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Abstract. It is well known that potential type integrals play an important role in research of various
problems of the harmonic analysis and have numerous applications in the theory of the partial differ-
ential equations. The present paper studies properties of Riesz potential in terms of local oscillation of
functions.

1. Preliminaries

Let R"™ be an n- dimensional Euclidean space of the points z = (z1,x2,...,2zn), B(a,r) =
{r € R" : |x —a| <r} is a closed ball in R™ of radius » > 0 with the center at the point a € R".
Denote the class of all local p-power summable functions defined on R" by L} (R"), (1 <p < o0),

C

the class of all local bounded functions defined on R™ by L? (R™). By LP (R™) we mean the usual

loc
Lebesgue space on R", and we denote by ||-||;» the corresponding norm, that is

P
171y = 1 oy = (R/ F@Pde| if 1<p< oo,

and || flloq = I/l o ey = esssup {|f (2)| := @ € R"}.

Denote by Py the totality of all polynomials on R™ whose degrees are equal to or less than k.
Let f € Lfo (R"),1 <p<o0,1<q<o00,k€ N (N is a set of natural numbers). Define the

C

following functions

k .
py (@r), = Lo If =7lr By 7>0, z€R,
k .
“ 1<g<
WE (), = ¢ i Lomy 1SS0
I pa sup p’; (x;r)p if q=oo.
rER™

From definitions easily follows, that ul;ﬁl (z;7), < p’} (z;7), and u’;“ (M)pg < u];c (1) pq (x € R",7>0).

We can show that if B (z1,71) C B (x2,r2) then uljc (z1; 7”1),, < ,u’} (xg;rg)p.
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It follows that ul} (7) pq increases monotonically.
Proposition 1. Let f € L (R"),1 < ¢q1 < g2 < oo, k € N. Then the following inequality is
true

11 a1
ul; (m;r)ql < |B(0,1)] 9 a2 .rn(tn LIQ) 'Nl} (x;?“)qz , (ac ER"r> 0) . (1)
Proof. Let1 < q1 < g2 < oo. If we denote g := %’ % + % = 1, then for any polynomial 7 € Pj_; we
obtain by using Holder’s inequality

Q=
Q

/If(t)fw(t)lmdté /\f(t%w(t)\wdt ~ /dt

B(z,r) B(z,r) (z,r)

It follows that
1

B(z,r)
Since
1 :i<1_1>_1< ql):i 1
71 ¢ q q1 q2 a
we have L
a1
[ i@ -mama

< |B (o0, 1)|ifi r"(ﬁ_i) . / If (¢) — 7 (£)|% dt

(z,7)

From this it is easy to obtain the inequality (1) inthe case 1 < ¢1 < g2 < co. Thecase1 < ¢1 < g2 =
oo is easily verified. The proposition is proved.

Corollary 1. Let f € L{? (R"), 1< q1 < g2 <00, k€ N,1<p< oo
Then the next inequality holds true

k 1 _ 1 Y (U S k
1 (M) gp < 1B (0, 1)]ar 52 " G "2)“f (Mgops 7>0. 2)
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Let © = (z1,%2,...,2n) € R", v = (v1,v2,...,vn), vj (i = 1,2,...,n) be non-negative integers,
[v] = vi +va+...+vn, x¥ = 27" x5 -+ xy". Apply the orthogonalization process by the scalar product

1
(f,9) = |B(0’1)|B(/) f@)g(t)dt

0,1

to the system of the power functions {z"}, |v| < k, (k € N U {0}) arranged by partially lexicographic
order! [1], where|E| is the Lebesque measure of the set £ C R™. Denote by {¢v}, |v| < k the obtained
orthogonal normed system.

Let L}, (R™). Suppose that ([2], [3]):

P p(anf (@)=Y m / f(t)“””(t;a)dt ‘p”(m;a>'

[v|<k B(a,r)

It is obvious that Py, p(, . f is a polynomial degree of which is equal or less than k.
Denote

Ok (f7B (a’7 T))p = ||f - Pk_LB(a’T)f||L"(B(a,T))

for f € L} (R™) (1 <p < oo).Letuscall Oy (f, B (a,r)) local oscillation of k-th order of the function
f on the ball B (a,r) in the metric L”.
Note that if &£ = 0 then

Pk,B(a,r)f (J}) = m / ! (t) dt =: fB(a,T)v

B(a,r)
and therefore
OB @)= [ 170 o] d
B(a,r)
It is known that [4] for each polynomial = € Py _; and each ball B (z,r) C R" the inequality

Hf - Pk*LB(IyT)HLp(B(x,T)) <Clf - 7T||LP(B(a:,r))

is true, where the positive constant C' does not depend on p, f, B and 7. Hence it follows that
3C > 0, Vz € R™,Vr > 0:

i (1), < Ok (f, B (x,1)), < C-pf (7).

It should be mentioned that the theory of spaces defined by local oscillation has been developed by
several authors, for instance F.John and L.Nirenberg [5], S.Campanato [6], N.G.Meyers [7], S.Spanne [8],
J.Peetre [9], D.Sarason [10] etc. (see also [11], [12]).

2. Definition and some properties of spaces L’;:i 0

Denote by @ the class of all the positive functions ¢ (¢) monotonically increasing in (0, +o0) such
that ¢ (+0) = 0.

Let v is a positive number. We denote by &, a set of all ¢ € @ such that ¢ (¢) - t 7% almost decreases’
on (0, 4+00).

Letk € N,1 < p,q 0 < o0, p € ¢k+%. We denote by L’;:(‘ie the class of all the functions
f €Ll (R™) such that ||f\|Lk,¢9 < +oo where for 1 < 0 < oo

P9,

loc
1
o T 1 (1) g “a)’
1Flps, = /( o ) @
0

! It means that 2V precedes z* if either || < |/, or || = |u| but the first nonzero difference v; — p; is negative.
2 A nonnegative function h(t),t € (0, +oo, is said to be almost decreasing when there exists a constant ¢ > 0 such that
h(t1) > ch(tz2) is satisfied for every ¢1,t2 € (0, +00) with 1 < ta.
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k
— Ky (t)pq .
HfHL;’;Pﬂ ‘= sup {QO(t) t> 0} .

If we consider the class L @ 2.0 352 subset in the quotient space L?

and for § = oo

1oc (R") /Pr—1, then H-||Lk,:,9 is the

normon L’ ’“" . We can show that L 9 with the norm ||| Lre, is a complete normed space.

Theorem 1. Suppose 1 < q1 < g2 < 00,1 <p, 0 <00, ¢ € Ppyn.
a2

Then
k.o kW
quypﬂ q1,p,0

and
3e> 0,9 € Lh o c s | S fles .
1 1

where ¢ (r) = ¢ (1) .r"'(a—a)’ > 0.

Proof. If f € L];;”p o» then using inequality (2) in case 1 < 6 < oo we have

0 )
HfHngi&’vp,B: /( f (t()hp) ?t

0
0 7
ik
1 1 1 1
SECE | ( i >q2p> W) iBEDEE e .
q2,p,0
0
Analogously we consider the case § = oo. The theorem is proved.
Proposition 2. Suppose that 1 < p, ¢, 0 < 0o, , 1) € ¢k+% and
¢>0,Vte (0,+00): ¢ (t) <c-9(t).

Then L* ;Pa C L;_’Zf@ and

50> 0,97 € Iy Wfllpew <O fllpes

that is space L 9 is continuously embedded in space L ga

p,q,

Proof. Let1 < p,q<o00,1<86 < oco. Then we have

0 ) 0 s oo ) 0 s
Hf(Bpg | dit -1 “f pg | dt -1
- al s ay .
lzee, /( o (t ) ] =€ ot t o Mllpee,
0

0

The case 1 < p, ¢ < o0, § = oo is similar. The proposition is proved.
Corollary 2. Let 1 < p, q, 0 < o0, ¢, ¢ € @k+% and
Je1 >0, c2 >0, Vr € (0,+00) :c1p(r) <P (r) <cap(r).
Then Lk 4p0 =Lk we and their norms are equivalent.

From inequality ,ul;Jrl (M)pg < ,ul]? (r)pg (r>0)itis easy to obtain that L’;:;e is continuously em-
k+1,0

bedded in space L, e -
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We denote the set of all the positive functions ¢ (§) monotonically increasing in (0, +00) by ¥. If v
is a positive number, then we denote by ¥, a set of all ) € ¥ such that ¢ (¢) - t—” almost decreases on
(0, 4+00).

If ¢ € ¥, k € N, then we will denote by BMO{Z a class of all the functions f € Li,, (R") for
which the following relation

3C >0, Ya € R™, Vr > 0:

Fae | O Pspeni ©]a< oo

B(a,r)

Qk (va (avT))l =

is valid.
We define the norm on BM OZZ by the equality

- ‘Qk(f’B(avr)) . n
I laioy = oo { BLE@N 0 werer.

In particular, if £ = 1, ¢ (6) = 1 then BMOIIZ = BMO, where BMO is the space of all local
summable functions of bounded mean oscillation. The class BM O for the first time was introduced in
[5].

It is easy to see thatif p = 1, ¢ = 00, 0 = o0, ¢ (§) = 6™ (§) then L’;:(ie = BMO,@ and their norms
are equivalent.

Consider also a class VMO which was introduced in [10]: VMO is the class of all f € BMO for
which the relation

. 1
o ey | O Sl =t
B(a,r)

is valid. For f € VMO we define || f||v 2,0 == | fll Baro-
For f € L, (R™), k € N we assume that

1
ME(S) = sup ——— / t) — P e f@®ldt, §>0.
70 o<r25\3(fv,r)| . |f (t) = Po—t1,B(ar)  (B)]
TER" B(z,r)

Lety € ¥, k € N. By VM sz we denote the class of all functions f € BM sz, for which
MJ’? (6) =0 (¥(4)), 6 — 0. Inclass VMOZ) we introduce the norm by the equality

Hf”VMojz = ||f||BMo1k/) .

In the case of k = 1, ¢ (§) = 1 equality VMO,’Z = V' MO holds true.

3. Operator R, ;. f in spaces defined by conditions on local oscillations of functions
Consider the following potential type integral operator

Road @) = K== [ X GD"Ka(0) | Xqony 0) { 0l

Rn v <k—1

where Ko (z) = |2|*7",0 < a < n, v = (v1,v2,...,Vn), ¥; (i = 1,2,...,n) are non-negative integers

gV =afta?capr v =vl v v = e+ 4 n, k€N,
DYg:= 8‘11'9
Oz Oxs? - - - dxy’

X{jt|>1} is the characteristic function of the set {t € R" : [¢| > 1}.
Operator R, 1. f is certain modification of the Riesz potential

Iof (2) = /R )

nlz =yt
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It should be noted that if f € LP (R™) and 1 < p < Z, then the integral R, j, f differs from integral

n

Io f by a polynomial power of which is equal or less than & — 1. If p > £, then the potential I« f no
defined for all functions f € LP (R™).

Moreover, for example, if 1 < p < oo and k + % > a, then for f € LP (R") integral R, 1 f (x)
absolutely converges almost everywhere.

Note that modified Riesz potential similar to the R,, j f was considered, for example, in T.Kurokawa
[13], T.Shimomura and Y.Mizuta [14] etc. (see also [15]).

The following assertion holds.

Theorem 2 [16]. Let f € L} (R"), 1 < p < oo, k, | € N, k > [a] + [ ([o] designates the entire
part of number ), 0 < a < mn, x € R" and

o0
/t_k_%+a_1 ~ulf (z51), dt < +oo0.
1
Then the inequality
00
u? (z;6), <C- 5k+%/t_k_%+a_1,u§c (z;t),dt, 6>0, (3)
0

is valid, where f := R, 1. f, and the constant C > 0 is independent of f, 6 and z.

Theorem 3. Let f € L} (R"),1<p g<oo,0<a<mnkleN,k>a]+!land
0o
/t*’“*%M*l iy () g dt < +o0.
1
Then the inequality

oo

I e e A O (1)

8

is valid, where f := R, 1.f, and the constant C > 0 is independent of f and é.

By virtue of this theorem we prove the following theorem on the action of the operator f — R, j f
in spaces LI;’;”(,.

Theorem 4. Let 1 < p, q 0 < o0, l € NO< a<mnk>[a+1] ¢ € @H_%, w1 (8) = 6% (9),
(6 > 0) and

5’“+%—@/t—"’—%+“—1¢ (t)dt = O (¢ (5) (6>0).
5
If fe L;’“Z g then Ry, . f € L];’;ole and it holds the inequality

R k,p < C lyp
H a)ka[p;q,l@ = ||f||[p,q,9 )
where the constant C > 0 is independent Of f.

Corollary 3[4]. Let0 < o <m, l € N, k> [a] + 1, ¢ € ¥; and

sh—a / Ly (1 de = 0 (4 (5)) (5)
)
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Then f — R, 1. f is a bounded operator from BMOf/, into BMOiZl, where 11 (8) = §%¢ (3), (6 > 0).
Since the function 1 (§) = 1 satisfies the condition (5), we obtain the following assertion.

Corollary 4. Let 0 < a < n, k = [a] + 1. Then f — R, 1, f is a bounded operator from space BM O into
the space BMOiZl, where i (6) = 6% (6 > 0).

Lemmal.Letp, € ¥, un>0,p € Z, ie.

Proof. If ¢ € Z,, then there is a number 8 € (0, i) such that % is almost decreasing, i.e.

t t
Je >0, Vity,t2 € (0,400) : <t1 <ty = tp(ﬁg) <ec- 90(51)) .
ty ty

Ify(r)=o0(e(r)),r = 0,and ¢ (r) = O (¢ (r)), r > 0, then there is a bounded function @ (¢) > 0
such that tlirr(l)a (t) = 0 and for r € (0, 1] holds the equality
—

P(r)=a(r)-¢(r).

We introduce the function

sup a(t), if r € (0,1],
a(r) = 0<t<r
co = HEHLQC(O’_*_OO), if r> 1.

Then ¢ (r) < a(r)- ¢ (r), r € (0,400), a (r) is monotonically increasing on (0, +o00) and lim« (r) = 0.

. . ] r—0
Considering it, further we have

—o [ 2 a2 [ o) [20ra o)

5 5 5
‘We show that if v > 0, then

a(t
J((S):(S”/tyg_zdt:o(l)7 d—0
5
Let 0 < § < 1. Then we have
00 Vo oo

1
[ o [alt) v [alt) v [al)
J((S)_(S/terldt_zS /tu+1dt+6 St + 07 [ St
s s 5 1
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=« (\/S) -5”7;&5& * (‘/S)V (1) (\/S)V : 7tuildt +co- 5”7@#
’ Vs 1

All terms on the right side of this inequality tend to zero when § — 0. It follows that gir% J () =0.
—

Therefore, due to the relation (6) we have
oo
Y (t
5”/#& =o(p(d), 6 =0.
é

Theorem 5. Let 0 < v < n, k > [a]+1, k, | € N, ¢ € Zy_ . Then the operator f = Ry, 1. f is a bounded
map from VMOfO to VMOfZl, where @1 (6) = 6% - ¢ (9), § € (0, +00).

Proof. From Theorem 2 we receive the following estimate in terms of characteristics M]’f (6):

oo
k Mj (1)
M?(a)gc.(sk/tk_fmdt, §>0. (7)
5

IffevMm OL, then from estimate (7) it follows that

k w (I azor - @ (8) o ha [ 0®
M?(é)écﬂ/W—aﬂdtSC'HvaMo;"s X /tk—a+1
)

)

<ec- \|f||vMogp 6% p(8) =c1- HfHVM% ~p1(0), 6>0.

Hence we have

M (9)

It is necessary to show, that fe VMOZZI.
Let 0 < § < 1. Then from inequality (7) we obtain

o0
l
k o [ M (1)
MY (@) <e o0 a/tsz

)

dt, 6> 0. (9)

Since M (r) = o(¢ (r)), 7 = 0, M} (r) = O (¢ (r)), 7 > 0,and ¢ € Zj_q, then from the lemma 1 we
obtain that

oo

M (t
5’“*“/#7(31@:0(@(5)), 5—0.

)

Then from (9) it follows that M% &) =09 (), §—0.

Corollary 5. Let 0 < oo < n, k = [a] + L. If f € VMO, then f = R .f € VMOL, , where 4y (5) = 6
(6 >0).
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