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Abstract. In this paper we prove the weak and strong type boundedness of the Bn-maximal operator M-,
in Bp-Orlicz spaces Lg ~(R7).
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1 Introduction

The fractional integral operators play an important role in the theory of harmonic analy-
sis, differentiation theory and PDE’s. The fractional integrals and related topics associated
with the Laplace-Bessel differential operator have been research areas for many mathemati-
cians such as I.A. Kipriyanov [14], L.N. Lyakhov [13], A.D. Gadjiev and L.A. Aliev [1], A.
Serbetci and I. Ekincioglu [11], V.S. Guliyev [6,8] and others.

The first author [8] have introduced the maximal function, generated by the Laplace-
Bessel differential operator (B,-maximal function) and investigated the boundedness of
B,,-maximal operator in L,, -spaces. I. Kipriyanov and M. Klyuchantsev [16], [17] have
introduced the singular integrals, generated by the Laplace-Bessel differential operator (B,,-
singular integrals) and investigated the boundedness of B,,-singular operators in L,  -spaces.
I. Aliev and A. Gadjiev [3], A. Gadjiev and E.V. Guliyev [5] and I. Ekincioglu [2] have
studied the boundedness of B;,-singular integrals in weighted L, ,-spaces.

Let R be the part of the Euclidean space R" of points = (z1, ..., x,) defined by the
inequalities =, > 0, and - is a fixed positive number. Denote by L,, , = L, ,(R’}) the set
of all classes of measurable functions f with finite norm

£, = ( /.

+

P

If(:v)lpx%dw> , 1<p<oo.

If p = oo, we assume

Looy(RY) = Loo(RY) = {f : | fllLe,, = ess sup|f(a)] < oo}
z€RY
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For measurable set E C R'} let |E|, = [ a;dx, then |E(0,7)|, = w(n,~)r"*7, where

w(n,y) = [E(0, 1)l
The operator of generalized shift (B,, shift operator) is defined by the following way
(see [16], [20]):

s
T f(x) =C, /0 f (:L" — ', /22 — 22,1, cOS Oy + y%) sin? ! ada,

where C,, = 773l (v+3) ().
Note that the generalized shift operator 7% is closely related to the Ap, Laplace-Bessel
differential operator ([14])
n—1 82

Ap, =S —
n 8 2

€T~

=1 L

+ Bh,

where B, = 2, + 2,2 4 > 0 (see [16], [20]).

Ty OTp °
Furthermore, 7Y generates the corresponding B,,-convolution

(f@g)(r) = . fy) TYg(x) y,dy.

The fractional integrals and related topics associated with the Laplace-Bessel differential
operator have been research areas for many mathematicians such as I.A. Kipriyanov [14],
L.N. Lyakhov [13], A.D. Gadjiev and L.A. Aliev [1], A.D. Gadjiev and V.S. Guliyev [4], A.
Serbetci and L. Ekincioglu [11], V.S. Guliyev [6]-[10] and others.

Let f € Lllog(Rﬁ) The B,,-maximal function M, f is defined by (see[6])

M, f(a) = sup BO.N [ @) v dy
>0 B(0,r)
The following theorems is valid (see [6]).
Theorem 1.1 1) Let f € Ly (R"). Then for any 7 > 0

Cs

‘{xGR’j_:M,yf(:c)>T}},yg - |f(z)| z)dx,

n
R%

where constant Cs does not depend from f.
2) Letfe L, (R}),1<p< oo Then M, f(x) € Ly~(R"}) and

1M, < Cillflls, e
where constant Cy does not depend from f.

Corollary 1.1 If f € L, (R} ), 1 < p < oo, then
i B0, [ 1) iy = @
e—0 B(O,E)

for almost all x € R’}

Remark 1.1 Let’s note, that Theorem 1.1 in a one-dimensional case, that is at n = 1 is
prove in [25], and in a multivariate case n > 2 in [6] (see [7]).
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It is well known that maximal operator play an important role in harmonic analysis (see
[24]). Harmonic analysis associated to the Fourier-Bessel transform and the Laplace-Bessel
differential operator gives rise to convolutions with a relevant generalized translation. In the
framework of this analysis we study Hardy-Littlewood maximal functions (B,-maximal
functions) in the relevant Orlicz-Bessel space (B,,-Orlicz space). We prove the weak and
strong type boundedness of the 13,,-maximal operator Mp in B,,-Orlicz spaces Lg ~ (R} ).

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 On Young Functions and Orlicz Spaces

Orlicz space was first introduced by Orlicz in [21,22] as a generalizations of Lebesgue
spaces LP. Since then this space has been one of important functional frames in the math-
ematical analysis, and especially in real and harmonic analysis. Orlicz space is also an
appropriate substitute for L' space when L' space does not work.

First, we recall the definition of Young functions.

Definition 2.1 A function @ : [0,00) — [0,00] is called a Young function if ¢ is convex,
left-continuous, hrﬂo &(r) =2(0) =0 and lgn &(r) = oc.
r—r T o

From the convexity and ¢(0) = 0 it follows that any Young function is increasing. If there
exists s € (0,00) such that &(s) = oo, then @(r) = oo for r > s. The set of Young
functions such that

0<P(r)<oo for 0<r<oo
will be denoted by ). If @ € ), then @ is absolutely continuous on every closed interval in
[0, 00) and bijective from [0, c0) to itself.
For a Young function @ and 0 < s < oo, let
& (s) =inf{r>0:&(r) > s}.
If € ), then ¢! is the usual inverse function of &. It is well known that
r<®'(r)®'(r)<2r  forr >0, (2.1)
where ®(r) is defined by

B(r) = {sup{rs — @(i)o: s €1]0,00)} : rf:[O(,)ooo)

A Young function @ is said to satisfy the Ao-condition, denoted also as @ € Ao, if
&(2r) < CP(r), r >0

for some C' > 1. If & € Ay, then & € ). A Young function @ is said to satisfy the
Va-condition, denoted also by @ € Vo, if

1
< — >
P(r) < 20¢(C7‘), r>0

for some C' > 1.
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Lemma 2.1 [19] Let ¢ be a Young function with canonical representation

D(t) = /Ot @(s)ds,t > 0.

(1) Assume that & € Ay. More precisely ®(2t) < AD(t) for some A > 2. Set f =
logy A. If p > B + 1, then the following inequality is valid:

[T 20

sp ™ otp

(2) Assume that & € V. Then the following inequality is valid:

/W(s)<@(t) t>0.
0

s ~ ot
Definition 2.2 (Orlicz Space). For a Young function ®, the set

Lg(RY) = {f € Lllog(]R’i) : /R" D(k|f(x)]) ) doz < oo for some k > 0 }

+

is called Orlicz space. If ®(r) = rP, 1 < p < oo, then Ly ,(R"}) = Ly, ,(R%}). If &(r) =
0, (0 <7 <1)and d(r) = oo, (r > 1), then Ly (R"}) = Loo(R'). The space ng;(Ri)
is defined as the set of all functions f such that fx, € Lg (R"}) for all balls B C R'}.

Lg (R') is a Banach space with respect to the norm

HfuLé,V:mf{»o:/R o(L2) Igdxgl}.

A
For a measurable function f on R” andt > 0,letm(f,t), = [{z € R% : |f(z)| > t}’,y.

n
+

Definition 2.3 The weak Orlicz space

Wley(RY) = {f € LYS(RY) : | flwr,, < oo}
is defined by the norm
| fllwLe, = inf{)\ >0 : sup@(t)m(i, t) < 1}_
’ t>0 ¥

We note that || fllwrs,., < [IfllLs.

sup B(t)m(f, )y = suptm(f, &7 (t)), = suptm(&(| f]), 1),
t>0 >0 >0

and

/R:L_ @( |f(z)] > x) dr <1, Sup@(t)m(#, t)w <1. 2.2)

1 fllzs., >0 IflweLe.,

The following analogue of the Holder’s inequality is well known (see, for example,
[23]).
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Theorem 2.1 Let the functions f and g measurable on R'}. For a Young function ® and its
complementary function @, the following inequality is valid

J

By elementary calculations we have the following property.

N @)g(@)| 2y dz < 2(|fllzo,, 9lz; -
il
Lemma 2.2 Let ¢ be a Young function and B be a balls in R'}. Then

1

HXBHL@,'Y = HXBHWL@;\/ = W

Proof. Note that, by elementary calculus the following equalities are valid

. 1
HXBHqu,y:mf{/\>O:/B¢<)\> y;{dygl}
1
:inf{)\>0:d5 )/ y%dygl}
A B

= inf {)\ >0: % <o ! (|B|;1)}

1
—fdAS0IA> —
{ @—1(|B|71)}

1
oL (IBlY)

and

I lwzy. = inf {A

inf {

>O:sup¢<§> {z e R} : [xy(2)| >t} < 1}
= 0:
:inf{)\>0:
= >0:

>

>0: sup @<§>‘{$€R11{XB($)\>t}’WS1}

0<t<1

o(1)me]

1
inf { A A> —
{ P! (’B‘vl)}
1

o1 (1BJ5")
By Theorem 2.1, Lemma 2.2 and (2.1) we get the following estimate.

Lemma 2.3 For a Young function ® and for the balls B = B(x,r) the following inequality
is valid:

/B F@)| vy dy < 2B~ (1BI7) 11115
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3 Boundedness of the B;,-maximal operator in B,-Orlicz spaces Lg (R"})

In this section the boundedness of the maximal operator M., in B,-Orlicz spaces
La (R’ ) have been obtained.

Theorem 3.1 Let ¢ any Young function. Then the B,-maximal operator M., is bounded
from Lg (R ) to W Lg ,(R"}) and for @ € Vo bounded in Lg (R'}).

Proof. At first proved that the B,-maximal operator M., is bounded from Lg ,(R"}) to
We take f € Lo, (R"} ) satisfying || f| L, ., = 1 so that the modular

poaf) = [ Bf@)D) a7 de <1

n
+

We know that by Jensen inequality

1 1
gzj<|B,7/B|f(y)|y% dy) < |B|7/B<P(|f(y)l)yl dy (3.1)

for all balls B. Using (3.1) and definition of B,,-maximal operator we have

(M f(x)) < My[(@ o f)(x)]. (3.2)

Using (3.2) and weak (1, 1), boundedness of the 5,,-maximal operator we get

[{z e R} : M, f(z) > t}y,y = |{z € R} : (M, f(x)) > qS(t)}\7
< [{z € RY : My(Po f)(z) > D(1)}],

C
< @of)/m (| f(2))) 27 da
C 1

#() (o)

IN

since || f||r, = 1and ;& (t) > & (£),if C > 1.
Since || - ||, ., norm is homogeneous the inequality

1

()

H:L’ €RY : M, f(x) > 75}!7 <
Cliflleg .,

is true for every f € Lg (R").
Now proved that for @ € V5 the B,,-maximal operator M, is bounded in Lg (R’ ).
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Let A>0and f € LQW(RT_:_)\{O}. Then we have

wa(T)

i n d
/n A X{SE[O,OO);LM>S}SO(S)CZS .an dx
+

=/ @(8)/R X{zeR™:M, f(z)>As} Ty, dxds

/1/ ( > {z € R : M, f(x) > A}, dA
/1/ < )\{xER" : My f(x) > A} dA.

From the maximal inequality (see [7, Lemma X])

" 1
[{z e R} : M, f(x) >2/\}\7NA/
{z€RY:|f(2)|>A}

|f ()] 2, dx

and change the order of integration

va(:r)> i) < l = (2)‘> 2 @
/1 ¢ < A = A / 7\ /{$6R1:|f(x)>>\} ()] dr A
1 @1 72X\ dA
5A1M”“”(A ¢<A>A>agm

1 2471 f(=)] d\
<7 uuﬂ(/ oD i dr.
R 0

Now we use Lemma 2.1 which yields

2071 f@) g 2|f(z)|
(A w()><UXH1A¢<A>’

if f(x) # 0. Recall that k@(t) < @(kt) for k > 1 and ¢ > 0, assuming ¢ convex. Therefore,

it follows that
/ o <Mq,f(x)> x) dx < co/ b <2|f($)|> x) dx
" A n A

g/iqs(c‘)“;(z)‘) 2] da.

Here c is a constant we would like to shed light on. Choosing A = co|| f| L, we obtain

/i¢<w> x) dr < 1.

My fllLe, < A= collfllLe,
from the definition of the norm.

Remark 3.1 Note that Theorem 3.1 in the case @(t) = tP, 1 < p < oo were proved in [6,
8].

This means
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