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Abstract. In the present work it is considered the system of functions a (t) €™ —b (t) e """, n € N, with
complex-valued coefficients a (-) ;b (-) : [0, 7] — C. Sufficient conditions on the coefficients of the system
are found in order for the system to form a basis in Lebesgue spaces with variable exponent.
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1 Introduction

When solving the PDEs of mixed type by Fourier method there frequently appear systems
of sines and cosines of the following form

{cos(n+a)t}, ey, (1.1)

{sin(n+a)t},cn (1.2)

where « is a real number(here, thereafter NV is the set of all natural numbers, Z = {0} |J N).
Justification of the Fourier method requires to study the basicity properties of such sys-
tems in some function spaces. Some examples of such equations and concrete systems of
trigonometric-type functions that appear after applying Fourier method can be found, for
example, in [22-24,28]. The basicity properties of the systems (1.1) and (1.2) are well stud-
ied in Lebesgue and Sobolev spaces, as well as, in their weighted settings [3-9, 20, 21, 25,
26,29,30].
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During the last two decades, non-standard function spaces became an extremely pop-
ular subject because of their appearance in modern problems of analysis and qualitative
theory of PDEs. Introduction of Lebesgue spaces with variable exponents at the end of last
century and variety of extraordinary results obtained therein were the main motivation and
the inception of this new tendency in analysis. We only mention the monograph [15] and
the comprehensive bibliography therein, where thoroughly treatment of these issues can be
found.

In the present work it is considered the system of functions

a(t)e™ —b(t)e ™ neN, (1.3)

with omplex-valued coefficients a () ;0(-) : [0,7] — C. The system of perturbed ex-
ponential functions, which is the sytem of eigenfunctions of some second order ordinary
differential operator is a special case of the sytem (1.3). Sufficient conditions on the coef-
ficients of the system (1.3) are found in order for the system to form a basis in Lebesgue
spaces with variable exponent.

Notice that, similar problems for the double system of exponents with complex-valued
coefficients in Lebesgue spaces with variable exponent were earlier studied in [11-14,27].
The basicity properties of the systems (1.1) and (1.2) in classical Lebesgue spaces were
studied in [20,24].

2 Preliminaries

We use the following standard denotations: Z—the set of all integers; R—the set of all
real numbers; C'—complex plane; (~)—complex conjugate of (. ); d,,—Kronecker delta;
X4 (+) —the indicator function of the set A. w = {z € C': |z| < 1} — the unit disc; dw =
{z € C': |z| = 1} — the unit circle.

Let p : [-m, ] — [1,4+00) —be a Lebesgue measurable function. We denote by % the
set of all Lebesgue measurable functions on [—7, 7] . Set

@Uﬂg/wvawmw

and
L ={f €Ly I, (f) < +oo}.
If p© = sup [Umi p(t) < 400, then .Z is a linear space with respect to pointwise linear

—TT,
operations. .Z is a Banach space with respect to the norm

def ' f

and we denote it by L. Set

p(:
WL = {p:p(—m)=p(r);3C >0, Vi, ta€[—mm|:|ti —tof <1=

C
= p(t1) —p(t2)] < m}

Throughout the paper ¢ () denotes the conjugate function of p (-) , that is, Wlt) + ﬁ = 1.
Let p~ = inf vrai p(t). The following generalized Holder’s inequality holds

-,
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/ IF @) g@)ldt <c(psp") 1 £l l9lye) s

—Tr

where c(p~;pt) =1+ p% — p%.

The following fact plays a key role in obtaining main results of paper.

Proposition 2.1 ([15]) Ifp(-) : 1 < p~ < pt < +o0, then the set C§° (—m, ) (the set of
all infinitely differentiable functions with compact support) is dense in Ly,.).

Let

m

p(t) =TTt —tl*,
k=1

be a weight function, where {¢;}]" C [, 7] is a set of disjoint points.

Lemma 2.1 Let p € C[—m, 7| and p(t) > 0, Vt € [—m, 7. Then the function §(t) =

[t — c|™ belongs to Ly.y ,, if o« > —ﬁ,anda # Tk, Vk=1,m,as well as if o + o, >
1
C

BTCL and ¢ = Ty,.

We will need some facts from the theory of Hardy spaces. By H;O we denote the usual
Hardy space, where po € [1,+00). Let p : w — Ry = (0,+00) be a weight function. If
the weight function p (-) is defined on (—m, ), then p (e%) stresses p (¢) = p(t) , t €
(—m,m). Set Hpi(%p = {feH: f* € Ly.,(0w)}, where f*— is the nontangential
boundary values of f on dw. In [10] the following was proved:

Theorem 2.1 Letp € WL, p~ > 1, and

1 1
———<ap < ——, k=1,m, 2.1)
pltr) T gty

where p (t) = [T, |t — tx|* . If F € Hy  then 3f € Ly,

1 ™
F() =5 | Ka0f (e 22)
here K, (t) = ﬁ is the Cauchy kernel. Conversely, if [ € L, ,, then the function
F, defined by (2.2), belongs to H,

p(')7p.

Now, define the set me_(.), where m € Z. Let @ (z) be a function, analytic outside w,
which does not have an essential singularity at infinity. In other words, let

k
D(2) =Dy (2) +P1(2) = Z anz" , k< 4o0,

for sufficiently large |z|, here @ (z) and @4 (z) are principle and analytic parts of above
series, respectively. If & < m and &g (%) belongs to Hp(_), then we will say that @ (-)
belongs to the class me_(') outside w.

The following theorems can be proved by the same way as in the classical case.
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Theorem 2.2 Letp € W L,p~ > 1,and 2.1) fulfils. If f € H;( then

')7P’
Hf(reit) — f+(eit)Hp(.) ) —0, r—1-0,
where fTis the interior nontangential boundary values of f on Ow.

Theorem 2.3 Letp € WL,p~ > 1,and 2.1) fulfils. If f € me*(‘) » then

Hf('reit) —f~ (eit)Hp(.)’p -0, r—1+0,

where f~ is the exterior nontangential boundary values of f on Ow.

Subject the coefficients a (-) and b (-) of the system (1.3) to the following conditions:
i) a™ (-) ;b (1) € Lo (0,7);
ii) o (-) ; B (-) are piecewise continuous functions on (0, 7) with jump points {#} . » and
{7k } e - respectively; additionally it is assumed that the set {53} = {tx} | {7} may have
50 € (0,7) as its only limit point and the function 6 (t) = 3 (t) — « (¢) has a finite right
and left limits at sp; ~ ~ _
i) > 72 |k (8k)| < 400, where h (5) = 0 (5 — 0) — 0 (5 + 0) is the jump of 6 (-) at
ks

iv) The jumps { h; } hold (252 + -15) ¢ 7, vie N.

3 Main results

Consider the system

v (t) = a(t)e™ — b(t)e™ ™, n € N,

where a (t) = |a (t)| e*®, b(t) = |b(t)] e® are some complex-valued functions on
[0, 7]. Suppose that the coefficients a (¢) and b (¢) satisfy the conditions i)-iv). From iii) it
follows that there is 7 € N, such that

2 ~ 27
—— h(s;) < —,
b <" Gy
Enumerate the set{$; } from least to greatest and denote itby{s;}1: 0 < s1 < ... < s, < 7.
Denote the corresponding jump sequence (finite) by {h(s;)}]:

k =T7,00.

h(si)=p(si—0)—B(si+0)+a(si+0)—a(s;—0),i=1,r.

Suppose that for some ng

1 B8(0) — «(0) 1

— +2ng—1) < < + 2ng, (3.1)
()

holds. Taking into account the condition iv) we define the integers n;,7 = 1,r by the in-
equalities

1 h(sz) + < 1
n; —Nj—1
p(s;) — 2m q(s;)

The main result of the paper is

=TT 3.2)
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Theorem 3.1 Let the coefficients a (-) and b (-) of the system {vy, },, y satisfy the conditions
i)-iv), the integers {n;}| are defined by (3.1) and(3.2). Suppose that,

pm) —afm) 1
e B (3.3)
If
_L + 2nr < B(W) _ Ot(’]T) < — 1 + 2(n7~ + 1), (34)
p() ™ p(m)
then the system {vn}, o\ forms a basis in Ly (0,7);
if

B(m) —a(r) < ) + 2n,m,

then the system {v,}, c y is not complete, but is minimal in L.y (0, 7);
if
T
B(m) — a(m) > ) +2(n, + 1)m,
the system is complete, but not minimal in Ly .y (0,7) .

Proof. The proof is based on solution of the following linear conjugation problem for ana-
lytic functions in Hardy class H:['f(.) X _1Hp_(.):

FH(r) + G(r)F~ (T) = w(argT),}
7l =1,F(00) = )
where
iy _ b(®)a t(F), 0<6<m,
G(e") = {a(—e)b—l(—e), -7 <6<0,
_ V(@) at (), 0<6<m,
w””‘{—¢«ﬂw40%»—w<e<a
Hereafter a1 (6) and b= () denotes the functions a~* (8) = |a (6)| ' e~ and b= (9) =
1b(0)] " e O respectively, ¢ (-) € Ly (0,7) is an arbitrary function.

Consider the followmg function:

0) —a(d), 6¢c(0,m),
v(0) = {a(ﬁ_(gg — 5%29), 0 ee((—w,()]).

It is clear that, the points{—5;},_ are also jump points for the function (¢) and the jump
at the point (—3§;) is equal to the jump of (—Ah(S;)) at the point §;. Denote the union of the
sets {—5;};cn and {S;};c v by {5;} and the corresponding jumps by {%;} . The point s = 0
is also a jump point of v(#) and the jump at this point is

o = B(0) — a(0) — (a(0) — B(0)) = 2(8(0) — a(0)).

Add the point s = 0 to the set {5;} and hq to the set {BZ} We construct the jump function
~1(+) of the function ~(-):
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(=) = 0m(s) = (= +0) —A(-m] + 3.

—m<5 <S8
+[y(s) —v(s=0)],—7m < s <m, (3.6)
where (5 ) denotes the left limit of the function ~(s) at the point 5y,

B(r) = B(r = 0), a(m) = am — 0), B(0) = 5(+0), (0) = a(+0).

In [18] it was proved the following

Lemma 3.1 [f iii) holds, then vy(-) € C[—m, 7|, where vo(s) = ~(s) — 1(s), Vs €
[—, 7).

This lemma allows us to apply the method from [16] for solving the problem (3.5) in Hardy
classes H +. X mH . First, we assume that
p() p()
27 2
—— < h(5) < —=,Vie N 3.7)
FERIANTEY

holds. By the scheme of [16], compute the quantities hél) and h(()o). We have

By = 30(m) = 0(=7) = y( = 0) = 11 (w = 0) = ((~7 +0) = ya(~7 +0)),
By = 1(=7 +0) = 31 (7 —0).

Hence,

ho = h{—h = 3(=7+0)—y(—7—0) = a (1)—B ()= (8 (x) — a (7)) = 2 (o () — B (7))

The jump of the function 1 () at the point § = 0 is

ho = 7(+0) = v(=0) = 27(+0) = 2(8(0) — a(0)).
First, assume that

~000) < a(0) - B(0) < — (3-8)

holds.
As it was shown in [27] under the conditions i)-iv) and (3.7), (3.8), the problem (3.5) has a
unique solution in H;r(.) X ,1H;(.) and this solution can be represented as

Zo(z) [T (o) do

2 J_x ZF (eio) 1 — ze~io’

F(z)= (3.9

where

_[ X)), [# <1,
ZO(Z)—{_X;(Z)Y;l(z), |z| > 1,

is a canonical solution of the problem (3.5) belonging to H;r(‘) X ,1Hp*(.). Here the functions
Xk (+) and Y% (+), k = 1,2 are defined as
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Xi(2) = exp { & [T n|G(s)| SE2ds ) |2] < 1,
Xp(2) = exp { & [ n|G(s)] St2ds},[2] > 1,
Vi(2) = exp { i [T ()52 ds | 2] < 1,
Yy(2) = exp { — i [T, () Stzds ) 2] > 1.

Divide the set { —h(S)} into two subsets: the first consists all positives of { —h(5x)}, we
denote it by {h,‘: }; the second consists all negatives of {—h(5x)}, we denote it by {—h,; }
To such a separation of {hy, }, associates a separation of the set {3y }: the first subset of {5}
contains all {s; } of 5, for which ( — h(3x) ) > 0; second subset contains all {s; } for

which ( — h(5)

Uo(o) = {sin %}_7 exp

) < 0. Set

+
i}%’“
U_Sk

1 [™ o—
/ Yo(s)ctg
—T

Ui (o)

sin

{

Il

0
WO

4r

Sds}.

Using it, for the boundary values of the analytic function Zy(z) the following is true:

|2y

(7)) = |G(e)[*2 Up(o) [U ()] ™" x U} (o) {sin

_k
O'} o

2

The Cauchy-Plemelj formula implies that

. 1 Z+(eis) T w(a) do
F+ 18\ _ 0 / ' : ‘ 1
() = 59(s) + =5 T (@) T e (3.10)
We have
In Z§ (e") = InG(e) + In X5 () + InY; (") = InG(e7) — § In |G (™)
xS Zp In |G| 17(0) = & [T, ) — lnG(e)
i [T InGls)etgZ3Eds . G (s) =G (") .
Since
c—s . 2
Ctgi =1 + Z%,
2 elo — ets
then
In Z§ (¢9) = L G(ei”) + & [T InG(s)ctg%5®
— 1 IG(o) — £ [T InG(s)ds + o [T RGEDL g,

Further, we have
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1 (™ InG(s) 1 (™ b(0) 1 1
[(o)=— [ 22 4o 2 [ S .
(9) 27 /,r 1 — eilo—s) ds 27 /0 . a(@) [1—eile=0) 1 — eilo+0) a0

Taking into account the identity

1 1 _icos 2 1 n 1
1—eil0—9) 1 —¢il0+te)  2cog g |sin "DT_Q sin Wre
we get
i [Tcost  b(h) 1 1
(o) 7y cons n 2(0) [ =5 sin 6+o‘] (3.11)

2
From here it immediately follows that, the function /(o) is even on (—m, 7) , i.e. I(—0) =
I(0),Yo € (—m,m). Then from (3.11) we get
23 (€7) = G2(0)e! ),
since
/ InG(s)ds = 0.
Suppose that
1 — 1
L _Bm=alm 1 (3.12)
p(m) a q(m)
Using the expression of F'*(e??) and Smirnov’s theorem for the classes H;E(.) we get that

under the conditions (3.7),(3.8) and (3.12) the function F'(-) belongs to H:('). Furthermore,
from

T (o) do — ™ a Y o)(o) do Y(—0o) do
—x Z3 (€') \/7—1(04(0) \/—_ o1()

do

=, e ), o =

it follows that, F'(-) has

o
T(2) = ana", (3.13)
n=1

as its Taylor expansion on |z| < 1, where

n
Ap = Z Ckbn—k,
k=1
00
= Z b 2",
k=0
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i [T sinko zp (a)

Ck %
U
Hence,
0= [ v o)do
where
hy (o) = n—J Sin ko. (3.14)

S e b

Now, consider the following integral:

zov 1 T (o) do

I — ; - .
((P) o Zél— (ezo) 1 — etlp—0o)
We have
~ ™ a o)y (o) do
2wl = 4
™ (90) b O') a‘l 0_ 61(0) 1 — eilp—0a)
‘ ' (=o) ¢ (o) do
_W\/a o')bl( o') I(0) 1 — etlp—o)

1

(o) 1
/0 a (a) b (0)el @ [1 i) 12 ez<<p+a)] o

. eT a 1 1
YA SRR IS
2Jo cosg \Ja(o)b(o)el@ |sinT52  sin £

From here, it immediately follows that, I(-) is an even function on (—m, 7) : I(—¢) = I(¢p),
¢ € (—m,m).Lets € (0,7). From (3.10) we get that

FHE) = 26(s) + 25 () E(5) = 5a ™ (5)(s) + Va1 (5)e/ O (s),

FHE ) =~ (5)0(s) + Va7

Hence

a(s)FT(e") — b(s)Ft(e™™) =(s),s € (0,7). (3.15)
Since, F'(-) € H;('),p_ > 1, then from the Theorem 2.2 we have
rEIlno ‘FJF re') — F+(ei3)’p(s) ds =0
and from
1 ™

=5 Ft(re®)e”™dp,0 <r <1,n€ N,
r

—T
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we have

I o —i an,mn>1

s + (1P iney _ )y — 4

or | e ds”‘{ 0, n< 1.

It is clear that p(—m) = p(r) and p~ > 1, then, p € W L. Then by the results of the
works [11-14,31], the system {e"¢ }nez forms a basis in L.y (—m, 7). Taking into account
the above equalities we get that, the series

o0
g ane'™?
n=1

converges to the function F'* (¢’?) in L, (==, 7). Then, by (3.15) we get that, the series
Y me1 anUn (s) converges to the function ¢ (s) in the space Ly, (0, 7).
Now, as the function ¢ () we take ¥, (0), here n € N is arbitrary, but fixed. The

(unique) solution is given by (3.9), where ¢ (#) = ¥, (). Furthermore, in that case, the
solution of the problem (3.5) is the function

2 e < T,
F(2) = {zn 2> 1. (3.16)

Comparing (3.13) with (3.16) gives us

(M, D) :/ B (0) D (0) dO = Sy, m,m = T, 00.
0

It is clear that

h (s, 1
(s1) —, Vr.
2m q (sr )
Hence, from the expression for h,, (#), n = 1,00, and from the Lemma 2.1 we get that,
hn (0) € Ly, Vn =1, 00.

Therefore, we get that the pair of systems {,, (#)} and {h,, (0)} is biorthogonal and
hence, {Un},,c y forms a basis in L, | (0, ).
If at least one of the conditions holds

1 BO)—a(0) 1
0 S+ Spo b
1 B(m)—a(r) 1

e ST 7 “Tem P

then, rewriting I (¢) in the form
. . 0
I(to) = Z/ f/’(a—rgt)dt _ 2/7r C0536—1(6)
21 Jj=1 Zg (t) (t —to) 47 Jy cos§

b (0) 1 1
O ] )

S 5 Sin 5

_ i [Tsing ¥ (o) 1 1
I(p)=—— 2 - do,
() Am /0 sin$ /A (o) B (0)el(0) [Sin 52 sin U;‘p] 7
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and using the Theorem 2.1 we get that, in these cases I (2) € H,, . The inclusion F' (2) €
H POy under the conditions (3.1)-(3.4), follows from the Riesz-Thorin interpolation theorem

in generalized Lebesgue spaces.
Set

1

BW=BW-p@-m), aO)+p@-7), S<u

The functions 3 (-) and & (-) obey all conditions of above considered case. Therefore, ac-
cording to above we have

IN

1.

/0 B (081).6(0) b (130 60) dh = 0s mom =T, @17)

As the left-hand side of the last equality analytically depends on p, if —e < p < 1 (¢ is
sufficiently small positive number), this holds true for i = 0, as well. Hence, it was proved
that, under the conditions (3.1), (3.7) and (3.2), where ng = n, = 0, the system {0, },,c v
forms a basis in the space Ly, (0, ).

Now, consider the general case. Define g (6) to be

el )<< s,
g(0) = e‘mle, $1 < 0 < s9,

It is easy to check that, the functions

a(0)=g"'(0)a(0), b(0)=g(0)b(0).
obey all conditions of the theorem for no = n; = 0, i = 1,00. Then, the system
{om (0)}, m = 1,00, forms a basis in L, (0, 7). Since |g (#)| = 1, we get that, the
system {1, (0)}, n = 1,00, also forms a basis in L.y (0, 7) in the general case.
Now, consider the case when 3 (7) — a (7) < —ﬁ. By substituting the index of the
system {Un,},,c by

and setting
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o =po- |20 ]

(here, square brackets indicate the greatest integer function), we get a new system, so that
m > 2, B(m) —a(r) c < 1 9 _ 1> _
™ p(m)’" p(r)

Therefore, this system is not complete in L, (0, 7), since, ¥, (¢), m = 1,00, forms a
basis in Ly,.y. Now, let

,8(7[‘)—0[(71‘)>27T—L.

» (@)
If B (v) — a () > 27 — %, then subsitute
po=so - (|FRt R -1 ] 1) o

As aresult we get a new system {5‘ } , so that
m>0"

—W<ﬂ(7r)—d(7r)<27r—m.

Then by the fact, already proved it follows that the system {15m} N forms a basis in
me

Ly (0,7), hence, {@m} = {Un},cn is complete but not minimal in L.y (0, 7).

m>0

Corollary 3.1 Let 7y (t) be a continuous function on [0, 7]. Suppose

7r T
— —1 0) < ———=
2p(0)+(n0 ) < v(0) 2p(0)+n07r

for some integer ng and'y(ﬂ);&—#(ﬂ)+mr, Vn € Z. If

T T
———tnr<y(m) < —z—=+n+1)7
2 () W< gy H Y

then the system of sines sin (nt — (1)), n = 1,00, forms a basis in L (0,7); if

7(m < ~2p(m)

then the system of sines sin (nt — v (t)), n = 1,00 is not complete in L,y (0,7), but is
minimal in Ly (0,7); if

v (m) > — +(n+1)7

2p ()
then the system of sines sin (nt —~y (t)), n = 1,00, is complete, but not minimal in
Lp() (0, 7T).
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The corollary easily follows from Theorem 3.1 if we set

a(t)=e 0 b(t) =D,

Note that, the Corollary 3.1 has been proved in [29] in the case when 7y (¢) is of Holder
class and p (-) = const.

Corollary 3.2 Let the conditions of Theorem 3.1 fulfil, and besides it
27 ~ 27

————<hi<———, =10
p(5) q(Si)
and for some integer ng (3.1) holds, with 3 (7)) — a (7) # —ﬁr) + 2nom. If
1 — 1
——+2n0<5(ﬂ-) a(w)<_ +2(no+1);
p(m) m p(m)

then the system {0}, c n forms a basis in L.y (0,7); if

B(m)—a(r) < o + 2nom,

then it is not complete, but minimal in Lp(.) (0,7); if

B(W)*Q(W)Z*m+2(no+1)m

then it is complete, but not minimal in L,y (0, 7).

Remark 3.1 Theorem 3.1 can also be proved in case that, set {3;} has a finite number of
limits points.
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