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Abstract. In this paper we consider a spectral problem with describes bending vibrations of a homo-
geneous rod, on the right end of which a tracing force acts and on the right end an inertial mass is
concentrated. We study oscillation properties of eigenfunctions and basis properties of subsystems of
eigenfunctions in the space Lyp(0,1), 1 < p < oo of this problem.

Keywords. homogeneous rod, fourth order differential operator, spectral parameter, eigenvalue,
eigenfunction

Mathematics Subject Classification (2010): 34B05, 34B0S, 34B09, 341.10, 47A75, 74H45.

1 Introduction

We consider the following eigenvalue problem

y () = My(z), 0 <z <1, 1.1)
y"(0) =0, (1.2)

y"(0) — ary(0) =0, (1.3)
y"(1) — by (1) =0, (1.4)

y" (1) — eAy(1) =0, (1.5)

where A € C is a spectral parameter, a, b and c are real constants such thata > 0, b > 0
and c < 0.

The eigenvalue problem (1.1)-(1.5) describes the bending vibrations of a homogeneous
rod, on the right end of which a tracing force acts and on the right end an inertial mass is
concentrated (see [10, 25]).

Eigenvalue problems for ordinary differential operators with a spectral parameter in the
boundary conditions of different statements have been studied in many papers (see, for
example, [1-4, 6-11, 14-14, 26]). The oscillation properties of eigenfunctions of ordinary
differential operators of second and fourth orders with a spectral parameter in boundary
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conditions play a fundamental role in the study of basis properties of root functions in the
space L, 1 < p < 00, of these operators. The study of the oscillation properties of ordinary
differential operators has a long history. These properties of differential operators of second
and fourth orders well studied in papers [2, 4-7, 9-12, 15, 16, 19-22]. Basis properties of
root functions in the space L, 1 < p < 0o, of ordinary differential operators of second and
fourth orders operators studied in detail in [1-3, 6-10, 16-21, 23]. In recent papers [9, 10]
were investigated spectral problems of the fourth order two boundary conditions of which
contained a spectral parameter. It should be noted that for the first time in this work is
study the spectral properties of ordinary differential operators fourth order with a spectral
parameter contained in three of the boundary conditions.

The purpose of this paper is to study the location of eigenvalues on the real axis, oscil-
lation and basis properties of eigenfunctions of the spectral problem (1.1)-(1.5).

2 Operator interpretation of the spectral problem (1.1)-(1.4)

The considered problem (1.1)-(1.4) can be reduced to the eigenvalue problem for the

linear operator L in the Hilbert space H = Lo(0,1) @ C? with the inner product

(4,9) = ({y,m,n, 7}, {v, 8, t,3¢}) = (y,v)1, + |a|"'ms + |b| " 'nt + |¢| 75, (2.1)
where A

Lj = L{y,m,n,7} = {y* (@), ay(0), by (1), ey(1)}
is an operator with the domain
D(L) = {{y (z), m, n} 1y € W5(0,1),5"(0) = 0,m = ay(0),n = by/(1),7 = cy(1)}
dense everywhere in H. Problem (1.1)-(1.5) takes the form
Ly =g,y € D(L)

i.e., the eigenvalues A\, , kK € N, of the operator L and problem (1.1)-(1.5) coincide tak-
ing into account their multiplicities and between the root functions, there is a one-to-one
correspondence

yk(x) < {ye(®), me, nig, 7}, my = ayg(0), ng = byy, (1), 7 = cyi(1).

By direct computation, we make sure that L is a self-adjoint discrete lower-semibounded
operator in [ . Hence this operator has a system of eigenvectors {y (), my, ng, 7 } 72, that
forms an orthogonal basis in H.

3 The existence and properties of the solution of problem (1.1)-(1.3), (1.5)

We introduce the boundary conditions (see [4, 12, 19])
y'(1) cosy — 4" (1) siny = 0, (3.1)
where v € [0, 5.
Alongside the problem (1.1)-(1.5) we also consider the problem (1.1)-(1.3), (3.1), (1.5).
The spectral properties of problem (1.1)-(1.3), (3.1), (1.5) in the case of v = g have been
considered in [10].

Using the method of [10] it can be shown that for problem (1.1)-(1.3), (3.1), (1.5) the
following result holds.
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Theorem 3.1 The eigenvalues of the boundary value problem (1.1)-(1.3), (3.1), (1.5) form
an infinitely nondecreasing sequence 0 = \1(y) = Xa(7y) < A3(7) < ... < X(y) < ...
The eigenfunction y, ~(x), corresponding to the eigenvalue \i(7y), for k > 3 has k — 1
simple zeros in (0, 1). Moreover, for any -y € [0, 5] we have the following relation

AL (m/2) = Ai(y) = A1(0) = 0 = Ao (7/2)

< Xo(y) < A2(0) < A3 (m/2) < A3(y) < A2(0) < ... .

3.2)

Theorem 3.2 For each fixed A\ € C\{0} there exists a nontrivial solution y(x,\) of the
problem (1.1)-(1.3), (1.5) which is unique up to a constant coefficient.

Proof. We denote by oy (x,\),k = 1,4, be solutions of equation (1.1), normalized for
z = 0 by the Cauchy conditions

oV (0,0) = b1y, s = 1,4, (3.3)

where ;. is the Kronecker delta.
The function y(z, A) will be sought in the following form

4
k=1

where O}, k = 1, 4, are constants.
By (3.3), (3.4) and boundary conditions (1.2), (1.3) it follows that C's = 0, Cy = aAC}.
Hence the function y(z, A) can be rewritten as follows:

y(@,A) = Ci(p1(z, A) + adpa(w, A)) + Calpa(z, A). 3.5)
Then in view of boundary conditions (1.5) from (3.5) we obtain
Cr{(eY (1, A) + ar@y (1, X)) — eA(p1(1,A) + adpa(1, M)}
+C2 {4 (1,A) — eAga(1, )} = 0.

Let A > 0. Then by virtue of (1.5) it follows from [12, Lemma 2.1] that ¢5(1,\) > 0,
@5 (1,\) > 0. Since ¢ < 0 it follows that ©5'(1,\) — cApa(1,A) > 0. Consequently, by
(3.6) the function y(x, \) takes the form

y(z, A) = C1 {p1(z, A) + adpa(z, N)

V(L) 4+ared (LX) —cA(1(1,A)+arpa(1,X))
- &”(1»—&521(1,» o 902(50,)\)}.

(3.6)

3.7

Let now A € C\ [0, +00). If in this case
(pllll(l? >‘) + a/\goill/(la )‘) —cA ((Pl(lv A) + a)‘(p4(17 )‘)) =0

and
0o (1,A) — eApa(1, ) = 0,

then the functions ¢ (x, \) + aA@4(x, \) and w2 (x, \) are solutions of problem (1.1)-(1.3).
We consider the function

v(z,\) = 90/2(17 A) (p1(z, A) + adpa(1,N))

- (QDII(L >‘) + @)\8021(17 )‘)) @2($, )‘)
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Then v(x, \) is an eigenfunction of problem (1.1)-(1.3), (3.1), (1.5) with v = 0 correspond-
ing to the eigenvalue A € C\ [0, +o00) which contradicts to (3.2). Thus

{l/(1,2) + adgl{!(1,A) = eA (p1(1, ) + adga(1, 1)}
{95 (1,A) = cApa(L, M)} > 0.
Cosequently, the function y(z, A) can be represented as follows:

y(x, A) = {5 (1, A) = cApa (1, A)) {1 (2, A) + adpa(z, A)}

(3.8)
— (@ (1, A) + argi (1, A) — A (p1(1, A) + adpa(1, N))) pa(z, M)}
where
C= G it @l (1,0) — cApa(1,A) # 0
90/2”(17)‘) - C)‘QOZ(L)‘) ’ ’ ’

C = if

—C
TN TR TN —eA @ (T TaAza (1)
‘pllu(l’ )‘) + GASDZ/(L )‘) —cA (901(17 )‘) + a)\<p4(1, )‘)) 7é 0.
The proof of this lemma is complete.

Remark 3.1 Since the functions ¢;(x, \), 1 = 1,4, are entire function of X it follows from
(3.7) and (3.8) that without loss of generality we can regard solution y(x, \) of the problem
(1.1)-(1.3), (1.5) for each fixed = € [0, 1] as an entire function of A for A € C\{0} of the
following form

y(z, A) = (93' (L A) — cdpa(1, M) {1 (2, A) + adpa(z, A)}
— (@' (1,2) + aAgy (1, A) — e (01(1,A) + adpa(1, X)) a(x, A).

Remark 3.2 It is obvious that if A = 0 then problem (1.1)-(1.3) has two linearly indepen-
dent solutions y; (x,0) = 1 and y2(z,0) = =.

(3.9

Remark 3.3 Let A = p*. Then solution y(x, \) problem (1.1)-(1.3), (1.5) represented as
follows:

y(z, A) = cos p(z) + cosh pz + C(p) sin px + (C(p) + 2ap) sinh pz, (3.10)
where
Clp) = sin p + sinh p + 2ap cosh p — cp(?os p+ (.:oshp + 2apsinh) . G.11)
cos p — cosh p + ¢p(sin p + sinh p)
By virtue of (3.10) and (3.11) we have
lim y(2, A) = 2 (1 + W a:) . (3.12)

Remark 3.4 Now we can define a function y(x, A) everywhere on [0, 1] x C by putting

B 2(14+a—c)
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Remark 3.5 It follows from (3.13) that the function y(z, 0) has one zero x = 2(11_:320) =
m in the interval (0, 1). This fact plays a fundamental role in the study of the

oscillation properties of the eigenfunctions of the problem (1.1)-(1.5).
Remark 3.6 By virtue of (3.13) we have

, _2(1+a—c)

Remark 3.7 If A > 0, then by (1.2), (1.3), (1.5) and the first part of [12, Lemma 2.1] we
have y(0,\) ¥/ (0, \) # 0.

<0, y'(z,0) =0, z €0,1]. (3.14)

Lemma 3.1 The zeros in (0, 1] of functions y(x, \) and ' (x, \) are simple and C* function
of A > 0.

Proof. Let A > 0 and zp € (0,1) such that y(zo, \) = ¥/'(z0,\) = 0 (¢/(x0,A) =
y"(zo, A) = 0). If y""(z0, Ny (20, ) > 0 (y(xo, \)y"' (g, A) > 0), then by virtue of the
first part of [12, Lemma 2.1] we have y(1, A\) = v"/(1, \) > 0 in contradiction with (1.5). If
Y (x0, Ny (z0, A) < 0 (y(xo, \)y" (x0, \) < 0), then by virtue of the second part of [12,
Lemma 2.1] we have y”(0, ) # 0 in contradiction with (1.2).

Let A > 0 such that y(1,\) = ¢/(1,A) = 0 (¥'(1,\) = ¥"(1,A) = 0). Then by (1.5) it
follows from the second part of [1, Lemma 2.1] that 4 (0, \) #) in contradiction with (1.2).

Let A < 0 and zy € (0, 1] such that y(zg,\) = ¢/(z9,A) = 0. Then multiplying both
sides of equation (1.1) by y(z, \), and integrating obtaining equality in the range from 0
to xg, using the formula of integration by parts and taking boundary conditions (1.2), (1.3)
into account, we have

o Zo

/y”z(:r, Ndz = X /yQ(x, Ndz + ay?(0,\)
0 0

which implies that A > 0 in contradiction with A < 0.

Let A < 0 and z¢ € (0,1] such that y'(zg,\) = y"(z9,\) = 0. Since y”(0,\) = 0
there exists a point £ closest to g such that 4" (£, \) = 0. We can assume without loss of
generality that y”(x, \) < 0 for € [, z0). Then 3/(§,\) > 0, y"/(§ — 0,\) < 0 and
y" (£ + 0,\) < 0. Hence by Eq. (1.1) (¢, A) < 0. Consequently, by the above argument
we have

£ ¢

/ Y2 Nz — o (6,0) " (€,0) = A / Y2, Ndz + ay?(0, )
0 0

which implies that A > 0 in contradiction with A < 0.
The continuous differentiability of the function z(\) follows from the well-known im-
plicit function theorem. The proof of this lemma is complete.

Corollary 3.1 As A > 0 (X < 0) varies the function y(z, \) and y' (x, \) can lose or gain

zeros only by these zeros leaving or entering the interval [0, 1] through its endpoint x = 1
(x =0).

Lemma 3.2 Let y(x,\) be a nontrivial solution of problem (1.1), (1.2), (1.5) for A > 0.
If y(zo,\) = 0 or y"(x0,\) = 0, then y'(z,\)Ty(x,\) < 0 in a some neighborhood
of xg € (0,1); if y'(x0,\) = 0 or Ty(xo,\) = 0, then y(xz, \)y"(x,\) < 0 in a some
neighborhood of xq € (0, 1).
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The proof of this lemma is similar to that of [2, Lemma 2.2].

Lemma 3.3 Let A > 0. Then between consecutive zeros of function y'(x, \) in half-open
interval (0, 1], there is exactly one zero of function y(x, \).

The proof of Lemmas 3.3 is similar to that of [9, Lemma 2.5] using Lemma 3.2.
We consider the function .
y'(z, )

y' (@A)
By virtue of Theorem 3.2, and Remarks 3.1-3.4 that the function H(x, \) is a finite order
meromorphic function of A for all finite A and fixed = € (0, 1].

Remark 3.8 It is obvious that the eigenvalues \,,(0) and A, (7/2), n € N, n # 1, of the
spectral problem (1.1)-(1.3), (3.1), (1.5) for v = 0 and v = 7/2 are zeros of the entire
functions y'(1, ) and y” (1, M), respectively.

H(z,\) =

To study the spectral properties of problem (1.1)-(1.5), we need to investigate the behav-
ior of the function ) "Ly
F(\) = ALY
H(LA)  y(1,A)
on the real axis. In view of Theorem 3.1, (3.14) and Remark 3.8 this function is well defined
for

o0
AeD=(C\R)U (—o0, X(0)) U (U (Ak—1(0), Mo»)
k=3
and is a meromorphic function of finite order. The eigenvalues Ay (7/2) and A\ (0) of prob-
lem (1.1)-(1.3), (3.1), (1.5) for &k > 2 are zeros and poles of this function, respectively.

Remark 3.9 It follows from (3.14) that F'(0) = 0.

Lemma 3.4 For each A\ € D\{0} the relation

1
dF()) 1
ax YL /yz(w,k) dz + ay?(0,) — cy®(1, \) (.15
0

holds.
Proof. By virtue of Eq. (1.1) we have

(v (@, 1) y(@, A) = (¥ (2, ) y(@, 1) = (= Ny(z, py(z, ). (3.16)

Integrating equality (3.16) from O to 1, using the formula for the integration by parts and
taking boundary conditions (1.1), (1.3) and (1.5) into account we obtain

=y (L, )y (L,A) + " (1, N) ¢ (1, 1)

| 3.17)
= (= W { o) oo N+ a0, 0. = oL (1) |
0
By (3.8) for u, A € D, u # A, we have
l
Ofy(w,u)y(ka)dﬂay (L) y'(1L,A) ‘ (3.18)

V) N
i oy = (= A) EETIEeY

Dividing both sides of relation (3.18) by it — A (1 # A) and by passing to the limit as y — A
we obtain (3.15). The proof of this lemma is complete.
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Remark 3.10 By (3.10) and (3.11) we have

_ —cos p+cosh p—C(p) sin p+(C(p)+2ap) sinh
F()\) =r —sir?/l))—l-sinbhpp—FC(;f) cos 5+(C(Z)+235) COShZ’ (3.19)

which implies that

_ 4c—1+4a(3c—1)
FO) = 12(14+a—c)

A+o(A) as A — 0. (3.20)

Then it follows from (3.20) that

dF(0)  4c—1+4a(3c—1)
d\  12(1+a-—c)

< 0. (3.21)
Corollary 3.2 The function F(\) strictly decreases on each of intervals (—oo, A2(0)) and
(Me=1(0), Ae(0)), k=3,4, ... .

Lemma 3.5 The following relation holds:

lim F()\) =+ oo. (3.22)

A—— 00

4
Proof. We denote: 7 = \\/}3‘ Note that if A < 0, then p = /X = (1 + i) 7. Hence by

direct calculation from (3.19) we get

ﬂm:ﬂ7(1H)C>>:v§Vw<1+o<V%J>a&x»m.

The proof of this lemma is complete.

Lemma 3.6 [f there exist v € (0,1] and A > 0 such that y'(x, \) = 0, then

OH (z,\)
ox
The proof of this lemma is similar to that of [9, Lemma 3.5] with the use of Lemmas

3.1.
The following comparison type theorem is valid.

> 0.

Lemma 3.7 Let 0 < v < n. If Y/ (x, u) has m zeros in the interval (0, 1), then y'(x,n) has
at least m zeros in this interval.

The proof of this lemma is similar to that of [9, Lemma 3.6] with the use of Theorem
3.2, Remarks 3.1-3.4, Corollary 3.1, Lemmas 3.3-3.6.

Denote by 7(A) and s(\) we denote the number of zeros in the interval (0, 1) of functions
y(x, \) and y'(z, A), respectively.

Theorem 3.3 [f A € (0, A\2(0)], then T(\) = 1, s(A\) =0, if A € (Ap—1(0), A\
k>3 thent(\) =k—2o0r7(\) = k—1,if X\ € [M\e(7/2),\x(0)] and k > 3, then
TA) =k —1if A€ (Ae—1(0), (Ae(0)] and k > 3, then s(\) = k — 2.

The proof of this lemma is similar to that of [9, Theorem 3.2] with the use of Remarks
3.5, 3.6, Lemmas 3.1, 3.3, 3.4, 3.7, Corollary 3.1.

Remark 3.11 If A € (A\;_1(0), A\x(7/2)), k& > 3, is sufficiently close to A;_1(0), then
7(A) = k — 2, and if )\ is sufficiently close to \g(7/2), then 7(\) = k — 1.
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4 Main properties of eigenvalues and eigenfunctions of problem (1.1)-(1.4), (1.5)

Lemma 4.1 The eigenvalues of the boundary value problem (1.1)-(1.5) are real and form
an at most countable set without finite limit point.

Proof. It’s obvious that the eigenvalues of problem (1.1)-(1.5) are the roots of the equation
Y (1,\) — ey (1,\) = 0. 4.1)

Let A be the nonreal eigenvalue of problem (1.1)-(1.4). Since the coefficients ¢(x), a, b, ¢
are real it follows that ) is also an eigenvalue of problem (1.1)-(1.4). In this case y(z, \) =

y(x, \), so that if equality (4.1) holds for ), then it also holds for .
Putting . = A in (3.17), we get

—y"(LA) Y (LA +y"(1L,N) v (1, p)

) 1 4.2)
= 0= { ] e NP+ aly(O N = ey AP
0
In view of (1.4) from (4.2) we obtain
—b(A =) |y (1, )2
< L 4.3)
= = { It VP +aly 0 — 1 AP
Since A # X from (4.3) we obtain
1
/ ly(a, MPdz +aly(0,)]* + by (LA —c|y(1, N[> =0 (4.4)

0

which implies that y(x, \) = 0.

The entire function on the left-hand side in equation (4.1) does not vanish for non-real A.
Consequently, it does not vanish identically. Therefore, its zeros form an at most countable
set without finite limit points.

Lemma 4.2 The nonzero eigenvalues of the boundary value problem (1.1)-(1.5) are simple.

Let X\ be a nonzero eigenvalue of problem (1.1)-(1.4). Then by Lemma 4.1 from (4.4)
we get

1 1
[ vz, Ndz + [ q(z) y?(z, \)da
0 0 (4.5)

=\ {f y2(z, \)dx 4+ ay?(0,\) +by?(1,\) — cyQ(l,)\)} .
0

Hence it follows from (4.5) that A > 0. Then by virtue of boundary condition (1.1) and
Lemma 2.1 we have y/(1,\) # 0. Therefore each root (with regard of multiplicities) of
equation (4.1) is a root of the equation

F(\) = bA. (4.6)

To prove the lemma, it suffices to show that the equation (4.6) has only simple roots.
Indeed, if A = A\* is a multiple root of (4.6), then we have

F(X\*) = bA*, F'(X*) =b. @.7)
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In view of (3.15) from the second relation in (4.7) we obtain

v (z, A)dz + ay?(0, \*) + by? (1, \*) — cy?(1,\*) = 0. (4.8)

Ot

Consequently, y(z, A*) = 0. The proof of this lemma is complete.

We have the following oscillation theorem for the problem (1.1)-(1.5).

Theorem 4.1 There exists an infinitely nondecreasing sequence {\,}3>, of eigenvalues of
the spectral problem (1.1)-(1.5) such that A\y = Ao = 0 and A\, > 0, k > 3. Moreover, the
corresponding eigenfunctions and their derivatives have the following oscillation proper-
ties:

(i) the eigenfunction yy(x), corresponding to the eigenvalue Ay, for k > 3 has either
k — 2 ork — 1 simple zeros in (0,1);

(ii) the function y, () for k > 3 has exactly k — 2 simple zeros in the interval (0, 1

0,1).
Proof. By virtue of Remark 3.10 and Corollary 3.2 the function F'(A) = " (1, A)/v/(1, \)
is a continuous strictly decreasing function in the intervals (— 0o, A2(0)) and (Az—1(0), Ax(0)),
k > 3. In view of relations (3.22) and 3/(1, A (0)) = 0, k > 2, we have

lim F(\) =+o00, lim F(A)=-—o0,

A—— 00 A=A (0)—0
4.9
lim  F()\) =+ 0.
A=A (0)+0

Consequently, the function F'()\) takes each value in (—oo, +00) at a unique point in each
of intervals (— 0o, A2(0)) and (A;—1(0), Ax(0)), £ > 3. The function Q () = b is strictly
increasing on (—oo, +00) in view of condition b > 0. Then it follows from the preceding
considerations that in in each of intervals (— oo, A2(0)) and (Ax—1(0), \x(0)), k& > 3 the

equation
FA) =Q(()

has unique solution A = A7, i.e. (1.4) holds. By virtue of Remark 3.9 A = 0 is an eigenvalue
of the problem (1.1)-(1.5). It is easy to verify that this eigenvalue has geometric multiplicity
2. Therefore, we can assume that \; = Ay = A\] = 0, and corresponding eigespace consists
of functions px + ¢, p,q € R, x € [0,1]. Then A}, for & > 2 is the (k 4 1)th eigenvalue of
problem (1.1)-(1.5), i.e. Ay, = A;_; for k& > 3, and consequenly, y,(x) = y(x, A) is the
corresponding eigenfunction.

By (4.9) it follows from Lemmas 3.4 that F'(\) > 0 for A € (A\;—1(0), \e(7/2)), k =
3, 4, ... . Then by the above arguments we have

A=A =0<X2(0) < A3 <A3(7/2) < A3(0) < Mg < Xo(m/2) < ... (4.10)
Hence it follows from Theorem 3.3 that
E—2<s(A\g)<k—land7(\e)=k—2, k=3,4,.... 4.11)
The proof of this theorem is complete.

Theorem 4.2 The following asymptotic formulas hold:

Ve =(k—=11/4)7+ 0 (1/k), (4.12)
yp(x) = sin(k — 11/4) 7wz + (—1)ke~k=11/97(=2) L O(1/F), (4.13)

where relation (4.13) holds uniformly for x € [0, 1].
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Proof. By virtue of (4.9) from relation (4.13) it follows that for sufficiently large k € N
the eigenvalue A\, of problem (1.1)-(1.5) is sufficiently close to A;_1(0). Following the
corresponding reasoning carried out in [1, § 3] we are convinced that

A(0) = (k= 3) +0(z),

Yr.o(z) = sin(k — 7/4)mx + (—1)F e *k=T/Dr(=2) L O(1/k),

where y;, o(z) is an eigenfunction corresponding to the eigenvalue A;(0). Hence using os-
cillation properties of eigenfunctions of problem (1.1)-(1.5) and by following the arguments
on pp. 909-911 of [19] we obtain (4.12) and (4.13). The proof is complete.

5 Basis properties of eigenfunctions of problem (1.1)-(1.5)

Let 9 = {yr(z), my, i, 76151, mi = ayr(0), ni, = by;.(1), 7 = cyx(1), be the sys-
tem of eigenvectors of the operator L. By the arguments in § 2 this system forms an orthog-
onal basis in H.
We denote by
6 = (Jk, Uk) -
By virtue of (2.1) we have

o = lluklli, + @ 'mi +b"'nf — 1 > 0. (5.1)

_1
Then the system 9y, = d, *¢j;, forms an Riesz basis in the space in H.
Let j, r and [ be different arbitrary fixed natural numbers and

—1/2 —1/2 —1/2
(5/ j(5</nj(5j/7'j
Ajri=16"m, 6,0, 67,
—-1/2 —1/2 —1/2
9, /ml 9, /nl 0, /Tl 52)
yi(0) yi(1) y;(1)
= 5,252 B abe |y (0) (1) (1)
v(0) (1) wi(1)
Denote by
_ y;(0) y;(1) y;(1)
Js 7,1 yr<0) y;(l) yr(l) . (5-3)
vi(0) v (1) w(l)
By (5.1)-(5.3) we have R
AT’Z%O<Z>ATJ7QO. 5.4

Theorem 5.1 If A; .y # O, then the system {yx(x)}32; y; ., of eigenfunctions of prob-
lem (1.1)-(1.5) forms a basis in the space L,(0,1),1 < p < oo, which is an unconditional
basis for p = 2. If A, ; = 0, then this system is incomplete and nonminimal in the space
Ly(0,1), 1 <p < oc.

The proof of Theorem 5.1 for p = 2 follows from [1, Theorem 3.1 and Corollary 3.1],
for p € (1, 400)\{2} is similar to that of [19, Theorem 5.1] by using asymptotic formulas
(4.12)-(4.13).

It should be noted that using Theorems 4.1 and 4.2 from Theorem 5.1 one can obtain var-
ious sufficient conditions for the system {y;(2)}32, ,, 4., to form a basis in L(0,1), 1 <
p < 00.
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Remark 5.1 Recall that the eigenvalue A = 0 of problem (1.1)-(1.5) has a geometric mul-
tiplicity of 2 (in this case Ay = Ao = 0) and the corresponding eigenspace consists of
functions of the form y(x) = pxr + ¢, p, ¢ € R, z € [0, 1]. Hence the functions y; (x)
and y2(x) can be chosen arbitrarily of the form y;(z) = p1x + ¢1 and y2(x) = poz + qo,
P1, P2, 41, @2 € R.

Now let 5 = 1, » = 2 and [ > 3 be the arbitrary fixed natural number. Moreover, let
y1(x) = land ya(z) = 1 — x, z € [0, 1]. Then we have
~ 1 0 1 1 0 1
Ajr = 1 -1 0|= 0 -1 0

yi(0) y(1) w(1) v(0) + (1) y(1) w(1)
=41(0) +y(1) — w(1).

If [ is a sufficiently large number of odd multiplicity, then by virtue of Theorem 4.1 and
Remark 3.7 we have y;(0)y;(1) < 0. Moreover, by virtue of Remark 3.7 and [12, Lemma
2.1] it follows that y;(0)y;(0) < 0 and consequently, y;(1)y;(1) > 0.

We can assume without of generality that y;(0) > 0. Then it follows from the preceding
considerations that (1) > 0 and y;(1) < 0. Hence A; ,; > 0. Thus by (5.2)-(5.4) it
follows from Theorem 5.1 the following result.

Theorem 5.2 If j = 1, r = 2 and [ is a sufficiently large number of odd multiplicity, then
the system of eigenfunctions {yn(x)}> nzjr,1 Of problem (1.1)-(1.5) forms a basis in the
space L,(0,1), 1 < p < oo (which is an unconditional basis for p = 2).
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