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Trace Formula For Second Order Differential Operator Equation

Hajar F. Movsumova

Received: 14.07.2015 / Accepted: 17.02.2016

Abstract. In this paper the regularized trace formula of an operator generated by a differential expression

with operator coefficient and eigenvalue dependent boundary condition is obtained.
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In the present paper a regularized trace of Sturm-Liouville’s operator equation is studied.

Calculation of the regularized traces is one of the most important problems of the spec-
tral analysis

The formula of the regularized trace of the Sturm-Liouville operator was first obtained
by .M.Gelfand and B.M. Levitan [13].

In 1953, Gelfand and Levitan considered the Sturm-Liouville equation
—y" (z) + q(x)y (x) = Ay (x), with boundary conditions 3/(0) = 0, ¥ (w) = 0, where
q (z) € C' [0, 7] and derived the formula i (n — M) = % (¢ (0) + ¢ (m)), where p,, are

n=1
the eigenvalues of the above operator. For ¢(x) = 0 the eigenvalues of the operator are

given by \,, = n?.

After that work numerous papers were devoted to the calculation of regularized trace of
scalar differential operators which is the generalization of concept of matrix trace.

The methods used to derive those formulas significantly need asymptotics of eigen-
values, when the remainder forms a convergent series .But for operators associated with
boundary value problems for partial differential equations it becomes impossible to use
that method. For such operators in many cases one may just find the principal term of
asymptotics. By that reason it becomes important to study regularized traces of differential
operators with unbounded operator coefficients.

In [18] the regularized trace of operator Sturm-Liouville equation is calculated.
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It should be noted that, variety of studies are devoted to searching a regularized traces of
scalar differential operators [8],[9],[12],[13],[15]-[17],[19],[20],[23]as well as differential-
operator equations [1]-[4], [6],[7],[18] and discrete abstract operators [10],[14],[21].

Boundary condition of the problem considered in that paper depends on eigenvalue pa-
rameter.

In [22], Walter considers a scalar Sturm-Liouville problem with an eigenvalue param-
eter A in the boundary conditions. He shows that one can associate a self-adjoint operator
with that by finding a suitable Hilbert space.Further,he obtains the expansion theorem by
reference to the self-adjointness of that operator. This approach was used by Fulton in [11]

later on.
Consider in Lo(H, (0, 1)) the spectral problem
Lyl = =y"(t) + Ay(t) + q()y(t) = My(t) (1)
y'(0)=0 (2)
ay(1) +4/(1) = =M/ (1), (3)

where A is a self-adjoint positive-definite operator in abstract separable Hilbert space H
(A > E, FE is an identity operator in H).

Problem (1)-(3) differs from operators in [1]-[3],[6],[7] by boundary conditions.

Denote the eigenvalues and eigen-vectors of the operator A by 71 < 79 < ... and
©1, P2, .., respectively.

Suppose that the operator-valued function ¢(t) is weakly measurable, ||g(t)|| is bounded
on [0, 1] and the following conditions are satisfied:

1) There exists a second order weak derivative of ¢(¢) on [0, 1] and for each

te [0, gP @) = aP@), k=012

2) 1§1 | ¢®) (t)px, )| < const;
9¢(0) =) =0
4) [(q(¢) f, f)dt = 0 for each f € H.

0
Let Ly = Lo(H, (0,1)) @ H. Denote a scalar product and the norm in H by (-, -), and
||-||, respectively. Define the scalar product in Ly as

1
V2= [ OO+ ) ()

where Y = {y(t),y1}, Z ={z2(t),z1}, y(t),2(t) € L2(H,(0,1)), y1,21 € H, a > 0.
For ¢(t) = 0 in space Lo one can associate with problem (1)-(3) in space Lo a self
adjoint operator Ly defined by

D(Lo)={Y : Y ={y(t),m}/—y"(t) + Ay(t) € L2(H, (0,1)),
y/(O) =0,y = _y/(l)}7 (5)
LoY ={—y"(t) + Ay(t), ay(1) +y'(1)}.

The operator corresponding to the case ¢(t) # 0 is denoted by L = Ly + @Q, where
Q:Q{yt),—y (1)} ={q(t)y(t),0} is a bounded self-adjoint operator in Lo.
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Eigenvalue asymptotics of that operator was studied in [5]. In this paper after the above
definitions and the assumptions, the regularized trace of the considered problem will be
calculated. Because of the appearance of an eigenvalue parameter in the boundary condition
at the end point, the operator associated with problem (1), (2), (3) is not self-adjoint. That
is why we will consider in space La(H, (0,1)) €D H with the scalar product defined by
formula (4). It can easily be shown that in this space, the operator Ly is self-adjoint.

Note that in [5] for the eigenvalues of the problem

—y" (t) + Ay (t) = My (¢)
y'(0) =0

ay(1) +by'(1) = Mey(1) — dy' (1))

the following asymptotic formula is obtained:

Mo ~ W + 2

b —cEey/2+4d(b+ dy)
)\k ~ ==+ )
d 2d?

where o, = ™, n € Z.

Here )\, are the eigenvalues of the operator Lg. Eigenvalues of L denote by .

By using [theorem 1, [5]] as in [18] we come to the following statement.

Lemma 1. If at k — 0o,y ~ ak®,0 < a < 00,2 < a < 00, then there exists a
subsequence A\p, < Ap, < ... of the sequence A1, Ao, ... such that

2

2 e
Ap — An,,, = do <p2+<x —nﬁi“) sy D =Ny N + 1, ...,

where dy is a positive number.
Introduce the following notations

p = i Lt A= N, i=1,2,.... (7)

k=n;_1+1 k=n;_1+1

o . .
Call the sum ) (/\(l) — ,u(l)), a regularized trace of the operator L,since the sum of

this series, as it wliﬁlbe shown below, doesn’t depend on what way there has been chosen a
subsequence ny, na, . . ., which satisfies the statement of lemma 1.

In the present work the formula for the sum of this series has been obtained.

Let Rg and R, be the resolvents of the operators Lo and L. The following lemma is
true (see [18]):

Lemma 2. Let ||q (t)|| be bounded on the segment [0, 1] and the conditions of lemma 1
be fulfilled. Then at large m the following equality holds:

Nm )N

N (-
> On = sin) = 3 (-1 M+ 5

2mi
n=1 j=1

/ ASp [RA (QRY )N“} A, (8)
Al <lm
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where
b= 5 (i — i) M=o [ sp [ (QR])’] ax
m 2 Nm~+ Nm ) m 2 =i A
bn,m = 1,2,3, ..., is a subsequence, that satisfies the statement of lemma 1 (N is an

arbitarary natural number ) .
Denote the orthonormal eigenvectors of the operator Lo by {¢,,} n=1,2,...

Then
v

V1l
where V={cos (zj nt) @i, Trnsinxy, @i} and {¢y} are the eigen-vectors of the operator
A, xp p is the root of the equation

Yn

acos z — zsin z — (22 + ) zsinz =0 (9)
and has the following asymptotics (see [5])

Thp ~ TN (10)

Denote, for convenience, real and imaginary roots of equation (9), by xx (k =1, oo)
and xy, o, respectively.

1
1
HVH2 = (V, V)L2 = /0 cos® (g nt)dt + a(fﬂk,nSiH Thon )2
2

2

/1 1+ cos (ka,nt)d Ty, SN Thp 2

. 2
sin 2xy, + TS Thn

1
= t+ = -+
0 a 2 4z a
2axy,, + asin2xy , + 4xz?nsin2 Tk

daxy p

Therefore, we get

daxy p .
hp = - 39 {cos (zpnt) ok, Trpsin Ty, Ok}
2axkn + asin 2xg , + 4xy , SInT Ti o,

n=0,00, k=N,
<n:1,oo, kzl,N—l) (11)

Prove the following lemma.
Lemma 3. Provided that for operator-valued function ¢(t¢) hold the conditions 1)-3), then

2azy, fol cos(2xp nt)qx (1) dt
20z, + asin 2z, + 4ai  sin® Tg,

n=1
o) 1
N Z 2ax1,0 [ cos(2zkot)qr (t) dt
= 2axy,0 + asin 2z, o + 4.%'% Osin2 Tk,0

where q, (t) = (q (t) vk, k) -
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Proof. Observe that, for large k£ and from (10), we get

2axy p B 1 -
2axy, + asin 2ay , + 42} nsing Tk N 1 4 S 27kn 227 | sin? xp
’ 2331@,71, a
1 1
< W =1+0 < ) : (12)
1+ " Tkin Tkn
Integrating by parts twice and using condition 3) for q(t) we get
1
| eontzaiatia () d
0
sin o) (1) - —— | ' cos(2aent)a (1) di 13)
= SN (2Zkn) 9k - cos(2x nt)q .
ka,n " (2:Ek7n)2 0 ntik

In virtue of asymptotics x, ,, and (12), (13) it follows from the last relation,that

2ax)p, f01 cos(2x t) g, (t) dt
2azy,, + asin 2z, + 4a}  sin® vy,

< constki;l <qk (1) + /01 . () dt).

From condition 2) and the last relation it follows absolute convergence of the series

i i 2azx p, fol cos(2xg nt) gy, (t) dt

! 2ax, + asin 2z, + 4902 nsin2 l‘k’n.

Consider the series

o0

Z 2axk0 fol cos(2x ot ) g, (t) dt
2axy 0 + asin 2z o + 43;2 031‘712 Tk,0

k=N

From asymptotics xj o ~ i,/7k, Where v, ~ ak®, we get

1
i 2azyp [y cos(2xyot)qr (¢ Z /1 (t)dt
= 2axg o + asin 2xg 0 + 4£Bk OSW Lk,0 0 "

Now absolute convergence of this series follows from condition 2).
The lemma is proved.

Theorem 1. Let the conditions of lemma 1 be satisfied.Provided operator-valued ¢(t) satis-
fies conditions 1)-3),then the formula

n—oo 4

(14)

is true.
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Proof. From (8) at j = 1 we have

1

7‘{1 - =
m .
21 P\lzlm

Sp (QRY ) dX

Since QR‘; is a trace class (@ is a bounded operator in Lo and Rg is a trace class operator)
operator and eigenvectors ¥1 (x) , 12 (x), ... of the operator Ly form orthonormal basis in
the space La(H, (0, 1)), then for large values of m

5 ], 5 (QRS i),

[Al<lm n=1

- 1
Z[an,wnl e Mn] szczwn,wn

n=1
Taking into account (11) in the last equation we get

Nm

M71n = _Z (mewn) =

n=1

daxy 1
== . - — / cos® (znt) (q () @i, @i,) dt =
0
n

— 2axy , + asin 2xyg , + 4:62 W SIN° Ty

Nim 1
daxy, 1+ cos (2xy pt)
--3 e " (0 i 01,
0
n

— 20y, + asin2xg , + 41‘% nsm2 Tkon 2

By condition 4)

N 1
2azxy,
ML ==Y L N— /0 c0s (2 t) (¢ (£) in, i) .

— 20z, + asin 2z, + 4:13‘2 nsm2 Tk

According to lemma 3 series (13) converges absolutely,so we will have

—2ax) ,c08 (2x) nt) g (t) dt
1 kn k.n k
Jm =3 [ . Ll

2axy, + asin 2z, + 4y Sin Tg,

k=N n=0
N—-1 o 1
—2ax pco8 (2xp nt t) dt
+ZZ/ k” ( kn)qu() 2 =h+ I (15)
o 26wk, +asin 2xg, + dxy ,sin” Tpp
Compute the value of the series
oo /1 —QCLIEk,nCOS (2$k,nt) qi (t) dt (16)
— Jo 2axp, + asin2zy, + 42, sin’ Ty,

For this as N — oo we will investigate the asymptotic behavior of the following function

N —2axy, ncos (2zk pt)

Ty (t) =

. . 2 M
= 2axy p + asin 2z, + 4xi’nsm Thon
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Express the k-th term of the sum Ty (¢) as a residue at the pole xy, ,, of some function
of complex variable z:

azcos 2zt

(acigz_l_

Gl2)= (22 + k) 22sin’z

This function has simple poles at the points zj, ,,, 7n and z = 0.

We have
B aTj, nCOS 2Ty pt .
Z:rg,fnG(Z)_ 2 2 actgz 2 a
: p SIS 1—(z +')’k))z Zom

B 2axy, pcos (2 nt)

20z, + asin 2z, + 4%% nsz’n2 :U;m'

Find the residue at 7 :

azcos 2zt
res G(z) = res =
— — actg z 2 2 eim?
z=mn ZWN(T—]_—(Z —|—7k))z SIN°z
azcos 2zt
= res - : . .
e=mn (9952 _ginz — z%sinz — ysinz ) 22sinz

amncos 2mnt

= 5 = cos 2mnt .
a*ET (mn)“cos ™
™

For I; take as a contour of integration the rectangle with vertices at +i B, Ay +iB,which
has cut at iz, o and will by pass it on the left,and the point -2y ¢ on the right. Take also
B > w},0. Then B will go to infinity and take Ay = 7N + 7. For such choice of Ay we
have IN-1k < An < TN k-

For I, take as a contour of integration the rectangle with vertices at +iB, Ay + iB,
which bypass the origin on the right hand side of the imaginary axis. B will further go to
infinity and take Ay = N + 5. For such choice of Ay we have zy 1 < An < TN -

Since G (z) is an odd function of zthen the integrals along the part of contours on

imaginary axis, and the integral along semicircles centered at d-ixy, o vanish.

If z = u + 4v, then for large v and for u > 0 G (z) is of order O(ezlmt;l) ) that is why
for the given value of Ay the integrals along upper and lower sides of the contour also go
to zero when B — oo.

Hence, we get the formula

AN+ZB
T (1) + Sy (1) = 5= lim. / G (2)dz + o —lim / G(z)dz  (17)
AN—iB |Z|:’F
—5<p<3

where
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As N — o0
— lim G(2)dz ~ — R =
2mi B—oo J 4\ —iB 271 Ay —ico 23SIN7Z
1 [tee cos (2 Nt + 2ivt + 7t)
= — V=
21 J_oo (An +iv)® (1 — cos (24N + 2iv) )

1 /+°° cos ((2N + 1)7t) cos 2ivt — sin ((2N + 1)7t) sin 2ivt

21 J_ o (A +iv)® (1 4 cos 2iv)

1 oo h 2ut

= —cos((2N + 1)7775)/ 63 v dv+
27 —o (AN +iv)” (1 + cos2iv )
1 Feo h 2ut

+5sin (2N + L)) / i dv. (18)
e

oo (An + ) (14 cos2iv )
Denote the integrals on the right hand side of (18) by K; and K>, respectively. Then,

1 h 2vt
Klz‘cos((2N+1)7rt)/ =
27 —o (An +iv)” (1 + cos2iv )

—+00

dv| <

</+oo dv _2/+oo dv <2/+oo dv B
oo J(A2 102)® o Jaz ) Ao a2 e

AN
2

= —1In

I s
-

n const
Ay \ Az

. 19
o (19)
The similar estimate is obtained also for K. So, by using (18) and (19) in (17), we get

1

1

lim | T (t)q(t)dt

N—o0
0
1 ) 1
— — lim_ / Sy (B)au(t)dt + 5lim | qu(t)dt / G(2)dz. (20)
0 0 |z|=r
—3<e<y

By condition 4) the second term in the right hand side of (20) can be written as
1

az (1 — 2sin? 2t
lim [ qx(t) / (a T ( )

——dzdt =
r—0 —1— (22 +)) 2%sin’ 2
0 |2|=r
—5<p<3j
1
I /f ) / —2azsin? 2t dedt
= 11m k z .
=0 QC9E ] (22 4 y)) 22sin? 2
) i 55 (22 + )
—3<p<3

Since the numerator of the integrand for small z is of order O (z3) , and the denominator
is of order O (2?), then the last one goes to zero.
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So, by substitution 7t = z we have

1 1 o 1
lim | Tn(t)gr(t)dt = — lim [ Sn(t)q Z/cos 2t q(t)dt =
0

N—oo N—o0
0 0 n=1

0o L

i
1 o
E— g /cos 21t q(t)dnt = E / cos 2712% dz =
m =1

1o

] n 7r

12 z z
=——— cosn -0 [ cosnzqy (—) dz +cosn-m | cosnzqy <—) dz| =
4T s T

n=0 0 0

~ar(0) + qx(1)
; :

Summing by all k, we get

lim ML = ~ Spq(0) 4+ Sp q(1)

n—00 4

In [7] the following theorem was proved.

Theorem 2. Let the condition of lemma 1 be fulfilled. If the operator function q(t) satisfies
condition 1), 2), 3), then at n > 2

lim M, =0.

m—00

From lemma 1, theorems 1, 2 it follows that

L _ Spq(0) + Spq(1)
i 32 00 - 90
(-DN o\ N+1
S lim_ ASp [R,\ (QRY) } A\, N> 2.
[A|=lm

We can show that the limit on the right hand side of the last equation, equals zero.
So,using designation (7), we get

3 (/\(z') B M(i)) _ Spq(0) Z Spa(l) (22)

Thus,the following theorem is proved.

Theorem 3. Let the operator function q(t) satisfy conditions 1)-4). Then under the con-
ditions of lemma 1, for the regularized trace formula (22) holds.



98

Trace formula for second order differential operator equation

References

1.

10.

11.

12.

13.

14.

15.

16.

Aslanova, N.M.: Study of the asymptotic eigenvalue distribution and trace for-
mula of a second order operator differential equation. Bound. Value Probl. 2011:7,
doi:10.1186/1687-2770-2011-7, 22p. (2011).

. Aslanova, N.M.: Calculation of the regularized trace of differential operator with op-

erator coefficient. Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci. XXVI (1),
39-44 (2006).

. Aslanova, N.M.: Trace formula for Sturm-Liouville operator equation. Proc. Inst. Math.

Mech. Natl. Acad. Sci. Azerb., XXVI, (XXXIV), 53-60 (2007).

. Aslanova, N.M., Aslanov Kh.M.: On identity for eigenvalues of one boundary value

problem with eigenvalue dependent boundary condition. Trans. Natl. Acad. Sci. Azerb.
Ser. Phys.-Tech. Math. Sci. XXXI (4), 27-34 (2011).

. Aslanova, N.M., Movsumova, H.F.: On asymptotics of eigenvalues for second order

differential operator equation. Caspian journal of applied mathematics, Ecology and
Economics 3 (2), 96-105 (2015)

. Bayramoglu, M., Aslanova, N.M.: On asymptotic of eigenvalues and trace formula for

second order differential operator equation. Proc. Inst. Math. Mech. Natl. Acad. Sci.
Azerb., XXXV (XLIII), 3-10 (2011).

. Bayramoglu, M., Aslanova, N.: Eigenvalue distribution and trace formula for Sturm-

Liouville operator equation. Ukrainian Math. J., 62 (7), 867-877 (2010), Russian.

. Bayramoglu, M., Sahinturk, H.: Higher order regularized trace formula for the regular

Sturm-Liouville equation contained spectral parameter in the boundary condition. J.
Appl Math Comput. 186 (2), 1591-1599 (2007). doi:10.1016/j.amc.2006.08.066

. Dikii, L.A.: Trace formulas for Sturm-Liouville differential operator. Uspekhi Mat.

Nauk. XII. 3 (81), 111-143 (1958),

Dubrovskii, V.V.: Abstract trace formulas for elliptic smooth differential operators
given on compact manifolds. Differ. Uravn. 27 (12), 2164-2166 (1991).

Fulton, ChT.: Two-point boundary value problems with eigenvalue parameter contained
in the boundary condition. Proc. Edinb. Math. Soc. 77A, 293-308 (1977)

Gasimov, M.G.: On the sum of the differences of the eigenvalues of two self-adjoint
operators. Dokl. Akad. Nauk SSSR, 150 (6), 1202-1205 (1963), Russian.

Gelfand, I.M, Levitan, B.M.: On a simple identity for the eigen-values of the second
order differential operator. Dokl. Akad. Nauk. 88 (4), 593-596 (1953), Russian.
Halberg, CJA. Jr., Kramer, V.A.: A generalization of the trace concept. Duke Math. J.
27 (4), 607-617 (1960). doi:10.1215/ S0012-7094-60-02758-7.

Kapustin, N.Y., Moiceev, E.L.: On basicity in L, of a system of eigenfunctions re-
sponding to two problems with a spectral parameter in the boundary conditions. Differ.
Uravn. 36 (10), 1357-1360 (2000).

Kapustin, N.Y., Moiceev, E.L.: On pecularities of the root space of a spectral problem
with a spectral parameter in the boundary condition. Dokl. Akad. Nauk.. 385 (1), 20-24
(2002)



H.F. Movsumova 99

17.

18.

19.

20.

21.

22.

23.

Kerimov, N.B., Mirzoev, V.S.: On basis properties of one spectral problem with spectral
parameter dependent boundary condition. Siberian Math. J. 44 (5), 1041-1045 (2003)

Maksudov, F.Q., Bayramoglu, M., Adigozelov, A.A.: On regularized trace of Sturm-
Liouville operator on finite segment with unbounded operator coefficient. Dokl. Akad.
Nauk SSSR, 277 (4), 795-799 (1984), Russian.

Meleshko, S.V., Pokorniy, Y.V.: On a vibrational boundary-value problem. Differ Equ.
23 (8), 1466-1467 (1987).

Sadovnichii, V.A.: On some identities for eigenvalues of singular differential operators.
Relations for zeros of Bessel function. Westnik MGU, ser Math Mech. 3, 77-86 (1971).
Sadovnichii, V.A., Podolskii, V.E.: Trace of operators with relatively compact pertur-
bation. Matem. Sbor. 193 (2), 129-152 (2002).

Walter, J: Regular eigenvalue problems with eigenvalue parameter in the boundary con-
ditions. Math Z. 133, 301-312 (1973). doi:10.1007/BF01177870.

Yakubov, S.: Solution of irregular problems by the asymptotic method. Asymptot. Anal.
22, 129-148 (2000)



