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Abstract. In this paper we prove the Sobolev-Morrey type MP()<0) () — MO0 (Q)-theorem for

the commutator of potential operators [b, IO‘(')], also of variable order. Also prove the Mi’(')’“(')(n)
boundedness commutator of singular integral operators [b, T).
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1 Introduction

We consider the variable exponent Morrey spaces L ():A0) (£2) over an open set 2 C R", introduced
in [2]. In [2] there was proved the boundedness in LP ():A0) (£2) of the maximal operator and a Sobolev

type LPO)AO) () — L9C)A) (Q)-theorem for the potential operator I*() of variable order, under the
assumptions inf2 a(z) > 0, sup [A(z) + a(x)p(z)] < n, under the log-condition on p(-) and A(+). In the
z€ z€N

case of constant «, for potential operators there was also proved the boundedness theorem LP (A0

BMO in the limiting case p(z) = %("L) The corresponding results for the case where p, A and « are
constant, these results are well known, see for instance [18], [35]. In the recent paper [23] there was
proved the boundedness of the maximal operator and the singular integral operator in variable exponent
Morrey spaces in the setting of homogeneous spaces.

Last decade there was a real boom in investigation of variable exponent Lebesgue spaces LP ©) (2)
and the corresponding Sobolev spaces Wp(_) (£2), we refer to surveys [9], [22], [38] on the progress in this
field, including topics of Harmonic Analysis and Operator Theory.

For mapping properties of singular integrals operators and commutator of singular integral operators
on Lebesgue spaces with variable exponent we refer to [8], [27], [28], [33] and [38].
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In this paper, within the frameworks of variable Morrey spaces LP()*()(£2) over bounded sets 2 C
R"™, we continue the study of the Hardy-Littlewood maximal operator

Mf(z) = sup | B(z,r)| " /

r>0 g(L,l)

|/ (y)ldy,
the potential type operator
1@ @) = [ o= 9" S0y, 0 < aa) <.
Q
and the fractional maximal operator
al@)
M f(a) = sup B [ 5y, 0 < alo) <
r>0 JB(z,r)
of variable order «(x) and Calderon-Zygmund type singular operator

Tf(z) = /!2 K (. 9)  (4)dy

where K (z,y) is a “standard singular kernel”, that is, a continuous function defined on {(z,y) € 2 x 2 :
x # y} and satisfying the estimates

|K(x,y)| < Cle —y|™™ forall z#y,

_ o
|K(x,y)—K(x,z)|§C& o>0, if |z —y|>2y— 2,

|x_y‘n+a’
x — &7 .
o) = K€l < Ol o> 0, if o=yl > 20— ¢l

Under the log-conditions, we prove the LP() (2, w) — L9()(£2, w)-boundedness of commutators of
potential operators. and the LP ():A0) (£2)-boundedness of singular integral operators and their commuta-
tors.

By A < B we mean that A < C'B with some positive constant C' independent of appropriate quanti-
ties. If A < B and B < A, we write A &~ B and say that A and B are equivalent.

Notation:

R™ is the n-dimensional Euclidean space,

2 C R"™ is an open set, £ = diam {2;

x e (z) is a characteristic function of a set E C R™;

B(z,t) ={y € R" : |z — y| < t}, B(z,t) = B(z,t) N {2;

by c and C we denote various absolute positive constants, which may have different values even in the
same line.

2 Preliminaries on variable exponent Lebesgue spaces

Let p(-) be a measurable function on {2 with values in [1, co). We assume that

1 <p- <p(x) <py <oo, 2.1)
where we use the standard notation
p— :=essinfp(z) > 1, ps :=esssupp(z) < oo. 2.2)
zes? zeN

By LP ) (£2) we denote the space of all measurable functions f(z) on {2 such that

Ly (f) = /ﬂ |f ()PP dz < oco.
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Hf“p(-) = inf {77 >0: Ip(.) <£> < 1} ,

this is a Banach function space. As is known, the following inequalities hold

Equipped with the norm

1A < 1) < DAIEGy i Il < 1. 2.3)
IFIPC) < Tp(F) < FIZE). i Il > 1 2.4)
from which there follows that
1 < fllpey 2 = e3 < Ip(f) <ca (2.5)
and
C1 <Ip(f) <C2 = C3 < ||fllp) < Ca (2.6)

with c3 = min{c]~, &} "}, c4 = max{ch~,ch "}, C3 = min{C}~,C{"}, C4 = max{Cy~,CY"}.
By p'(") = p(pw()w ) 2 € 2, we denote the conjugate exponent. The Holder inequality is valid in the

1’
form
1 1
/Q |f(@)]lg(z)|dz < <p*_ + E) £ Loy lgllpr (- (2.7)

For the basics of variable exponent Lebesgue spaces we refer to [41], [33].

Definition 2.1 By P'°¢((2) (weak Lipshitz) we denote the class of functions defined on 2 satisfying the
log-condition

c
Ip(z) — p(y)| < m7

where C' = C'(p) > 0 does not depend on z, y.

1
|z =yl <5, zye, 2.8)

We treat p(z) as a function on R” by the unique infinite point. To manage with the weighted case under
the consideration, we introduce an assumption on p(z) at infinity stronger than the usually considered
assumption

¢ n
_ <= .
p(@) = p(09)] < gy € 29)
where p(c0) := lim p(x).
r—r 00
The space LP() coincides with the space
{f(w) : / F@)g(y)dy| < oo forall g€ L”’“(rz)} (2.10)
Q
up to the equivalence of the norms
[fllLec) = sup / f(y)g(y)dy‘ (2.11)
HQHLP/(.)Sl n

see [33], Theorem 2.3 or [39], Theorem 3.5.

The LP()-boundedness of the Hardy-Littlewood maximal operator was proved by L. Diening [7]
under conditions (2.1)-(2.8).

By ¢ we always denote a weight, i.e. a locally integrable function with range (2. The weighted

Lebesgue space LP (')"P(Q) is defined as the set of all measurable functions for which

p(z)
1Al rere2) —inf{n>0: / (L:)') p(z)dx < 1}.
[0]

Let us define the class Apey (£2) (see [9], [34]) to consist of those weights ¢ for which

1,50 -0
S%P |B|™ [loPO |‘Lp<->(§(w7r))||<ﬂ r() ||Lr’(-)(§(m,r)) < oo.
The following theorem for bounded sets (2, but for variable «(z), was proved in [37] under the con-

dition that the maximal operator is bounded in L” ) (£2), which became an unconditional result after the
result of Diening [7] on maximal operators.



78 Commutators of potential and singular integral operators

Theorem 2.1 Let 2 C R™ be bounded, p,« € P¢(0) satisfy assumption (2.1) and the conditions

inf a(z) >0, sup a(z)p(z) < n. (2.12)
S TER

Then the operator I°") is bounded from LP") (22) to L) (£2) with

11 o)
@ p@)  n @-13)

2.1 Variable exponent Morrey spaces

We find it convenient to define the generalized Morrey spaces in the form as follows.
Definition 2.2 Let w(x,r) be a non-negative measurable function on {2 x (0,¢) and 1 < p < oco. The
generalized Morrey space MP () (£2) is defined by the norm

n

T p(x)
HfHMp(-),w = weQSléE’r'<€ m”f“,;p(-)(é(w,ﬂ)-

Az)—n
According to this definition, we recover the space MP()2(") (2) under the choice w(z,r) = r #(= :

Mp(')«\(')(Q) :Mp(')’w(')(()) )
Aa)—n
w(z,r)=r P

Everywhere in the sequel we assume that

inf 0 2.14
menl,8<r<£ wiw,r) > 214

which makes the space MP()*(£2) nontrivial. Note that when p is constant, in the case of w(z,r) =
const > 0, we have the space L™ ({2).
In [13] the following three theorems were proved.

Theorem 2.2 [13] Let 2 C R"™ be bounded, p € Pl”g(Q) satisfy assumption (2.1) and the functions
w1 (z,r) and wa(z,r) satisfy the condition

¢ dt
wl(m7t)7 §C’w2(3:,7“), (215)

where C' does not depend on x and t. Then the operators M and T are bounded from the space MP (w1 () (£2)
the space MP)2() (),

Theorem 2.3 [13] Let 2 C R™ be bounded, p,q € P'%%(R2) satisfy assumption (2.1), a(z), q(x) satisfy
the conditions in (2.12), (2.13) and the functions w1 (x,r) and wa(z,r) fulfill the condition

¢ dt
E/Wmm@ﬁ7§0wmﬂ, (2.16)

where C does not depend on x and r. Then the operators M) and 1%C) are bounded from MPE)() (£2)
10 MIO)w20) (),
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Theorem 2.4 [13] Let 2 C R™ be bounded, p € PY(£2) satisfy assumption (2.1), o(z) fulfill the
conditions in (2.12) and let w(x, t) satisfy condition (2.15) and the conditions

w(z,r) < %7 (2.17)
1_p(x)
ro alx)
¢ a(z)—1 p(z)
/ t w(z, t)dt < Cw(z,r)a@) (2.18)
T

where q(x) > p(z) and C does not depend on x € 2 and r € (0,£]. Suppose also that for almost every
x € £2, the function w(x, r) fulfills the condition

there exist an a = a(x) > 0 such that w(z,-) : [0,£] — [a,00) is surjective.
Then the operators M) and I*") are bounded from MP)*() () 10 Mq(')"*ﬂ(')/p(')(')(ﬂ).

Remark 2.1 Note that in the case p(z) = const the Theorems 2.2 and 2.3 was proved in [11], [12] and
Theorem 2.4 in [12].

Let M* be the sharp maximal function defined by

M f(@) = sup | Bl r)| ! /

>0 B

W) = T wm |2y,
B(z,r) B(a.m)

where f5, = B(@,0)| 7" [5,.p f(z)dz

3 Commutators of the potential operators
Theorem 3.1 Let 2 C R™ be bounded, p € P'%(£2) satisfy assumption (2.1), Ilg% a(z) > 0and let there
exists a positive constant C' such that

w(z,r) < Cr @ >0, @3.1)
Then the operators M) is bounded from MP()<0) (02) to L™ (12).

Proof. Let x € 2 and r > 0. By the Holder inequality we get successively

ro(@=n /~ | f(y)ldu(y)
B(z,r)

=t ) [ 1 @)ldut)

B(z,r)
< OO TT@ w7 w0 @) e () (Bl X e Lo ()
< C?"a(x)w(%7”)||f\|/v1p<->,w<-) SOl ppriw

Then
1O fll Lo 2y < CIFllparero0(2)-

Theorem 3.2 Let p € 731"5'((2) satisfy assumption (2.1) and let w(x,t) satisfy condition (3.1). Then the
operator I* is bounded from MP()*() () to BMO(2).

Proof. Let 2 C R™ be bounded, f € MP()()(2). In [1] was proved
M¥(1° f)(2) < OM° f (@), (32)

where C' > 0 is independent of x € (2.
The proof Theorem 3.2, by the Theorem 3.1 and inequality (3.2).
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Now we consider the commutators

0,111 = [ ble) bk = 51"y
9]

The following statement holds:

Lemma 3.1 [10] Letb € BMO(f2), 1 < s < co. Then

1
s

M ([, 1°O1f(@)) < Cllzaco | (M1 5 @)1

1
+ (= Olsar)
where C > 0 is independed of f and .

Proposition A.(see [8], Lemma 3.5) Let p € plog (R™) satisfy the conditions (2.1), (2.9). Then for all
fe LPO(R™) and g € LP' ) (R™) there holds

f(y)g(y)dy‘ <C

Mﬁf(y)Mg(y)dy‘

R™ Rn

with a constant C' > 0 not depending on f.

Theorem 3.3 [19] Letp € P8 (R") satisfy the conditions (2.1), (2.9), then M is bounded from LP)% (R™)
to LPO?(R™) if and only if ¢ € A,y (R™).

The following lemma is valid.
Lemma 3.2 Let 2 be bounded and p € P'%(2) satisfy assumption (2.1), ¢ € Ap()(82). Then
1 1
1£070 | ooy () < CllePO M* £l oo (2
with a constant C' > 0 not depending on f.

Proof. By (2.11) we have

_1_ _1_
If o7l pper@) <€ sup < /nf(y)g(y)w“’)(y)dy‘.
1

”gHLp/(~)(n)7

According to Proposition A,

1 1
1567 sy €€ sup /Q Mﬁf(y)M(gw<‘>)(y)dy’~

HQHL;,/(.)(Q)_

By the Holder inequality and Theorem 3.3, we derive

1 1 1 1
1T oy € swp [T Ml e gyl ™7 Mgl vy )
Nall oy (o)<t
1 1
<C sup ll?C) MﬁfHLM-)(Q)||9||Lp’(->(g) < Cllpr® MﬁfHLN')(Q)'

HQHL;,/(.)(_Q)Sl

Lemma 3.3 Let 2 be bounded and p € P%(0) satisfy assumption (2.1), w(x,r) be a non-negative
measurable function. Then the following inequality holds

sl
Il pmpcrwer < | pprrr

where C > 0 is independent of x € f2.
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Proof. 10 <6 <1, 0(z) = (Mxp, r))‘) € Ap()(£2), by the Lemma 3.2 we have

1 1
HfHLp(-)(E(w,r)) < || ferO HLP<'>(Q) < Cllpr®) MﬁfHLP(-)(Q) < C”Mﬁf”m(-)(é(w,r))-

Thus

T e
()w(:) = sup 2Ry
Me z€2,r>0 w(w,r)

I o> (Ba,ey)

rR f
<C —||M = =C|M Yw() -
<O g Mo @En = I oo

The Lemma has been proved.
Theorem 3.4 Let 2 be bounded, p € P'°8(12) satisfy assumption (2.1), a(z) fulfill the conditions in
(2.12) and let w(z, t) satisfy condition (2.16). Then the operator [b, IO‘(')] is bounded from MPO)w () ()
10 M1)<C) () where b € BMO(2).

Proof. Let f € Mp(')"”(‘)(Q) and b € BMO({2). By the Lemma 3.3, we have

1B, OVl pacrwty < CLIMEH([D, IOV | pgar o -

From Lemma 3.1, we have

1 1
s s

(e Op) "+ (MO )

1M (5, TO1 ) pgacrwtr < Callbll Baro

Ma().w ()
1
s

< CsllbllBro [H (lea(')ﬂs) :

| (e

Ma()w() Mq(»)w(-J

By the Theorem 2.2 and Theorem 2.3 (in the case w1 = w2), we have

|0y’

1
<c IO .

1
_ a() s
*HMH Ll (JYRIC IS

Ma()w()

wir =€ HIQ(.)fH ) S Ol pweree -

Ma(),w(

Similar we can proved

1
| (eomae)’| <Ol flypsor -
M)

Therefore
lI[b, [a(‘)}fHMq(-),w(-) < C2bllBaro 1 ppyw -

The theorem has been proved.
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4 Commutators of the singular integral operators

The following statement holds:
Proposition B. [3] Let T be a Calderon-Zygmund operator. Then for arbitrary s: 0 < s < 1, there
exists a constant Cs > 0 such that

1

[(TF1*))* (2) < OsM f(x)
Sforall f € C3°(R™) and for all x € R"™.

Lemma 4.1 [10] Let 1 < s < 0o, b € BMO(R"™), then there exists C > 0 such that for all x € R", the
following inequality holds

1
s

ME(b, TV ) (@) < Clbllpaso (MITS)® @)+ (MIF)* ().

Theorem 4.1 [21] Let p € W L(R"™) under conditions (2.1), (2.9), then the operator [b,T] is bounded
from LPC)(R™) 10 LPC)(R™), where b € BMO(R™).
The following Theorem is valid.

Theorem 4.2 Let 2 C R™ be bounded, p € P(12) satisfy condition (2.1) and w(z,t) fulfill condition
(2.15). Then the operator [b, T) is bounded from MP)*()(2) to MPC)<0) (), where b € BMO(2).

Proof. Let f € MP()*() () and b € BMO(£2). By the Lemma 3.3, we have
1B T torcr < CoIME([b, TV agoo-

From Lemma 4.1, we get

1
s

12 (. Tl s < Collllparo || (MITSI7)* + (M111%)

MP () ()
1 1
<cuttano [J0mm)* ., #0015 ]
< Callblmao ||| (MITA) || oo + 1AL
Then by the Theorem 2.2, we have
1 1
s\ s _ s|ls s||s
H(M|Tf|) Mp(-»w(-)_HM'Tf' M%,meC’“Tﬂ MEL w0

= CTfllprrwer < ClFlagpcrwe -

Therefore

116, T f | prrwr < Crllbll Baroll fll pper s -
The theorem has been proved.
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