (3.1). We use the concepts of the following
well-known Banach spaces. Hilbert coordinate space ¢ of number sequences { ¢ . 1}

with norm

n,m=1

o0

2
lelle, = Z | on,m|” < o0

n,m=1

The space Lo (QlQ ) of square-summable functions on the domain 22 = ; x 2; with

norm
1l

|9 (x, y)HLZ(ng):\///W(m, Y) Pdrdy < .
0 Jo

Conditions of smoothness. Let for functions

ei(z, ), V(x,y) € C¥ (), f (z,y,) €O (2 xR),i=1,2

in the domain 27 there exist piecewise continuous 4k + 1 order derivatives.
Then by integrating in parts the functions (2.4) and (3.2) 4k + 1 times over every variable
x, y, we obtain following relations [23]

N %(ik;f)‘ 82 Wsmz)‘
| in,m | = - IR T, AR | n,m | = p IR T, AR (3.3)

o0 2
(8k+2) 0820, (2, y) o
z:_l |:901n m ( > / / |: pik+1 ay4k+1 dﬂ?dy’ 1= 1, 2, (34)
S 0% 2y (z, y)
k
Z [1/1 (8 +2 < ) / / [8x4k+1 8y4k+1] dzdy, (3.5)

n,m=1

where

8k+2
(8k+2) 0 vi(z, y) ‘
Soznm / / 8£U4k+118y4k+1 1971 m(x y)da:dy, 121, 2,
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88k+2¢ z y)
(3h-+2
= //6x4k+15y4k+1 Un,m (%, y)dzdy.

‘We obtain also that

(8k+2)

l Bk+2 | fn,m (.T, Y, ) ’
| fr,m ()| = (w) TSRS (3.6)
> 68k+2f .y, ) 2
8k+2 )
Z [f7(z,m+ )( ( > // [8x4k+lay4k+1] dzdy, (3.7)
n,m=1

where
08k+2f ac Y )
8k+2 :
( // O pk+1 9 g Ak+1 9 ytk+1 Un,m(x, y)dxdy.

For regular values of parameter w € A ; ( J=1, 5) we prove that there holds

Theorem 3.1 Suppose that the conditions of smoothness and following conditions are ful-
filled:

1) x1 = max {U7iinm|i [ T2inmls | T3jnm |} < oo;
2) X2 = H f(l‘, Y, ) HLQ(QZQ) < 00/

3; | f (@, y,m) = f (2,9, 72) | < Mo(z, y) [ —
)

Y2 |y
4 ‘@(57777/61) - @(éun)52)| S 90(&0) |61 - 62| ) O < ”@0(5777)"[/2(()?) < 05
5) p < 1, where

68k+2M0 (.Z‘, y)
b) x4k+18 y4k+1

)

LQ(QZQ)

p="3 (%) ’ @0 (x, y) |l La(022)> 1B = 72(7)

T2 = Cl(f) <7T> MEENDD o 8E+2 sk~ OO
1

n,m=

Then the countable system (3.1) is uniquely solvable in the space { o for regular spectral
values from the numerical set w € A for each j = 1, 5 and all possible n and m.

Proof. We use the method of compressing mappings in the Hilbert coordinate space /5.
Successive approximations are defined as follows:

0 wn mTlinm T PlnmT2in,m T P2n,mT3jn,m: (3.8)
61+1_%J(;,m), i=0,1,2,..., j=1,5 ‘

We use formulas (3.3)—(3.7). According to the first condition of theorem and formula (3.3),
we have

‘52,77@‘ < |¢n,m| : |len,m|+‘§01n,m|' |7—2jn,m|+|902n,m| : |T3jn,m|

1n,m 1n,m

‘w(8k+2 ’ ’ (8k+2) } (8k+2)’

[\ 8k+2
= Xl(;) RV o S VS oo S | S Joo | WK |
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Hence by the aid of the Cauchy—Schwartz inequality and the Bessel inequalities (3.4), (3.5)
for the zero approximation of the coefficients of redefinition function we obtain from suc-
cessive approximations (3.8), that

(8k+2) (8k+2) (8k+2)
. [\ 8k+2 U, 1n,m 1n,m
|6 H42§X1 p Z 7S s M s oy T Y P B
T n m n m n m
n, m=1
8k+2 8k-+2 8k+2)|
[\ 8k+2 © 7(1,m )‘ e ‘(pgn,m)‘ > ‘ gn,m))
SXl(;) > AR kel > VTS pew S >, AR AR
n,m=1 n,m=1 n,m=1 ]
1\ 8k—+2 o 1
b L (8k+2) (8k+2) (8k+2)
§X1<W> Z 1 Bk+2 8k +2 [Hw +H H +H 0
n,m=1 N
< 'MW +H38’“*2901<H>
= 8 k19 yAk+1 La(22) O 2 ARH1H k1 La(27)
88k+2 x,
+ # < oo, (3.9)
0 x4k +1Q ikt L2(27)
where
2\ 2 /] N 8k+2 > 1
=) (2) 7 e= | X Sammem <o
n,m=

According to the first and second conditions of theorem and formulas (3.3), (3.6), us-
ing the Cauchy—Schwartz inequality and Bessel inequalities (3.4), (3.5), (3.7) for the first
difference of approximation (3.8) we obtain

|8t =5, < 3 // (my// (6,1, A% déd'r7> Bz, y)d:cdy'
n,m=1
(8k+2)
l 8k+2 = n,m (z, v, )‘ 88k+2f(1- Y, ) ’
< |- <Yl = < o0, (3.10)
(7r> n%:l n k41, Ak+1 2 O pMkt19 yAk+1 La(27)
where

O\ 2 /] 8k+2
Z /3 U n,m (§5 M), '72:01(7) <7) .
T
n,m=1
Analogously, by the third and fourth conditions of the theorem, using the Cauchy—
Schwartz inequality and Bessel inequality for an arbitrary difference of approximation (3.8)
we obtain
HB8k+2

Hﬁz‘ﬂ _ g Hez < GG ]f z, v, Vi) — f(z, 9, Vi—1)

L2<Qz2)

<73//@§, S (8= B | (6 ) de
n,m=1
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& ] ) L pl
n,m=1
<ol 8" -8, @1

where

2

2\ 2 2| 982 Mo (z, y
p=73(7) 100 9 lo.(0)> 75 ="(7) o

O rik+1H y4k+1

’Lz(nﬁ)'

By the fifth condition of the theorem, p < 1. Therefore, it follows from estimate (3.11)
that the operator on the right-hand side of (3.1) is contracting. From the estimates (3.9)—
(3.11) implies that there exists a unique fixed point, which is a solution of countable system
(3.1) in the space ¢5. The Theorem 3.1 is proved.

Convergence Fourier series of redefinition function. Substituting representations (3.1)

into the Fourier series (2.3), we obtain

00
ﬁ(.’lf, y) = Z ﬁn,m (.T, y) |:¢n,m7—1jn,m +PinmT2inm T P2n,mT3jn,m

n,m=1

+/Ol /Olf<x, y,/ol /019(577]7 i Bn,mﬂn,m(fan))dfdn>ﬁn,m($,y)dxdy].

n,m=1
(3.12)

Theorem 3.2 Assume that the conditions of theorem 3.1 are fulfilled. Then for regular val-
ues of spectral parameter w € A; (j =1, 5) the series (3.12) converge absolutely and
uniformly.

Proof. We use formulas (3.3)—(3.7) and estimates (3.9), (3.10). Using the Cauchy—Schwartz
inequality and Bessel inequalities for series (3.12), we obtain the following estimate

|ﬁ($, y)‘ < Z ’ﬁn,m(‘ra y) | Hwn,mlen,m+901n,m7—2jn,m+Q02n,m7—3jn,m|
n,m=1
l l l l oo
[ [ r(en [ [oen S tmtunten)dsin)onn(edsdy
n, m=1
PO hasCICN") L[[2%Ee (@ )
>~"J1 I 8$4k+18y4k+1 LQ(QZZ) 8x4k+lay4k+1 L2(9l2)
88k+2(’02($ y) 2 88k+2f(a: y )
+| e + 75 || e < 0. 3.13
H DeFTT YT || oy 27 H DeFTIY T | o) 00 (3.13)

From estimate (3.13) implies the absolutely and uniformly convergence of Fourier series
(3.12). The Theorem 3.2 is proved.
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4 Main unknown function

We determined the redefinition functions as a Fourier series (3.12). So, redefinition function
is known. Using representations (3.1), Fourier series (2.11), the main unknown function we
can present as

Ult,z,y) = Zﬁnmmy

n, m=1
X [p1n,mPjn,m(t) + P2n,mQjn,m(t) + ¥n,mSjnm(t)], (4.1)
where
T2jn,m T3jn,m
Pjn,m(t):Bjn,m(t)+/\k ijn,m(t)ann,m(t):Cjn,m(t)+)\k Ejn,m(t)7
n,m n,m

T34 , .
To establish the uniqueness of the function U (¢, x, y) we suppose that there are two

functions U; and U, satisfying the given conditions (1.1)—(1.6). Then their difference U =

Uy — Us is a solution of differential equation (1.1), satisfying conditions (1.2)—(1.6) with

functions

By virtue of relations (2.4) and (3.2) we have @y m = ¥pn,m = 0 (i = 1, 2). Hence, we

obtain from formulas (2.2) and (4.1) in the domain {2, that there holds the following zero

identity
L pl
0 JO

Hence, by virtue of the completeness of the systems of eigenfunctions

f \/%”m
! I ’ ! ;Y

inLy (2}7), wededucethat U (¢, z, y) = Oforallz € 27 =0, []?andt € 27 = [0; T).

Therefore, for regular values of spectral parameter w the function U (¢, x, y) is unique
solution of differential equation (1.1) with conditions (1.2)—(1.6), if this function exists in
the domain (2.

Theorem 4.1 Let the conditions of the theorem 3.1 be fulfilled. Then for regular values of
spectral parameter w € A (j =1, 5) the series (4.1) converge. At the same time, their
term by term differentiation is possible.

Proof. By virtue of conditions of the theorem 3.1, the functions P}, , (t), @jn,m (t) and
Sin,m () ( ] = ﬁ) uniformly bounded on the segment {27. So, for any positive integers
n, m there exists finite constant C'o, that there takes place the following estimate

max{maxmax | Pjn,m (t)| max max |Qjnm(t)]; max max |Sinm(t )]} < Cy. (4.2)
nm =135 m =15 =15

Using estimate (4.2), analogously to the estimate (3.13), for series (4.1) we obtain

|U(t,$,y)| < Z |19n,m(x,y)’ |<P1n,mpjn,m(t) + SDQn,mQj n,m(t) + ¢n,m5j n,m(t)|

n,m=1
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where v4 = C1Co (%) 3(%

< O +201 (2, y) H 08 +205 (2, y)
>~ (9&7 4k‘+lay4k+1 L2(9l2) 81' 4k+18y4k‘+1 LQ(QlQ)
88k‘+2
U(z,y) < o,
8%‘ 4k+18y 4k+1 LQ(QZZ)

>8k+2

Similarly, it is proved that the function U (¢, x, y) belongs to the class of functions
(1.5). Due to the limitation of the volume of the article, we will not present this proof here.
A similar proof you can see in the work [23]. Theorem 4.1 is proved.

Remark 4.1 By virtue of limitation of the volume of this article, we will not include to this
paper the results on stability of the function U (¢, x, y) on redefinition function /3 (z, y), on
given data functions ¢; (x, y) (i = 1, 2), ¢ (x, y) and on parameters w, 1, 2. Moreover,
we did not consider this inverse problem (1.1)—(1.6) for the case of irregular values of
spectral parameter w.
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