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Abstract. The classical square functions play important role in Harmonic analysis and have a very direct
connections Lo—estimates and Littlewood-Paley theory. In this paper we consider the generalized shift
operator associated with the Laplace-Bessel differential operator
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and the relevant square functions. We introduce B— square functions and then prove boundedness of
newly defined B— square functions from Ly, (R" , H1) to Ly, (R), for all 1 < p < oo and Hy separa-
ble Hilbert space.
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1 Introduction

The classical square functions are defined as follows. Let S = S (R") be the Schwartzian
test function space, @ € S and [, (x)dz = 0. Denote

B,(z) = t P (%) . t>0.

The ( non- linear) operator
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is called a square function generated by ¢. Here * denotes the usual convolution. Together
with the maximal functions and singular integrals, the square function plays important role
in Harmonic Analysis and have a very direct connection with Lo estimates and Littlewood-
Paley theory ( see [26]; p. 26-27, [27]). There are a lot of diverse variants of square functions
and their various applications; see [4],[11],[17],[23],[1] and references therein.

Note that the Laplace- Bessel differential operator Ap is known as an important oper-
ator in analysis and its applications. The relevant harmonic analysis has been the research
area for many mathematicicians as B. M. Levitan, B. Muckenhoupt, E. M. Stein, 1. A.
Kipriyanov, M. 1. Klyunchantsev, J. Lofstrom, J. Peetre, A. D. Gadjiev, I. A. Aliev, V. S.
Guliyev, B. Rubin, S. Uyhan, 1. Ekincioglu, J. J. Hasanov, S. Keles, S. Bayrakci, M. N.
Omarova and others. ( see, [6], [7], [18], [19], [20], [22], [24], [2], [8], [21], [12], [3], [5],
[91, [10], [13], [14], [15], [16]).

The structure of the paper is as follows. In section 2, we present some definitions and
auxiliary results. In section 3, we give square function associated with Laplace- Bessel
differential operator and prove its boundedness on L, ,, (Rfﬁ) .

2 Some Definitions and Auxiliary

Let R is n- dimensional Euclidean space, R} = {z = (z1,...,z,) € R" : 2, > 0} and
1

n 2
|x| = (Z x?) and define

=1

3=

Lyu®Y) = LR} a2d) = {1+ 1,0 = ([ 17@Patde)” < oo},
+

where v > ( is a fixed parameter, 1 < p < oo and dz = dx1dxs...dz,.
For z € R’ and r > 0, we denote by E(x,r) = {y € R} : |z —y| < r} the open

ball centered at x of radius r, by ‘p (z,7) = R% \ E(x,r) denote its complement. For any
A CRY,|A]y = [, 22 dz and |E(0,7)], = Cr™™”. Denote by TV the generalized shift
operator ( B- shift operator) acting according to the law

I'v+ %)

rw)r(s)

™
TYf(x) = / f (x’ — o/, /12 — 22y, cos ay, + y%) (sina)® ™ da
0
where x = (2, 2,),y = (v, yn) and 2’, 3/ € R"71,
We remark that T is closely connected with the Bessel differential operator

? v i

By, = o + 2
" 0x2 oz, O0xy’

Ty >0

(see [21] for details).
For p € Ly, ,(R")
HTySOHpr,J(Rg_) <C H(‘DHLp,u(Ri) .

The T shift operator generates the corresponding ” B — convolution”

(¢ o) @) = [ el vy

n

for which the Young inequality holds:

1 1 1

I ®1’[)”LW(R1) < ||‘PHLP’V<]R7+1) HQZ’HLQW(RQL) ;o 1<pgr<oo, ]; + 6 = - + 1.
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We note the following property (needed below) of the ” B — convolution” :

PRY=9®¢
is valid. The Fourier-Bessel transform is defined as follows [12]
Fope) = [ olae ™,y (nz)ado
R}

where j,,_1 is the normalized Bessel function that is defined as for¢ > 0, v > _71;
2

gy () =2"T' (v +1) Jl’ty(w = \/;EV(:__:)l)/l (1- UQ)V_é cos (tu) du.
5)J-

Here J, () is the first kind of Bessel function. The normalized Bessel function j, is the
eigenfunction of the Bessel differential operator satisfying the conditions for all ¢ € R,
l7, ()] <1,4,(0) =1, 4/, (0) =0and for A € C

v (Az) gy (Ny) =T (G (X)) () -

The influence of the Fourier- Bessel transform to B- convolution is as follows

Fp@9)(2) = (Fup) (2) (FL)(2).

3 Vector-valued function and its some properties

Let H be a separable Hilbert space. Then a function f (z), from R’} to H is measurable if
the scalar valued functions (f (), ¢) are measurable, where (-, -) denotes the inner product
of H, and ¢ denotes an arbitrary vector of H. If f (x) is such a measurable function, then
|| f ()|l 5 is also measurable ( as a function with non-negative values), where ||-|| ;; denotes
the norm of H. Thus L, (R",H) is defined as the equivalence classes of measurable
functions f (x) from R} to H ,with the property that the norm

p
HfHLp,u(Ri,H) = </R" ||f($)||];{ xi”da:) , 1<p<x
+

is finite. When p = oo there is a similiar definition, except

1N oo e iy = €sssup || f (@)l 7 -
* $ER1

Now, let H; and H; be two separable Hilbert spaces, and let B(H;, Hs) be the Banach
space of bounded linear operators from H; to Hs, with the usual oeprator norm. We say
that a function f (), from R’} to B(H,, Hy) is measurable if f (z)¢ is an Hy—valued
measurable function for every ¢ € Hj.In this case || f(2)| g, p,) is also measurable and

we can define the space Ly, (R", B(Hi, H>)), as before; ( here again 1| 5(#r,, 11y denotes

the norm, this time in B(H1, Hz)). The usual facts about B-convolution hold in this setting.
For example, suppose g € Ly, (R, B(Hy, Hs)) and f € L, (R, B(Hy, H3)), 1 < p,
q < oo. Then

n

+

<f®wu»:/‘awTwww%@
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converges in the norm of Hy almost every x, and

I(f @ 9) (@), < /Rn+ 9@ 5, 110 177 @) gy, -

+

Also,when%:%—i—%—lwithlSrgoo,

1f @ gllr,., @ m) < N9llL,, @y, e, mllf L, @2 m0)-

Now, we suppose that f € Ll,y(Rﬁ, H). Then we can define its H-valued Fourier-Bessel
transform
(Fuf)(z) = - F@)e ™Y g, 1 (@nyn)yp’ dy,
+
which is an element of Lo(R"}, H). If f € Ly, (R}, H) N Ly, (R}, H), then F, f €
Ly, (R’ , H). The Fourier- Bessel transform can then be extended by continuity to a unitary
mapping of the Hilbert space L, (R, H) to itself (see for details [25]; p. 45-46, [28]; p.
307-309).

Definition 3.1 [16] We say that a function K on R'} whose values are bounded operators
from Hy to Hs is vector valued B— singular integral kernel provided that
1) K is measurable and integrable on compacts sets not containing the origin,

2) There exists M > O foralle : 0 < e <, fE(O NEO.) K (x) x%"d:c’ <M

B(Hy,H2) —

and for each h in Hy, [fE(o NE©,) K (x) a:%”daz] h converges ase — 0,
3) For each hin Hy with [|h|| g, <1
/ el 1K () Bl g, 22 < M,
E(0,4r)\E(0,r)

4)
» 1
[ MK @) - K @)y a2 <Ml <

<E(0,4]yl)

Theorem 3.1 [16] Let K € Lllog (R%, B(Hy, Hy)) be a vector valued B— singular integral
kernel. For f € Ly, (Rﬁ, Hl) , 1 < p < oo suppose

(Tof) () = / o KO @y >0

Then there exists a constant Cp,,, > 0 such that for all f € L, , (Rﬁ_, H 1) the inequality

HTEfHLp}U(Ri,HQ < Cpu HfHLp#l,(Ri,Hl)
is valid and

Tf(x)= lim (Tof) (x)

e—0t

exists in Ly, , (Riv H 2) and also the following inequality is valid

HTfHLp,V(]Ri,Hg) < Cp,l’ Hf”Lp,u(Ri,Hl)

where the constant C,,, > 0 is independent of f.
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4 Boundedness of Square Functions

We let H; = C, the complex numbers, and Hy = Ly (R, %)the Hilbert space of square

integrable functions on the positive half-line with respect to the measure % and norm

Il = ([~ 100 ”f)%.

Definition 4.1 We say that a scalar valued function p on R} is a Littlewood- Paley function
provided it satisfies

1)
i
2)
o)) <CA+z)" 9T Ja>0,Q=mn+2y;
3)

T (2) - ¢ (2)| a2 dw < C |5 3y > 0.

J

Proposition 4.1 Suppose @ is a Littlewood- paley function. Then there exists a C' constant
forall z € R} such that

n
+

1Eve (-2, < C.

Proof. We begin by showing that
(Fy) (2)] < Cmin {|21@571 |27},

where C'is independent of z. Now, we investigate |(F,¢) (2)] .

(Fap) ()= | o@)e"

+

/

jv_% (Tnzn) xi”dm

= /n<p () (e_mlzljv_l (Tnzn) — 1) ¥ dx.

2

+
We get
(E) @ < [ e @I]e™ G,y n) 1] 2o
+
<2 / o ()| min {|a] 2] , 1} 22" dx
R}
<2 / o (0)) o] 2] a2 dr +2 / o (2)) a2 dx
n ¢E(0,n)
— T+
where

1=2 / o (@) 2] 2] a2 de < 22| 7O
E(0,n)
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and
J = 2/ lo (z)| 22 dx < 20/ || =@ 22y < 20n7.
¢E(0.m) ¢E(0,m)

Using I and J, we write
(Fop) (2)] < 2¢ (|20 +079).
Now, we take minimizing with respect to 7 > 0. Let
g(n) =zl + 07 n>0.
We have
g (n)=1z1(Q+1)n% —ant
=" (J[(@Q+ 1) n?T T —a).

1

For ¢’ (n)=0,n= (W) GE Let

[ o N\aem
%‘Q4@+n> '

For 0 < 1 < co, g (1) < 0andforn >0, g () > 0. Then m>iglg (n) = g (co) . We obtain
"

that
% -«
(co) = |2] (a )Q+a+1 + <a> e
Lo Z[(Q+1) 2[(Q+1)
ﬂ -«
= MPQEZL (a )Q+a+1 + |z|@FaTT < @ )QMH
Q+1) Q+1)
= |2|@FF1 C (0, Q) .
min g (1) = |2|@%F1 C (a, Q) .
n>0
We get
[(Fyp) (2)] < |22 C (0, Q). .1

F, (Thgz)) (2) = (Thgo) () e_ixlzlj,u_l (Tnzn) T2 da

2

+3

v (x) Th (e_im/z/jvfl (xnzn)) xi”dm
n 2
+

)

J

/.
—i(z'=h")2 b [ 2v

/ (x)e T <]v_% (a:nzn)> x dx

n

+

= [ @) (G (o)) 2o

+

= - / 2 (JI) eiim/Z/jv_% (xnzn) mgzydx

+

= —F,p(2)
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for h = (W', hy,), where i’ = =2, and h,, = 0.

12|

We can write
2(559) () = [ [o(e) = Tho@)] €7,y (mnza) aldo
+
and

1
T (2) — ¢ (a)| o2 dw < 5[]

1
(EREI<; [

R

n
+

Here h = (h/, hy), h' = 72 and h,, = 0, we have

2]
((Fvp) ()| < C 2|77 (4.2)

From 4.1 and 4.2, we obtain that.
(Fu) (2)] < Cmin { 2|71, |21}

To complete the proof we estimate

2 o o0 2 dt o0 . PR © S — 2 dt
1 (o)l = | 1Fvp(t2)]” - < C | mingftz]@Fst, Jtz] 7 — < C.
0 0

The proof is completed.
Letnow K (z) € L (C, Ly (R*, %)) be given by

K(z)a=t % (%) a=pi(x)a

where z € R}, a is a complex scalar and ¢ is a Littlewood- Paley function. Corresponding
to K we consider the singular integral operator

Tf(z)=lim K (y) TV f (z) y2' dy = lim ot (y) TYf () y2dy.
€20 Jep(0,e) =0 JeE(0,6)

We want to show that 7" falls with Theorem 2.3. and thus obtain its L, ,, continuity, 1 <
p < oo. To get a feeling for the situation we do the Lo ,, case first.

Proposition 4.2 Defined by

Tf(z)=lim K (y)TVf (z) y2r dy
=0 Jep(0,e)

T operator is bounded from Lo , (Rﬁ, H 1) into La , (RS‘F, Hg) .
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Proof. Observe that for f in Lo, (R’jr, H 1) and account of the Fubuni Theorem, Plancherel’s
identity and Proposition 3.2. we have

| 1K f @l o

+

:/ ([Terer@p ) e
// (0 ) (@) a2da’y

2 2 2 dt
_c/o (/Ri‘FuSOt( W2 |Fy f (@) 22 dx) 2

<C (sup/ |Fup (ta)? > |Fof (@) a7 da
R? 0

zERTY

<C F, . 2 F, 2 n <C . n :
>~ xseuR%r || Z/SO( Z)HHZ || VfHL27V<R+7H1) - ||f||L2,V(R+7H1)
‘We obtain
||Tf||L2,V(R1,H2) <C ||f||L27,,(]R:ﬁ,H1) :

Theorem 4.1 Suppose T is given by

Tf (z) = lim o (y) TV f () ya' dy.
e—0 cE(0,€)

Then there exists a constant C' = Cy, > 0 such that forall f € L, , (Rﬁ, H 1) the inequality
HTfHpr,,(Ri,HQ) <C HfHLp,u(Ri,H1) 5 I<p<oo

is valid.

Proof. We verify that (1) — (4) in Definition 3.1. are satisfied. (1) is immediate. As for (2),
observe that since

[ e@atin== [ o)
E(0,R) cE(0,R)

by property (2) of Definition 3.1
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Now, we must show that HfE’(O,R) o1 (z) 22V

[e'e] 2 dt 1
/ / got(:v)xi”dx —) 2
0 E(0,R) t

drpg, < C.

/ got(x)x%”da:
E(0,R) Hy

o0

J
o0 2 dt 1
2v 2
plu)u, du| —
/0 /E(O & () t)
[ )
o M1+ %)Qﬂy ¢
o RIAQT) gty g
( /0 2Q(t + R)2(Q+e) 7)

0 00 7520171 %
<CR (/O (t + R)2(Q+a) dt) =

|
Q ~ e N

‘We can write

® (:U)a:%”dx‘
H/E(O,R) t H

2
¢ (Ji (8)2n) r <

< 1
C( 5 (ﬁj)QtQa*ldt) “R>t
< C.
We obtain
‘ / oi (z) x2dx <C
E(0,R) Hy

which gives (2) . For (3), since
o (@) < CA+1[a)) @ Ja>0,Q=n+2v

cte

()| £ ———Fmrv—
‘ t( )’ — (t ‘$|)Q+a
we have

/ |z ot ()] g, 227 da < Cr.
E(0,4r)\E(0,r)

Finally to show that

1
[ @) - o @y, e < M5yl < 1
cE(0,4lyl)

C.
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Let 0 < ¢ < min {«,~,Q} and observe that
[ e @) - o @y, 2o
cE(0,4lyl)
(@ Qte)\ o,
= [l ) (1770 @) - 1 @) o] ) 2
cE(0,4lyl)
- : 2 | Q+e) 2y )2
<([ @) ([ 1) - @), 6] @ )
cE(0,4]y[) cE(0,4]y[)
—e > dt 3
<cll® ([ el ([T @) - o) e
°E(0Alyl) 0 t
—e Ny s T\|2 dt 3
<cll® ([ el ([T rte () e (f 22 do
( ¢ E(0,4]y) ( 0 ‘ (t) (t) t2Q+1) )
<cll ¥ ([ ([
0 cE(0,4lyl)

We use the following inequality
x T y [T x
1t (3) e (3 =t ()] + [ ()]
‘ ) e =)t PG
9 ro 2 2 _
SCV/ o ("E Yy \/xn—i_yn 21‘nyn> (SinOx)QV?ldOé-i- ’90 (%)’
0

t t
t\9re
S K <> 9
||

we obtain
XE(OAM [ACEIAC] e
<ol (e [ e
<Clyl# (/O”tms([ﬂmw) \T%w(f) oy (f)\xidx)‘ff)
<Cll* </000t_Q+5</R¢ Pho(®) - o (7)) it)é
<Clyl* (/0‘” t—Q+emm{th e <|§|>v} Cf)

e ly| dt 00 ly\ " dt\ 3
<Clyl? ( = @Fer@ ny — / t=@teRe, (= —) ’
< Cly| /O lellz,, ey + + y (7 ) 5

rio (7)o ()] ) 7).

rio (7)o ()] ) §)’

<Cly> ly>=C

and (4) also holds. From Theorem 2.3. in section 2, we have

HTfHLpYV(Ri,HQ) <C “f‘|LP,V(R1,H1) :
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Definition 4.2 For p— Littlewood- Paley function and 1 < p < oo, f € Ly, ,(R"}, Hy) put
F(z,t) = (f @ @) (z)

o(F) () = (/[0 )\F(x,tﬂit)

denote the square function generated by Littlewood- Paley  functions.

and let

Corollary 4.1 Let ¢— Littlewood- Paley function, f € L, , (Ri, H 1) (1<p<o0)and

1

o(F) () = (/[0 NI Cf)

where F (z,t) = (f ® @) (x) . Then g(F) is bounded from Ly, (R't) into Ly, (R}, Hy) .

Proof. The proof of corollary is obviously from Theorem 3.4. Since F' (z,t) = (f ® o) (2)
and F (-,-) € Ly, (R, Ha) , | F (z,-)|| g, = 9(F) () . So we have

lg(E 1, , (&) = (/n 1g(F) (z)[? x%Vd:v) v

+
1
< [ I @l e
R}

= ||F (., ')”LPYV(Ri,HQ) <c|fl Ly (R? Hy) *
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