Transactions of NAS of Azerbaijan, Issue Mathematics, 37 (4), 156-167 (2017).
Series of Physical-Technical and Mathematical Sciences

On inverse boundary value problem for a second order hyperbolic
equation with nonclassical boundary conditions

Aynur N. Safarova

Received: 10.05.2017 / Revised: 12.07.2017 / Accepted: 26.09.2017

Abstract. In the paper an inverse value problem for the parabolic equations of the second order with
non-classic boundary conditions is investigated. For this reason, first of all the initial problem is reduced
to the equivalent problem, for which the theorem of existence and uniqueness is proved. Then using these
facts the existence and uniqueness of the classical solution of initial problem is proved.
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1 Introduction

It is accepted to call the problem of definition of coefficients or the right hand side of
differential equation simultaneously with its solution, the inverse problems of mathematical
physics.

Inverse problems arise in different areas of human activity such as seismology, prospect-
ing of mineral resources,biology, medical visualization, computer tomography, remote sound-
ing of the Earth, spectral analysis, nondestructive control and so on. Solvability of various
inverse problems for parabolic equations was studied in many papers (see e.i.[1]-[4])

In the paper the existence and uniqueness of the solution of a inverse boundary value
problem is studied for second order parabolic equation with nonclassical boundary condi-
tions.

2 Problem statement and reducing it to equivalent problem
Let us consider for the equation
ar (t)ug(x,t) + ap(t)u(x,t) = uge(z,t) + f(2,t) (2.1)

in the domain Dy = {(z,t) : 0 <2 <1, 0 <t < T} an inverse boundary value problem
with the nonlocal condition

u(z,0) 4+ du(z,T) = p(z) (0<z<1), (2.2)
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the boundary condition

u(0,t) =0 (0<t<T), (2.3)
nonlocal boundary condition
Uz (1, t) + duga(1, t) =0 (0<t<T), 24
and extra condition
u(zo,t) = h(t)  (0<t<T), 2.5)

where g € (0,1) ,d > 0, ¢ > 0 are the given numbers, a;(t) > 0, f(x,t), p(z), h(t)
are the given functions, u(z,t) and ao(t) are the sought for functions.

Definition 2.1 Under the solution of inverse boundary value problem (2.1)-(2.5) we will
understand the pair of functions {u(z,t), ag(t)}, if u(z,t) € C>Y (D7), ap(t) € C[0,T]
and relations (2.1)- (2.5) are fulfilled.

At first problem (2.1)-(2.5) will be reduced to the equivalent problem. To this end, we
consider the following spectral problem

y'(@) + Ay(z) =0(0 <z <1),y(0) =0, /(1) = dry(1), d> 0.  (26)

This problem has only eigen functions yy(z) = v/2sin(v/Azz), k = 0, 1,2, ..., with posi-
tive eigen values \;, from the equation ctgv/A = dv/X. We assign a zero index to any eigen
function, and enumerate the remaining ones in the order of increase of eigen numbers.

The following lemma is valid.

Lemma 2.1 Let f(x,t) € C(Dr), p(z) € C[0, 1], h(t) € CL[0,T), h(t) # 0fort €

[0, T,
1 ! : B
o(1) + m /0 o(z) sin(y/ Aoz)dxr = 0, 2.7)
1 ! : B

and agreement conditions
¢ (x0) = h(0) 4+ 6h (T). 2.9

be fulfilled. Then the problem of finding of classic solution of problem (2.1)-(2.5) is equiv-
alent to the problem of definition of functions u(x,t) € C*Y(Dr) and ao(t) € C[0,T),
satisfying equation (2.1), condition (2.2), (2.3) and the conditions

1
u(l, t) + M/O w(x, t)sin(y/Aoz)de = 0,0 <t < T, (2.10)
ar(t) W (t) + ao(t)h(t) = uge(xo,t) + f(z0,t) (0<t<T) (2.11)

Proof. Let {u(z,t),ao(t)} be any solution of problem (2.1)-(2.5). Then allowing for (2.8),
from equation (2.1), we have:

ug(x,t) sin(\/rgm)dx]

a1 (t) [ut(l,t) + M/;

ao(t) [u(l,t) + dSlnl\% /0 L) sin(\/Tox)dx]
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= [um(l,t) dsm\/i/ Ugg (2, 1) sin(/ Noz)dx| (0 <t <T). (2.12)
Integrating twice by parts, allowing for (2.3), by simple transformations we find:
1
/ Ugg (2, t) sin(y/ Aoz)dz = —uy (1, ) sin /Ao — vV Aou(l,t) cos v/ Ag
0
1
—)\0/ u(z,t)sin(y/ Aoz)dz (0<t<T).
0
Hence we have:
Uze (1,8) + dsm\ﬁ/ Uge (2, 1) sin(y/ Aox)d ux(l t) + dug, (1,1))
-0 u(l t) + dsmxﬁ/ (z,t) sin(\/)\gm)dzz:] . (2.13)

Substituting (2.13) in (2.12) we get:

ar () [un(1,0) + dsm\ﬁ/

ug(x, t) sin(y/ A acdx]

1
+ap(t) [u(l,t) + M/{) (z,t) sin(y/ Aoz dm} = — (ug (1,t) + dug, (1,1))

—Xo [u(l,t) + M /01 u(z,t) sin(\/)\»g:r)dx] :

From (2.14) by (2.4) we find:

a1(t)w' (t) + (ag (t) + Mo)w () =0 (0<t<T),

where

— 1 ! :
w(t) = [u(l,t)+m/0 u(z, t) sm(\/%x)dx] (0<t<T).

Further, by (2.2) and allowing for (4.8), we finf:

1
0 (0) 80 (T) = 1) + = [ o@)sin/Row) =

Obviously, the general solution of (2.15) has the form:

_ [t aom+Arg g
w(t)=ce 0 @ T (0<t<T).

Hence, allowing for (2.12), we get:

ag(m)+Xg 7o

T
c(1+de o Tam 9y =,

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

By é > 0, from (2.19) we get ¢ = 0. Substituting the last one in (2.18) we deduce that
w(t) = 0 (0 <t < T). Consequently, from (2.16) it is clear that condition (2.10) is also

fulfilled.
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Further, from (2.5) it is
ug(zo,t) = W' (t) (0<t<T). (2.20)
Substituting x = x( in equation (2.1), we have
a1 (t)u(zo, t) + ao(t)u(zo, t) = Uze(zo,t) + f(20,t) (0 <t < T). (2.21)

Hence allowing for (2.5) and (2.20), we arrve at fulfillment of (2.11).

Now, suppose that {u(z,t), ap(t)} is the solution of problem (2.1)-(2.3), (2.10), (2.11),
and the argeement condition (2.9) is fulfilled.

Then , allowing for (2.10), from (2.14) we arrive at fulfilment of (2.4).

Further, from (2.11) and (2.21), we get:

(1) (0, 1) — R(0)) + ao(t) (ulao, ) ~ () =0 O E<T).  @22)

By (2.2) agreement condition (2.9), we have:
u (zg,t) — h(0) + 6(u (0, T) — h(T)) = p(xo) — d (h(0) + 0h(T)) = 0. (2.23)
From (2.22) and (2.23) we deduce that condition (2.5) is fulfilled. The lemma is proved.

3 Information from theory of spectral problems and introduction of some spaces

Solving a homogeneous problem corresponding to problem (2.1)-(2.3), (2.10), (2.11), by
the method of separation of variables we arrive at the spectral problem

y'(x) + Ay(z) =0(0 <z < 1), y(0)

1 ! ‘ _
=0,y(1)+ M/o y(z) Sln(\/rgm)dx = 0. (3.1)

It is known that spectral problem [5] is equivalent to spectral problem (2.6) without an
eigen function corresponding to the eigen value \g. Consequently spectral problem (3.1) has
only eigen functions yy(z) = v2sin (vAzz) k = 1,2, ..., with possitive eigen numbers
Ak, defined from the equation ctgﬁ = dﬁ , ennumerated in increasing order.

The following statements were formulated and justified in the papers [5,6].

Lemma 3.1 Beginning with some number N it holds the estimation
0 < /Ay — 7k < (dek)™t. (3.2)

Corollary 3.1 Let v, (z) = v/2sin(\/fgx), where /jix = 7k, k = 1,2,3, ... . Then the
following inequalities are valid:

lyr(z) — Uk(x)HC[O,l] <V2(drk)~!, k> N,

ZHyk — vr(@)I[}, 01y < 1/(9d°). (3.3)

Lemma 3.2 The system {zp(x)} biorthogonally conjugated to the system {y(z)}, k =
1,2,3, ..., is determined by the formula

zi() = V2(sin(v/Apz) — sin /A (sin v/ Aoz) /(sin /o)) /(1 + dsin? \/Ar).  (3.4)
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Theorem 3.1 The systems {yy(z)} k = 1,2, ..., form the Riesz basis in space L2(0,1).
Now let ni,(x) = V2 cos(vVArz), &k(x) = V2cos(\/mxx), k = 1,2,3, ... then simi-

lar to (3.3), the following inequalities are valid

7 (@) — &k (@)l op0,1) < V2(dmk) ™!, k> N,

[e.9]

> k(@) = &(@)lI3 0.0y < 1/(9d%). (3.5)

k=N

Assume that g(z) € Ly(0, 1). Then allowing for (3.3), we get

S ([ st ) Z/ Do [ i@

k=1
00 1 9 o )
2 2
+2’;V</0 g(x)vk(x)da:) +2};V/0 g*(z)dzx - / (y(x) — vp())2d
" o0 1 2\ 1/2
(; < /0 g(x)yk(x)dx> ) <M [g@) 0 (3.6)
where

1/2
3.7

N 1
— [Z / Yi(x)dz + 2/ (9d%) + 2
k=170

Allowing for (3.6), similar to (3.5), we find:

0 1 2\ 1/2
(Z (/0 g($)77k($)dm> ) <M lg(@)ll £, 0,1 - (3.8)

k=1

As the functions {yi(z)}, k = 1,2, 3, ..., form the Riesz basis in space L2(0, 1), then it
is known [7] that for any function g(z) € L2(0, 1) it is valid

= gk yk(), (3.9
k=1

where
1
G :/0 g(z)zp(x)dx. (K =1,2,....)

Further, it is easy to see that

gk_a—k {/0 g(m)sm(&x)dw—m ; g(a?)sm\/%a:dx ,  (3.10)

where
ak:1+dsin2 A > 1.

Hence, allowing for (3.6) we find:

0 1/2
(Z 91?:) < Mo Hg(x)HLQ(o,n ’ (3.11)
k=1
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where

1/2
My = { dysm\ﬁ\ (Z A}g) ] V2. (3.12)

Assume that g(z) € C[0,1], ¢'(x) € L2(0,1), g(0) = 0 and

) sin(y/Aoz)dz = 0.

1
Ha) =90+ = [ ol

Then from (3.10), we have:

v2 1t
= . .1
gk = o \ﬁ (x) cos (x//\kx> dx (3.13)
Hence, allowing for (3.5) we find:
0o 1/2
(S <a1s 0 ar
k=1
Let g(z) € C1[0,1], ¢"(z) € L2(0,1), g(0) = 0 and J(g) = 0. Then from (3.13) we
have
\/5[ 1 /1 " cos v/ g
=—— | — ) sin(\/ Apx)dx — "(1)]. 3.15
== /\kog() (V) dAk\/Eg() (3.15)
Hence we find
00 1/2
(Zw W) <mlg O+ VM @), GIO
k=1

where

&\s

(5

Now suppose that g(z) € C2[0, 1], ¢”(2) € La(0,1), 9(0) = 0,J(g) = 0.¢"(0) =
0 and dg”’(2.1) + ¢'(2.1) = 0.. then from (3.15) , we have:

\/i 1 ! ///
= - COS \/ x
Ik Ak AV Ak

Hence, allowing for (3.5) we get:

0o 1/2
(Z(Ak@ x| )2) <M |lg" @)l 01, (3.17)
k=1

1 Denote by B, / 1 [8], the totality of all functions u(x,t) of the form

t) = Zuk(t)yk(x)
k=1
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considered in Dr, where each of the functions () is continuous on [0, 7] and

1/2
{ZM\/ k lue@®lleo,r) } < +oo.
k=1

We determine the norm on this set as:
1/2
Hu(af,t)HBg/jg:{Z AV Ak lue ()l o,m) } :

2 Denote by E;/ %a space consisting of topological product
3/2
By? % C[0,T).
The norm of the element z = {u, a} is determined by the formula

lll g2 = Nz, D)l gg/2 + lao®lcgo ry -

It is known Bg’/:,% and E:?}/ % are Banach spaces.

4 Studying the existence and uniqueness of classic solution to inverse boundary value
problem

Taking into account lemma 3 and theorem 1, we will look for the first component u(x, t) of
the solution {u(x,t),a(t)} of problem (2.1)-(2.3), (2.10), (2.11) in the form:

t)=> ur(t)yr(z), (4.1)
k=1
where ,
g (t) = jﬁ (o, )an(@)dz (k=1,2,.).

Apply the method of separation of variables for determining the sought -for functions
ug(t) (k =1,2,...;). Then, from (2.1) and (2.2) we have:

ay(t)ul(t) + Mgug(t) = Fr(t;u,a0) (k=1,2,..;0<t<T), 4.2)
uk(O) + (5uk(T) = (pk(k = 1, 2, ), (4.3)
where
1
Fultsu,a0) = fut) - anltun(t), £ult) = [ F(o0)n(z)da,
0

1
_ /(p(x)zk(x)d:v (k=1,2,..).
0
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Solving problem (4.2), (4.3), we find:

¢ tonpds
ore Fi(t5u,00) ~J 3w
t) = T d
i (1) T s +/ a1 (7) ¢ g
1 +5€ 0 aq(s) 0
5670}25&3 TR (1351, ap) —ftkkds
- - MO0 7 g (k=1,2,...). (4.4)
.y ks Jo ai(r)
1+de o™
After substituting the expressions uy(t) (k = 1,2,...) from (4.4) in (4.1) we have:
*ft Xk(db) £ apd
o o aj(s t F . *f akss
uey =3 e U [Phmnen) SIE,
1 7‘[ A ds 0 al(T)
1+5€ 0 a(s)
T X ds
e T £ A pds
de 0 Fi(t;a0,u) — ok
- 7} " / () e T dr p yr(x). (4.5)
1+6€ 0 ai(s) 0
Now, allowing for (4.1), from (2.11),we get :
[o.¢]
ag(t) = h™ (1) {h/(t) — flzo,t) = /\kuk(t)yk(xo)} : (4.6)
k=1

In order to obtain an equation for the second component ag(t) of the solution {u(x,t), a(t)}
of problem (2.1)-(2.3), (2.10) , (2.11) we substitute the expression (4.4) in (4.6):

aalt) = 10 as (O — S0, )~ Yo n [ PETTT [T ),

— fAkds 0 al(T)
- 1+5 o aq(s)

T X\, ds

t — [k t
— [ 2kt Se 0 1 T B(r;a0,u) — 255
xe 1 qr_ T)\ds/o k(al(TO) )e R yr(xo) ¢ - “.7
_ k
14 de Ofal(s)

Thus, the solution of problem (2.1)-(2.3), (2.10) , (2.11) is reduced to the solution of
system (4.5), (4.7) with respect to the unknown functions u(z, ) and ag(t).

The following lemma lays an important role for studying the uniqueness of the solution
of problem (2.1)-(2.3), (2.10) , (2.11)

Lemma 4.1 [f {u(x,t),ao(t)} is any solution of problem (2.1)-(2.3), (2.10), (2.11), then
the functions

1
ug(t) = /0 u(z, t)zg(z)de(k = 1,2, ...)

satisfy on [0, T'] the system (4.4).
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1
Obviously, if ux(t) = [u(z,t)zk(z)dz (k = 1,2,...) is the solution of the system
0

o0
(4.4), then the pair {u(z,t),ao(t)} of functions u(x,t) = > up(t)yr(z) and ap(t) is the
k=0
solution to the system (4.5), (4.7).
The folloving corollary follows from lemma 4.1

Corollary 4.1 Let the system (4.5), (4.7) have a unique solution. Then problem (2.1)-(2.3),
(2.10), (2.11) may have at most one solution i.e. if problem (2.1)-(2.3), (2.10), (2.11) has
a solution, then this solution is unique.

Now let us consider in the space EE}/ % the operator
Qp(uﬁ a()) = {@1(’&, (l()), ¢2(u7 aO)}7

where
o0
D1 (u,ap) )= Z
k=1

D2 (u, ap) = ao(t),

while U (t) (k = 1,2,...) and ao(t) are equal to the right hand sides of (4.4) and (4.7),
respectively.

By means of simple transformations, we find that the following inequalities are valid:

Z()\k\/»HUk ||C[0T]) 1/2§\/§ i(Ak\/mcpk)Q
2 ) =G

k=1

1/2

1

(1+6) x (/0 > (v Ikl ) T>2

k=1

+V3

ax(t) clo,7]

2

2
+THQO(75)||0[0,T]< (Ak\ﬁuuk ||COT]> > ; (4.8)

k=1

1
2

a0 ()l co,r) < Hhil(t)HC[o,T] {lax(O)r' () — f(xmt)HC[o,T] +v2 (Z )‘1;1>

k=1

1
ay(t)

co,7]

(,i (v mr)Z) .

T 1/2
x(1+6) ﬁ(/o Z(Ak\/kk]fk(r)\)2d7>
k=1

1
2

eV 2 [k (®)llogo.r7) ) - 4.9)

+ T [lao (D)l 10,79 (
=1
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Suppose that the data of problem (2.1)-(2.3), (2.10) , (2.11) satisfy the following condi-
tions:
1. o(z) € C?[0,1],¢"(x) € La(0,1), p(0) =0, J() =0, ¢"(0) =0,

do" (1) +¢'(1) = 0.

2. flx,t), fu(x,t), fra(x,t) € C(Dr), foze(x,t) € La(Dp), f(0,t) =0,J(f) =0,
fx:}c(oat) =0, >-df:m:(17t) + fx(l't) =0 (0 <t< T)

3. 8>0,0<ay(t) € C[0,T], h(t) € C*0,T], h(t) #0(0 <t < T).

The from (4.8) and (4.9), allowing for (3.17), we get

e Dl a2 < ALT) + BuT)T llao () lpo.zy l1u )| gz (4.10)
la®)llcroz) < A2(T) + Ba(T)T llao ()llego ry . ) 32 @10
where
1
AUT) = V3M " @) o) (1+ 8)V3TM || faaw(@, )|y Dy
’ a1(t) || o1y
1
a1(t) |lcom)

Ao(T) = |17 Ol g 17 { o @ @) = £ 0. D)| oz

VRN M @)y

k=1

+ . (1 + 5)ﬁM Hf:vacac(mvt)”LQ(DT)] } )
a1(t) llcom
1 > :
By(T) = [ ) o o oo (1+4) (Z A;) .
’ k=1

From inequlities (4.10), (4.11) we deduce:

e, )l sz, + 16l oz < AT) + BT lao () cpozry Nl )+ @12)
where
A(T) = Al(T) + Ax(T), B(T) = Bi(T) + Ba(T).
Theorem 4.1 Let conditions 1-3 be fulfilled, and
(A(T) +2)*B(T) < 1. (4.13)

Then problem (2.1)-2.3), (2.10) , (2.1Dhas in the ball K = Kg(||2]| 2 < R =
T

A(T) + 2) of the space E%/ ® & unique solution.
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Proof. In space E;/ ? we consider the equation
z =Pz, (4.14)

where z = {u,a}, the components ®;(u,ag)(i = 1,2) of the operator (u, ag) are deter-
mined by the right hand sides of equations (4.5), (4.7), respectively. Let us consider the
operator (u, ap) in the ball K = KR(||z||E% < R=A(T) + 2) from E?’/2

Similar to (4.12), we get that for any z, z1, 22 € K the following estimations are valid:

1921l s> < A(T) + B(D)T lao(®)lloro,ry lule, D)l g/ (4.15)
@2y = Dol a2 < B(T)TR
T

x (Haol (1) — a0a (Dl iz + s (2, 1) - u2<w,t>133,2) (4.16)
2, T

Then, allowing for (4.13), from the estimations (4.15) and (4.16), it follows that the
operator @ acts in the ball ' = K and is contractive. Therefore, in the ball K = Kp the
operator ¢ has a unique fixed point {u, ag}, that is the unique solution of equation (4.14),
i.e. it is a unique solution in the ball K = K of system (4.5), (4.7).

3/2

The function u(z, t), as an element of the space B, is continuous and has continuous
derivatives uy(x,t), ugy(z,t) in Dp.
From (4.2) ,by (3.14), it is easy to see that

1
2 2

(Z(\/quuz(t)HC[O,T])Z> <
k=1

1
al (t)

(i M I Bl )

clo,T]

2

M ||l Do) )+ 90 Dl (Z O/ m;m)

Hence it follows that u.(z, t) is continuous in Dyp.

It is easy to verify that equation (2.1) conditions (2.2)-(2.3), (2.10) and (2.11) are satis-
fied in the ordinary sense.

Therefore, {u(x,t), ap(t)} is the solution of problem (2.1)-(2.3), (2.10), (2.11).By Corol-
lary 4.1 of lemma 4.1 it is unique in the ball K = K. The theorem is proved

Theorem 4.2 Let all the conditions of theorem 4.1 and agreement conditions

p(x0) = h(0) + 0h(T).

be fulfilled.
Then problem (2.1)-(2.5) has in the ball K = Kg(|[z|| ;32 < R = A(T) + 2) of the
T

3/2 . . .
space ET/ a unique classic solution.
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