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Abstract. In this paper we prove the boundedness of the p(z)-admissible sublinear singular operators
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1 Introduction

Nowadays there is an evident increase of investigations, last two decades related to both
the theory of variable exponent function spaces and operator theory in these spaces. We
refer for instance to the surveying papers [2], [4], [19], [22], on the progress in this field,
including topics of Harmonic Analysis and Operator Theory, see also references therein.
Variable exponent Morrey spaces £P()A() were introduced and studied in [1] in the Eu-
clidean setting. In [1] the boundedness of the maximal operator was proved in variable
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exponent Morrey spaces £P():A() under the log-condition on p(-) and A(-), and for poten-
tial operators a Sobolev type £P()A() — £3()AC)_ theorem was proved under the same
log-condition in the case of bounded sets. Hésto in [18] used his new “local-to-global” ap-
proach to extend the result of [1] on the maximal operator to the case of the whole space
R™.

The generalized variable exponent Morrey spaces were introduced and studied in [12]
in the case of bounded sets. In [12] the boundedness of the maximal operator, potential op-
erators and singular integral operators in variable exponent Morrey spaces under the certain
conditions were proved.

The paper is organized as follows. In Section 2 we provide necessary preliminaries on
the topics. In Section 3 we give the main results in Theorems 3.1 and 3.2. We find the condi-
tion on the function w(z, ) for the boundedness of the p(x)-admissible sublinear singular
operators 1" in generalized Morrey space MP()« (R™) with variable exponent under the
log-condition on p(+).

2 Preliminaries

We recall the definition of the variable exponent Lebesgue spaces LP()(R"): Let p(-) be
a measurable function on R™ with values in [1, 00). We mainly suppose that

1 <p- <p(x) < pt < oo,

where p_ := essﬂignfp(:c) > 1, py = esssupp(z) < oo. We denote by LP()(R™) the
zER™ x€R”™
space of all measurable functions f(z) on R™ such that

p()(f) = /n |f (@) P®dz < oo.

Equipped with the norm

| fllp.y = inf {17 >0: Ty <£> < 1} ,

et (R™) is a Banach function space. For the basics on variable exponent Lebesgue spaces
we refer to [19], [26].
The generalized variable exponent Morrey spaces is defined as follows.

Definition 2.1 Let w(x,r) be a non-negative measurable function on R"™ x (0,00) and
1 < p < 0. The generalized variable exponent Morrey spaces MP(')’“’(R”) is defined by

the norm )

Vw = su . .
1| veco, xeRn,I;>0 w(z,7) 11l e )(B(z,r))
According to this definition, we recover the space £()-*() (R™) under the choice w(z,7) =
NED)
rp) .

LPOA) (R = MPOE)(R™)
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Everywhere in the sequel we assume that

inf  w(x,r) >0
z€R™,r>0
which makes the space MP()(R") nontrivial. Note that when p is constant, in the case of
w(z,r) = rv, we have the space L>(R").
Within the frameworks of the spaces MP()«(R"), we consider the Hardy-Littlewood
maximal operator
1
Mf(x) =sup ———
r>0 ’B(.%', T’)‘ B(z,r)

and the Calderon-Zygmund singular operator

£ (y)ldy

Tf(x) = - K(z,y)f(y)dy,

where K (z,y) is a “standard singular kernel”, that is, a continuous function defined on
{(z,y) € R" x R" : x # y} and satisfying the estimates

K (2,y)| < Clz —y|™ forall z #y,

ly —=[7 .
|K(957?J)—K(90,Z)|§CW7 0 >0, if [z —y|>2ly—z|

v —gl° |
|K(:U,y)—K(§,y)|§CW, >0, if |z—y|>2lz-¢

Let S"~! = {x € R™ : |z| = 1} be the unit sphere in R” equipped with the Lebesgue
measure do. Suppose that {2 satisfies the following conditions.
(a) {2 is the homogeneous function of degree zero on R™ \ {0}, that is,

Qtz) = 2(x), forany t >0, x € R"\ {0}.
(b) £2 has mean zero on S™ !, that is,
/Sn_1 (2" )do(x') = 0.
(c) N2 e Lipw(S"_l), 0 < v < 1, that is, there exists a constant C' > 0 such that,
12(z') — ()| < Clz’ — /|7 forany z’,y/ € S* L.

In 1958, Stein [24] defined the Marcinkiewicz integral of higher dimension p(; as

ne(N@) = ([ 1P ) "

3
where

2z —y)

Fou(f)(x) = / ) f(y)dy.

|lz—y|<t ‘.%' - y‘n
The continuity of Marcinkiewicz operator j¢; has been extensively studied in [20], [25] and
[27]. Recall that if 7" is a sublinear operator, then |T'(f + g)| < |T'f| + |Tg|.



A. Akbulut, X.A. Badalov, J.J. Hasanov, A. Serbetci 13

Definition 2.2 (p(x)-admissible singular operator). A sublinear operator T will be called
p(x)-admissible singular operator, if:
1) T satisfies the size condition of the form

Xt )T (Poan) (2] < O () [ WL,

Re\B(a2r) Y — 2["

2.1)

forx € R™ andr > 0;
2) T is bounded in Ly, (R").

Let P(R") be the set of bounded measurable functions p : R™ — [1, 00) and P9 (R")
be the set of exponents p € P(R") satisfying the local log-condition

A 1
_ < - —yl < = n .
lp(z) —p(y)| < ey p— v —yl <5 zyeRY, 2.2)
Ip(z) — (c>o)\<7AOO xr e R" (2.3)
PR = PROON = 0 [2]) ) ‘

where A = A(p) > 0 does not depend on z,y and pos = lim p(z) > 1.
T—00

Further, let IP’lo%g(R”) be the set of exponents p € P°9(R") with 1 < p_ < py < 00
satisfying the conditions (2.2) and (2.3).

We will also make use of the estimate provided by the following lemma ( see [5], Corol-
lary 4.5.9).

HXB(:E,T)(')Hp(-) < Crep(gcm)v T e Rn? pE Plooog(Rn)v (2.4)
0 B ﬁ, ifr <1,
where 6, (z,7) = w1,
p(o0)
Theorem A. ([3], [4]) Let p € Pl (R™). Then the maximal operator M is bounded in

LPO(R™).

Theorem B. ([6]) Let p € Pé%g (R™). Then the singular integral operator T' is bounded
in LPO)(R™).

We will use the following statement on the boundedness of the weighted Hardy operator

Hg(t) = /too g(s)w(s)ds, 0<t < oo,

where w is a weight.

Theorem C. ([9]) Let v1, vy and w be weights on (0,00) and v1(t) be bounded outside
a neighborhood of the origin. The inequality

sup va(t)Hy,g(t) < C'supvi(t)g(t) (25)
t>0 t>0
holds for some C > 0 for all non-negative and non-decreasing g on (0, c0) if and only if
o0
d
B:= supvg(t)/ w(s)ds < 0.
t>0 ¢t SUPscreoo V1(T)

Moreover, the value C = B is the best constant for (2.5).
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3 p(x)-admissible sublinear singular operators in the spaces MP()w() (R™)

Everywhere in the sequel the functions w(z, ), wi(x,r) and wy(z, ) used in the body
of the paper, are non-negative measurable function on R™ x (0, 00).

Theorem 3.1 Let p € P2Y(R™) and f € LPO)(B(x, 1)) for every r € (0, 00). Then for the
p(x)-admissible singular integral operator T the following inequality is valid

ITf1 Lo (Bayt)) < Ctep(x’t)/t =0 DY £l Loy By A 3.1
where C' does not depend on f and t.

Proof. We represent f as

f=h+f, [ =FfWxemBaeyy) f20) = FW)XB@H W)

and have
1Tl o0 (BGagy) < TSl v (Bagy) T 1T S2ll Lo (Ba,t))-

Since f; € LPO)(R™), T'f; € LPO)(R™) and from the boundedness of 7" from LP() (R™)
to LP()(R™) it follows that:

1T 11l v By < T fill v mny < Cllf2llLeo @y

so that
1T fill Lrr (Baty) < ClF N Lre) (B(z,28))-

Taking into account the inequality

Hf||Lp()(B(x7t)) S Ctep(-'E,t) /2t Tiep(xyr)il||f||Lp(-)(B(x7r))dr7

we get
1T frll o) (Bayy < C#E /2 D £l o (B - (3.2)
t
To estimate || T f2[| ,o() (p(,1))> DY the equation (2.1) we have
rheise [ 0D
ly —z["

R\ B(,2t)

where z € B(x,t) and the inequalities [z — 2| < t, [z —y| > 2t imply L[z —y| < [z —y| <
3|z — y], and therefore

1T f2ll o) By < C [z =y " [f WYX B0l o) mny-
02\ B(xz,2t)
Hence by estimate (2.4), we get
1T f2ll Lr) (B(w,t)) < lee”(z’t)/2 = EDT ) o (B A (3.3)
¢

From (3.2) and (3.3) we arrive at (3.1).
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Corollary 3.1 [14] Let p € P2(R™) and for every r € (0,00), f € LPO)(B(z,1)).
Then for the maximal operator M, singular integral operator T’ and Marcinkiewicz integral
operator L the inequality (3.1) are valid.

Theorem 3.2 Let p € P'% (R™) and wy (x,t) and wa(x, t) fulfill condition

o dt
/ #7001 ess inf wy (z, ) < e @y (2, 7). (3.4)
. t<s<oo t

Then a p(x)-admissible singular integral operator T is bounded from the space MP ()1 (R™)
to the space MP()#2(R™),

Proof. Let f € MP()«<1(R") we have

t—ep(l',t)
1T Fll 1wz my = SUP

ST .
0 wa(z, 1) 1T fXB @)l Lee) @®n)s

we estimate || Tfx Bz,

| Lr0) (Rm) by means of Theorems C and 3.1, we obtain

1 - z,r)—
HTfHMp(-),WQ(Rn) < Cigng(%t)/t r=fp(m) 1HfHLP<'>(B(z,r))dT

—0p(x,t)

<(Csup ————~ .
<Cswp 1 £ (B

= CHfH_/\/[P(')an(R")‘

Corollary 3.2 [14] Let p € P29 (R™) and w1 (x, t) and wo(x, t) fulfill condition

Op(2,t) s - dt 0, (
/ t7 %@ egs inf wy (2, s)— < 1 v %@ wy(z, 7).
r t<s<oo t

Then the maximal operator M, singular integral operator T and Marcinkiewicz integral
operator jig are bounded from the space MPO)“1(R™) to the space MP()w2 (R™).

The following Corollary is new.

Corollary 3.3 Let p € P/ (R™) and 0 < A_ < Ay < n. Then the p(x)-admissible
sublinear singular operator T is bounded from LPC)AC)(R™) 1o LPOAC)(R™),

Note that the case of the constant exponent p in Theorems 3.1 and 3.2 were proved in
[10] (see also [11]).

Acknowledgements The authors would like to express their gratitude to the referee for
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