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On the structure of global continua of solutions bifurcating from infinity
of some nonlinear fourth order eigenvalue problems
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Abstract. In this paper we consider bifurcation from infinity in some class of nonlinear eigenvalue prob-
lems for fourth order differential operators. We show the existence of two families of unbounded continua
of nontrivial solutions, corresponding to the nodal properties and bifurcating from the intervals at infinity.
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1 Introduction
We consider the following nonlinear eigenvalue problem

ty=y")" —(q¢) +ry =y + f(z,y.9,y",y", N), 2 € (0,1), (1.1)

y'(0) cosa — (py”)(0) sinaw = 0,
y(0)cos B+ Ty(0)sin 8 = 0,
y'(l )cosy + (py”)(1) siny = 0,

l (1.2)
)cosd — Ty(l)sind = 0,

y(

where A € R is a spectral parameter, Ty = (py”)’—qy/, the function p is twice continuously
differentiable and positive on [0, /], ¢ is continuously differentiable and nonnegative on [0, /],
7 is continuous on [0, ] and 7 is continuous and positive on [0, 1], i, 3,7, 6 € [0, 5]. The
function f is continuous on [0,1] x R satisfying the condition: there exist M > 0 and
co > 1 such that

f(xa u,s,v,w, )\)

” <M, x€[0,1], |u|l+|s|+ |v| + |w] > co, A € R. (1.3)

Since condition (1.3) holds we can consider bifurcation from ”y = oc0”, i.e., the exis-
tence of solutions of (1.1)-(1.2) having arbitrarily large y. If nonlinear term f satisfies a
o(ly| +1¥'| + |y”| + |y"]) condition, then the problem is said to be asymptotically linear
and the existence of solutions (\, y) of (1.1)-(1.2) with large y bifurcating from infinity may
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be discussed as in the papers [11, 13, 14]. The approach used in these papers is to trans-
form the bifurcation from infinity problem to a problem involving bifurcation from zero at
eigenvalues of the linearization of (1.1)-(1.2), and then apply the standard global bifurcation
theory of Rabinowitz [10]. As equation (1.1) contains the nonlinear term f satisfying (1.3)
problem (1.1)-(1.2) need not be asymptotically linear and the transformed problem may not
have a linearization at y = 0. Thus the standard global bifurcation results are not immedi-
ately applicable and the proofs in [11] are not valid in this case. However, by extending the
approximation technique from [5] and combining it with the global results in [1, 2, 3] we
prove the existence, in this case, of global continua of solutions bifurcating from infinity
which are similar to those obtained in [8, 9, 12].

2 Preliminary

Although problem (1.1)-(1.2) is not asymptotically linearizable (when f % 0), it is never-
theless related to a fourth-order linear problem

Ly)(z) = Ar(2)y(x), z € (0,1), y € B.C., (2.1)

where by B.C. we denote the set of boundary conditions (1.2).

To study the bifurcation of the solutions of the problem (1.1)-(1.2) we use the classes
Sy, k € Nyv e {+, —}, which are defined in [1, §3.1] and consist of functions of
Banach space E = C3[0,1] N B.C. (with usual norm ||u||3) that have nodal properties of
the eigenfunctions of the linear problem (2.1) and their derivatives with the help of angular
functions.

By [1, Theorem 1.2] (see also [4]) the eigenvalues of problem (2.1) which is a completely
regular Sturmian system (see [1, 6]) are real and simple and form an infinitely increasing
sequence A\; < A2 < ... < A\p < ...; moreover, for each k& € N the eigenfunction yy ()
corresponding to the eigenvalue Ay, is lies in Sy = S;” U S,j.

3 Global bifurcation of problem (1.1)-(1.2) from infinity

We denote by £ the closure in R x F of the set of nontrivial solutions of (1.1)-(1.2) and
by £/, k € N, the closure in R x E of the set of all solutions (\,y) of (1.1)-(1.2) with
yeR xSy

We say that (A, 00) is a bifurcation point of problem (1.1)-(1.2) with respect to the set
R x S, k € N, if each neighborhood of this point has a nonempty intersection with £7.

Lemma 3.1 The set of bifurcation points from infinity of problem (1.1)-(1.2) (with respect
to the set Sy, k € N) is nonempty.

Proof. For the proof we consider the following modified nonlinear eigenvalue problem

{%) = Ar(a)y + f A, @ < (0.0), (1)

(yl+ly [+1y" [+]y""" )<
y e B.C.,

flz,|ulfu, s, v, w,\)

where ¢ € (0,1). By (1.3) we obtain ool = o(lul + [s| + |v] + |w]) at
(u, s,v,w) = oo uniformly in « € [0,!] and in A\ € A, for every bounded interval A C R.
Then it follows by [9, Theorem 2.4] that for each &k € N and each v there exists an un-
bounded continuum C}/ _ of solutions of (3.1) which contains (A, c0) and satisfies con-

clusions of well known theorem of bifurcation from infinity of Rabinowitz [11]. Moreover,
there exists a neighborhood N of (Ax;, 00) such that (Cy . NN) C (R x SY) U {(Ag, 00)}.
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Now we show that for any sufficiently small § > 0 there exists ¢5 > c¢g such that the
problem (3.1) with € € (0, 1) has no nontrivial solution (\, y) which satisfies the following
conditions: dist{\, I} > 9, y € S/, ||ylls > cs. Indeed, otherwise there exists 6y > 0
and a sequence {(An, Yn,en) o>, of solutions of (3.1), with dist{\,, Iy} > do, yn €
SY, llynlls > n. Clearly, (A,,yn) solves the linear problem

Ly) + hp(z)y = At(2)y, = € (0,1), y € B.C., (3.2)
where iy (¢) = K CoN LU St (a) 2 0, (o) = 0 i

yn(z) = 0 and 7,(z) = |yn(x)| + |y, (2)| + |yi(z)| + |y (x)|. Taking (1.3) into account
from the definition of h,(x) for sufficiently large n € N we obtain

hn ()] < — <M, z€0,1]. 3.3)

M
(nl@))
Since hy,(z) has a finite number of zeros on (0, /) and is bounded on the closed interval [0,
1], Remark 4.1 from [1] shows that the result of [1, Theorem 1.2] holds for problem (3.2).
Then, taking (3.3) into account it follows from [1, formula (4.2)] that \,, € I}, which yields
the equality dist{\,, I} = 0, contradicting dist{\,, I} > Jo.

Now let small ; > 0 is fixed. Then there exists ¢; > ¢p such that for any ¢ € (¢, 00)
problem (3.1) with ¢ € (0, 1) has a solution (A, ¢, yc, <) satisfying conditions:

diSt{)\c,s : Ik} <4, Ye,e € Sk;llv HyC,EHS = C.

Problem (3.1) shows that the set of points (M. c,yc ) is bounded in R x C*4[0,!] inde-
pendently of €. Hence there exists a sequence {e,}°°; C (0,1) such that ¢, — 0 and
(Ac,ens Ye, e, ) converges in R x E' to a nontrivial solution (A, y.) of problem (1.1)-(1.2).
It is obvious that A\, € Ij(dg) = [A\x — % — 80, A\ + % + 61,y € SY = Sy UOSY and
llyc||s = c. Since ||yc||3 = ¢, [1, Lemma 1.1] shows that y. € S}. (In fact ¢; is chosen so
that (I x (E\B.,)) C N, where B,, is the open ball in E of radius c¢; centered at 0 and
B, is the closure of B, in E.)

Now let {c, }2° ; be a sequence converging to + co. Then for any n € N there exists a
solution (A, yn) of problem (1.1)-(1.2) such that \,, € I;(60), yn € Sy and ||yn||3 = cp.
From the sequence {\,, }>°; we can select a subsequence {\,,,, }°°_; that converges to some
A € Ij(dp). Therefore, there exists a sequence {(An,,, Un,,) } ooy Of solutions of problem
(1.1)-(1.2) which converges to some (A, c0) in R x E, i.e. (A, 00) is a bifurcation point from
infinity of problem (1.1)-(1.2) with respect to the set R x S}/. The lemma is proved.

Corollary 3.1 If (X, 00) is a bifurcation point of problem (1.1)-(1.2) with respect to the set
R x Sy, k €N, then A € I}, .

Proof. Assume the contrary, i.e. let A ¢ Ij. Let 6 = dist{\, I} > 0. Since (A, 00) is a
bifurcation point of problem (1.1)-(1.2), there exists a sequence {(An,yn)}oz; C R x SY
of solutions of (1.1)-(1.2) such that (A, y,) — (A, 00). Then there exists ns € N such that
A — Al < % for n > ng. Hence dist{\,, I} > g forn > ns.

It is obvious that (A, y,,) solves the linear problem

U(y) + on(x)y = A(2)y, x € (0,1), y € B.C.,, (3.4)

where @, (x) = — L@ yn (@), yn (2), Y (@), 4 (2): An) i Yn(z) # 0, op(x) = 0if y,(z) = 0.

Yn ()
Using (1.3) for any sufficiently large n > ns we obtain |p,(z)| < M. Hence, by (3.4)
and [1, Remark 4.1] it follows from [1, formula (4.2)] that \,, € I, which contradicts the
inequality dist{\,, I} > %. The proof of corollary is complete.
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For k € N and each v let ﬁz denote the union of the connected components D}; ) of
the solution set of (1.1)-(1.2) emanating from bifurcation points (A, c0) € I x {oco} with
respect to the set R x S7. Clearly, ﬁZ # (). The set f)Z may not be connected in R x E
although, by adding the “points at infinity” (A,00), A € I, to R x E and defining an
appropriate topology on the resulting set, the set DY = ﬁg U (Ix x {oo}) is connected.

For any B C R x E we denote by Pr(B) the natural projection of B onto R x {0}.

Theorem 3.1 For each k € N and each v for the set D} at least one of the following holds:
(i) DY meets I;s x {oo} within the set R x S, for some (K', V') # (k,v);
(ii) D}, meets (X, 0) for some X € R;
(iii) Pr(DY,) is unbounded in R.
In addition, if the union Dy, = D; U D, does not satisfy (ii) or (iii) then it must satisfy
(i) with k' # k.

Proof. For any nontrivial (\,v) € R x E we define the function f(\,v) € C[0, 1] as follows:

Fou@ =l (275,715,518 56 ) o e o

11 - 1 Sl

Moreover, let f(),0) = 0. By condition (1.3), the function f : R x E — C[0, ] is contin-
uous and satisfies the condition

170 0)llse < M][o|l3 for [[o]] < 5. (3.5)
Dividing (1.1)-(1.2) by ||y||3 and setting v = HyyHQ yields the problem
3
((v) = M (z)v + f(\ ), z € (0,1), ve B.C., (3.6)
since ||v||s = m and y = W Note that the inversion (\,y) — T'(\,y) = (A, v) turns
- 3

a “’bifurcation at infinity” problem into a "’bifurcation at zero” problem (see [3, 11]).

Let £ the closure in R x F of the set of nontrivial solutions of problem (3.6). Obviously,
the inversion (\,y) — T'(\,y) maps £ into £ and, heuristically, interchanges points at
y = 0 (respectively, y = oo) with points at v = oo (respectively, v = 0). Let DZ be the
union of all the components of £ which meet I, x {0} within the set R x S}. Then D}, is the

inverse image 71 (DZ ) of DZ under the inversion 7". We now choose some fixed (arbitrary)
ko € N and vy, and we will prove the theore:m for kg and vyg. It should be noted that to prove
the theorem it suffices to show that either D,’;g meets some interval [, x {0} within the set

R x SY, with (k,v) # (ko, 1), or DZg is unbounded in R x FE (the alternatives (ii) and (iii)

stated in the theorem for DZg correspond, via 7', to the various ways in which Dgg can be
unbounded). ~ 3
Suppose that the above assertions for the set ng do not hold. Then D,’;g is bounded in

R x E and we can choose a compact interval A C R such that (PR(DZS) Uly,) C A
Following [12, Theorem 1.3], we can find a neighborhood Q of ng and sufficiently small
62~< (El and ¢, 2 (c2 > ¢p) such that D C Qu((Ixy(d2) x Bcgl) N(Rx S2)) C Q,
o N L =0.

Along with problem (3.6), consider the following approximation problem

L(v) = M(z)v + f()\, llv]]5), € (0,1), v € B.C., (3.7
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where £ € (0, 1]. For fixed e € (0,1) it follows from (3.5) that || f(\, ||v]|5) = o(||v]|3)
as ||v||s — O uniformly in A € A, so the global bifurcation results in [1, 3] and [10] are

applicable to this problem. Then for each fixed £ € (0, 1) there exists a continuum [)Zg . of
solutions of problem (3.7) which meets (A, 0) within the set R x S,:g and either D,’;g .18
unbounded in R x E or there is some (k,v) # (ko, vo) such that Di _ meets (A, 0) within
the set R x S} Hence DZS . intersects both () and the complement of (), and consequently,

ﬁ,’;g N dQ # 0. 1t follows that for each ¢ € (0,1) there exists a nontrivial solution

(A, ve) € 8@ of problem (3.7). Since Q is bounded in R x FE it follows from (3.7) that the
set {(Ae,ve) € R x E : ¢ € (0,1)} is bounded in R x C*[0,1] independently of . Then
there is a sequence {&,,}2° ; C (0,1) such thate,, — 0 and {(\.,, v, ) }22, converges to a
nontrivial solution (Ao, vo) of (3.6) in R x E, which implies that (Ao, vo) € Q N £. This
contradicts the relation Q N £ = (). The proof is complete.
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