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Abstract. In this study, by using the covering of soft topological spaces, an inverse system of
simplicial complexes is constituted. Built upon these inverse system of simplicial complezes, Cech
homology [cohomology] groups of soft topological spaces are defined. It is proved that Cech homology
groups constitue a functor from the category of soft topological spaces to the category of groups.
Later, axioms of homology theory are checked for this homology groups.
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1 INTRODUCTION

After the introduction of soft set theory by Russian researcher D. Molodtsov
[15], is one of the branches of mathematics, which aims to describe phenomena and
concepts of an ambiguous, vague, undefined and imprecise meaning, Shabir and
Naz [17] firstly initiated the concept of soft topological spaces which are defined
over an initial universe with a fixed set of parameters. Theoretical studies of soft
topological spaces have also been researched by some authors in [3,5-8,18]. The
theories presented differently from classical methods in studies such as fuzzy set [19],
intuitionistic set [10], etc. After the introduction of fuzzy sets by Zadeh [19], Chang
[9] first introduced the concept of fuzzy topology. The category of fuzzy topological
spaces is an extension of the category of topological spaces. It is known that in the
investigation of topological spaces an important place is taken by methods of the
algebraic topology. Methods of algebraic topology aren’t used on fuzzy topology alot.
In our opinion, such a situation was due to the definition of a fuzzy unit interval.
In the category of soft topological spaces, methods of algebraic topology were first

* Corresponding author

C.G. Aras
Department of Mathematics, Kocaeli University, Kocaeli, Turkey
E-mail: carasgunduz@gmail.com

S. Abdullayev
Department of Algebra and Geometry, Baku State University, Baku, Azerbaican
E-mail: sebuhi_abdullaye@mail.ru



42 The Cech homology theory in the category of soft topological spaces

used in [4]. By defining a soft unit interval, Bayramov et al. defined soft singular
cubic homology groups of soft topological spaces.

In this study, we define Cech homology [cohomology| groups in the category of
pairs of soft topological space for these groups and it is proved that the axioms of di-
mension and excision of homology groups hold true. Finally, the axiom of homotopy
for homology groups is proved.

2 PRELIMINARY

From the literature, we will give some definitions and results for the development of
soft topological spaces which will be needed in this study.

Definition 2.1 [15] Let X be an initial universe, E be a set of all parameters and
P(X) denotes the power set of X. A pair (F,E) is called a soft set over X, where
F is a mapping given by F : E — P(X).

In other words, the soft set is a parameterized family of subsets of the set X. For
e € E, F(e) may be conor as the set of e—approximate elements of the soft set, i.e.,

(F,E)={(e,F(e)):e € E, F: E — P(X)}.

Definition 2.2 [14] A soft set (F, E) over X is said to be a null soft set denoted
by @, if for alle € E, F(e) = @.

Definition 2.3 [14] A soft set (F,E) over X is said to be an absolute soft set
denoted by X, if for alle € E, F(e) = X.

Definition 2.4 [1] For two soft sets (F,E) and (G, E) over X, (F,E) is called a
soft subset of (G,E), if Ve € E, F(e) C G(e). This relationship is denoted by

(F,E)C(G, E).
Similarly, (F, E) is called a soft superset of (G, E) if (G, E) is a soft subset of

(F, E). This relationship is denoted by (F,E)2(G, E). Two soft sets (F, E) and
(G, E) over X are called soft equal, if (F, F) is a soft subset of (G, F) and (G, E) is
a soft subset of (F, E).

Definition 2.5 [1] The intersection of two soft sets (F,E) and (G,E) over X
is the soft set (H,FE), where Ye € E, H(e) = F(e) N G(e). This is denoted by
(F,E)NG,E) = (H,E).

Definition 2.6 [1] The union of two soft sets (F, E) and (G, E) over X is the soft
set (H,E), where Ve € E, H(e) = F(e) UG(e). This is denoted by (F, E)U(G, E) =
(H,E).

Definition 2.7 [17] The complement of a soft set (F,E), denoted by (F,E)°, is
defined (F,E)¢ = (F° E), where F¢ : E — P (X) is a mapping given by F°(e) =
X\F (e), Ve € E.

Definition 2.8 (/6/,[11]) Let (F,E) be a soft set over X. The soft set (F,E) is
called a soft point, denoted by (ze,E), if for the element e € E, F(e) = {z} and
F(e) =@, for all ¢ € E — {e} (briefly denoted by x.) .

It is obvious that each soft set can be expressed as a union of soft points. For
this reason, to give the family of all soft sets on X it is sufficient to give only soft
points on X.
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Definition 2.9 [6] Two soft points x. and yo over a common universe X, we say
that the soft points are different if x # 1y or e # €.

Definition 2.10 [6] The soft point . is said to be belonging to the soft set (F, E),
denoted by x.€(F, E), if x. () € F (e) ,i.e., {x} C F (e).

Definition 2.11 [17] Let T be the collection of soft sets over X, then T is said to
be a soft topology on X if

1) &, X belong to T;

2) the union of any number of soft sets in T belongs to T;

3) the intersection of any two soft sets in T belongs to T;

The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.12 [17] Let (X, 7, E) be a soft topological space over X, then members
of T are said to be a soft open sets in X.

Definition 2.13 [17] Let (X,7,E) be a soft topological space over X. A soft set
(F,E) over X is said to be a soft closed set in X, if its complement (F, E)¢ belongs
to T.

3 Cech Homology Theory on Soft Sets

Let STop be a category of soft topological spaces. For each soft topological space
(X, 7, F), we show the set of all open coverings of X as Cov (X). Cov (X) is a
directed set according to refinement of coverings. Let o = {(F}, E)},c; and 8 =
{(Gj, E)} e be two open coverings of soft topological space (X, 7, E).

Definition 3.1 The covering B is called a refinement of the covering a, denoted by
a < B, if there exists a mapping p : J — I such that (G}, E) C (Fp(j), E) .

Let o = {(F}, E) };,c; be an arbitrary soft open covering of soft topological space
(X,7,E) and

nerva = {(il,ig, ey i) lﬁl (F;,, E) # (15}

be a simplicial complex whose vertices are elements of I. The map p : J — I extends
uniquely to a simplicial mapping p : nervf — nerva. If a < 8 are two coverings of
(X, 7, E), then any two mappings p,p’ : nerv3 — nerva are contiguous simplicial

maps [12]. Hence the simplicial mapping pg : nervB — nerva is uniquely defined in
contiguous class of simplicial maps.
Hence, taking these into consideration, we can easily show that

nerv (X) = ({nerva}aeCov(X) ; {pﬁ tnervf — nerva}a<5> (1)

is an inverse system of simplicial complexes.

Remark 3.1 Let a = {(F;, E)},.; be a soft open covering of (X, 7, E) and nerva
be a simplicial complex. Then for e € E, o, = {F;(e)},.; is an open covering of
topological space (X, 7.) and nerva, is a simplicial complex on this space. It is clear
that nerva is different from nerva.
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Ezample 1 Let X = {x1, 22,23} be an universe set, E = {ej, ea} be a parameter set
and 7 = {@, X, (F1,E), (Fy,E),..., (FH,E)} be a soft topology over X. Here,
the soft sets (F1, E), (Fa, E),...,(F11, F) over X are defined as following:

Fi(e1) = {z1}, Fi(e2) = {21, 23}
Fy(e1) = {z2}, Fa(e2) = {w2, 23}
F3(e1) = {z3}, F3(e2) = X,
Fy(e1) =9, Fy(e2) = {3},

Fy (61) =g, Fj (62) {.%‘1,:173}
Fs (e1) = {x1, 22}, Fo(e2) = X,
Fr(e1) = {z1,23}, Fr(e2) = X,
Fy(e1) = {z2, 23}, Fy(e2) = X,
Fy(e1) = @, Fy(e2) = {z2, 23},
Fig(e1) = {x1}, Fio(e2) = X,
Fi1(e1) = {z2}, F11(e2) = X.

The family o = {(F1, E), (F», E), (F3, E)} is an soft open covering of (X, 7, E') and
nerva = {(1),(2),(3),(1,2),(1,3),(2,3),(1,2,3)} . But, we take e; € E,

ae, = {Fi(e), Fa(e), F3(e)}

is an open covering of (X, 7.,) and

nervae, = {(1),(2),(3)}.

Let G be an arbitrary group. If we apply the homology [cohomology| functor
H, (HY) for the inverse system (1), then we obtain the following inverse (direct)
system of groups

H,(nerv(X); G)
= ({Hq(nerva’ G)}CMGCOU(X)’ {Hq(pg) : Hq(nervﬁ, G) - Hq(nerva, G)}a—<ﬁ>,

[Hq(nerv(X); G)

= ({H (nerva, @) Yacconx), LH(p]) - HY(nerva, G) — HY(nervB, G)}ass ) |.

Definition 3.2 The group H, (X;G) = hmH (nerva; G) [Hq (X;G) = hqu (nerva; G)}
is said to be q—level homology [cohomology] group of soft topological space (X T, E).

Let (X, 7, F) and (Y, 7/, E’) be two soft topological spaces and (f, ¢) : (X, 7, E) —
(Y, 7', E') be a soft continuous mapping of soft topological spaces. For every soft open

covering o = {(G]') E,)}jej of (Y7 7—,’ E,) , the family (fv 90)71 (Oé) = {(f7 90)71 (Gj’ E/)}jeJ’

is an soft open covering of (X, 7, E) and J' C J. It is clear that if § > «, then
(fr0)  B) = (fo0) H(a). If

(fa@)_l (Gjl’E,)ﬂ---m(fa ©)~ (ij’E)#é
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then (Gj,, E') N ...N (Gy,, E") # . Hence simplicial complex nerv (f, )" (a) is a

Ik
subcomplex of the simplicial complex nerva.

Let iq,(f,p) : nerv (f, ©) ! (@) = nerva be an embedding map. Then the family

f= ({(f, )"t Cov(Y) — C’ov(X)}, {z’a’(f#,) cnerv(f, @) Ha) = nerva} ) (2)

a€Cov(Y)

is a morphism from the inverse system nerv (X) to the inverse system nerv (Y) . By
using the morphism f, we define the following homomorphism of homology [coho-

mology| groups
fe=TimH, (f) : Hy (X;G) = Hy (Y;G) [f* =limH? () : H (Y;G) — HY (X;G)} :

Theorem 3.1 The corresponding
(X,7,E)— Hy(X;G) [(X,7,E)— H(X;G)]

is a covariant [contravariant] functor from the category STop to the category of
groups.

Proof. The proof is clear.

Let (X, 1, E) be a soft topological space, A C X and (A, 74, F) be a soft subtopo-
logical space.

Definition 3.3 (f,¢) : (X,A,7,E) — (Y, B, 7', E') is called a morphism of pairs
of soft topological spaces, if f: X — Y such that f (A) C B.

Let the family o = {(F}, E)};c; be a soft open covering of (X,7,E). Then
the family o N A = {(FZ,E) ﬂg} ; is a soft open covering of (A,74,FE). We
1€

denote family of this coverings as Cov (X, A). It is clear that the simplicial map

pg : nervB — nerva induces the following map of pairs of simplicial complexes

pg : (nervﬁ, nerv (6 N E)) — (nerva, nerv <a N ﬁ)) )

<{ (nerva, nerv (a N Z)) }aeCov(X,A) ) {pﬁ}a<ﬁ>

is an inverse system of pairs of simplicial complexes.

Hence

Definition 3.4 The group

H,(X,AG) = limH, ((nerva,nerv <a N g)) ;G) ,

HY(X,A;G) = I%an ((nerva,nerv (a ﬂﬁ)) ;G)}

is said to be homology [cohomology] group of the pair (X, A, 1, E).
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It is obvious that the (f,¢): (X, A, 7, E) = (Y, B,7', E’) induces the homomor-
phism of homology [cohomology] groups as:

(f790)*q : Hq (X7A7G) —>Hq(Y,B,G),

[(f,9)™: H(Y,B;G) — H* (X, A;G)].
Then the corresponding
(X,A,7,E)— Hy (X, A;G) [(X,A,7,E)— H(X,A;G)]

is a covariant [contravariant] functor from the category of pairs of soft topological
spaces to the category of groups.

Now we show dimension axiom.

Let x. be an arbitrary soft point in (X, 7, E). If the family o = {(F}, E)},;
is a soft open covering of z., then we choose a soft open set (Fj,, E) such that
ze € (Fyy, F) and aq = {(F;,, F)} which consist of single soft element is an open
covering the soft point x.. Then every soft open covering of z. has a refinement of
single element. We denote this covering as C'ov; (z.). This means that Cov; (z.)
consisting of the single element is cofinal in Cov (z.) and Covy (z.) C Cov (z.).
Thus for ¢ > 0 and «; € Covy (),

H, (z¢;G) = li<£an (nerva; G) = 0,

aq
Hy (z¢;G) = G.
We prove the following theorem.
Theorem 3.2 For every soft point x. € (X, 1, F),

0, ¢ >0,
Hq(xe;G):{G,g:O.'

Let (X, A, 7, F) be a pair of soft topological spaces,i: A — X and j : X — (X, A)
be embedding maps. For every a € Cov (X, A), the mapping 4, j induces simplicial
mappings

iq : NETV (a N j) — nerva,
Ja @ nerva — (nerva, nerv (oz N Z)) .

Hence for every a € Cov (X, A) , we obtain the following exact sequence of homology
groups

H (nerva) = ... <= Hy (nerva) < H, (nerv (04 N g)) — Hyp (nerva, nerv (a N g))
— Hgy1 (nerva) ... (3)

If we take limit of (3), then we obtain a sequence of homology groups of (X, 4, T, E)
as follows:

o~ Hy(X;G) « Hy (A;G) « Hy1 (X, A;G) <~ Hygp (X) . (4)

Since the inverse limit of exact sequence is not exact, the sequence (4) is not exact,
but cohomology sequence is exact.



C.G. Aras, S. Abdullayev 47

Theorem 3.3 (Ezcision axiom) Let (X, A, T, E) be a soft topological space, (U, E) €
7 and its soft closure (U, E) is contained in the soft interior of A, i.e, (U, E) C A°.
Then the inclusion mapping j : (X —U, A —U) — (X, A) induces an isomorphism

Jrq i Hg (X —U,A-U;G) - Hy (X, A;G),
[*: HY(X, A;G) — HI (X —U, A~ U;G).

Proof. For the covering a = {(F}, E)},.; € Cov (X), let us consider the covering

(a, an 21) - ({(FZ-,E)}iGI , {(E, E)N E}ZE)

of (X,A). Let D be a subset of Cov (X, A) such that (F;, E) N (U, E) # @. Then

i €I and (F;, E) C A. Now we show that D is a cofinal subset in Cov (X, A) .

Let us consider any covering v of (X, A) with indexing pair (I U J;I' U J) . Hence
INJ = @ and there exists one to one correspondence between I and I’. Consider
the covering v as follows:

(i E) = (Fi, B) N (U E), for j € J,

(vj, E) = (Fy, E) N A°, for i’ € J.

It is clear that the family v is a soft open covering of (X, A) and v = o, v € D,
i.e, D is a cofinal subset in Cov (X, A).

Now we show that f~! (D) is a cofinal subset in Cov (X — U, A — U) . For every
B=AV},E)}c; € Cov(X —U A-U), the family a = {(U, E) U (V}, E)},.; is a
soft open covering of (X, A) and 8 = f~!(a). If ¥ € D is a refinement of a, then
B=f1() < f1(y). Thus f~1(D) is a cofinal subset in Cov (X —U,A—U).
Since D C Cov (X, A) and f~1 (D) C Cov (X — U, A—U) are cofinal subsets, we
get this sets to define homology groups.

For every o € D and = f~! (a), we prove that

ta,f. + Hq (7167“?15,”67”11 (ﬂ N ﬁ)) — H, (nerva,nerv (a N ﬁ))
is an isomorphism. For this, it sufficies to prove that
nerva = nervB U nerv (a N Z) ,

nervs N A= nervf N nerv (a N A)
Since (nervﬁ ,nervf N ﬁ) - (nerva, nerva N ﬁ) , we have the inclusions

nervB U nerv <a N /T) C nerva,

nervs N AcC nervB N nerv (a N g) .
Thus it remains to prove
9

nerva C nervB U nerv (a N A)

nervf N nerv <a N Z) C nervB N A.
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Let S = (i1, 42, ...,1,) be a simplex of nerva which is not in nervs. Then,
(F,,E)Nn..N(F;,,E)#® and (F;,,E)N..N(F,,E)N(U,E) =®.
Hence, (F;,,E)N..N(F;,,E) C (U, E) is satisfied and (F;,, E) N (U, E) # &, for

1 < k < n. Consequently, the simplex S belongs to nerv (a N g) , l.e,

n)

nerva = nerv U nerv <a N ﬁ)
is obtained. Now for S = (i1, 9, ...,1,) € nerv N nerv (a N ﬁ) ,
(Fy,,E)N .0 (Fi,,E)N(U,E)° # ® and (F;,,E)N...N(F;,,E)N A # &.
If (F;,,E)n..Nn(F,,,E) C (U, E)°, then
(F;,,B)N...n(F,,E)N AN (U,E) = (F;,, E)N...N (F

in )

wE)NA+ o,

ie, S €nervBNA If (F,,E)N..N(F;,,E) # &, for a € D, then (F;,,E) C A
for every 1 < k < n. Thus since f~1 (F,,E)N..N f 1 (F,,E)NAN(UE)" =

FUFLL E)N .0 fY(F, )N (U,E)° # &, so S € nerv (ﬁ N Z) . Hence

n

n?

nervf N nerv (a N g) = nervB N A

is obtained.

To prove homotopy axiom in the category of soft toplogical spaces, we consider
the unit interval I = [0, 1] depending on one parameter as soft topological space.
For the parameter set E = {x}, soft topological space (I, 7, *) has soft point as 7.

Definition 3.5 Let (X, 7, F) and (Y, 7', E') be two soft topological spaces and (f,p),
(9,0): (X,1,E) = (Y, 7', E') be two soft continuous mappings. If there exists a soft
continuous mapping (F,p) : (X x I,7 x 7/, E x {x}) — (Y, 7', E') such that

(Fy ) (e, 0.) = (f,0) (ze) = (F (%)) (e) »

(F,¢) (e, 1) = (9,0) (we) = (9 () p(e) »

then (F, ) is called soft homotopy and the mappings (f,¢), (g,¢) are said to be soft
homotopic maps.

It is clear that soft homotopy relation is an equivalence relation and this relation
is invariant according to composition operation.

Theorem 3.4 (Homotopy Axiom) If (f,¢),(g9,¢) : (X,7,E) — (Y, 7', E') are soft
homotopic maps, then

(fi0)e =(9,0), : Hg (X;G) = Hy (YV;G).

It is enough to prove the theorem, we firstly give necessary lemmas. Since the
coverings of (I, 7e,*) is the covering of (I,7.), we get regular coverings.
Let the family o = {(F},E)};,c.; € Cov(X) be a covering. For every i €

I, we consider regular covering /7 = {VZ]} . of (I,7e,*). For the set W =
1=1,N"*

{(G,i):j € J, i € N}, the family v = {y;,} = {(Fj,E) x vf}( oy 158 soft open
J5t)€

covering of X x I. The covering v € Cov (X x I) indexed by W is called a stacked

covering over «.
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Lemma 3.1 Stacked coverings form a cofinal subset of Cov (X x I).

Proof. Let v = {v;,} = {(Fj, E) x Vl-j}(. Jew be any covering of the space X x I.
Js? S i
For each (z.,t,) choose soft open sets Fj (z.) C X, V/ (t,) C I such that (Fj, E) x
V;j C 7;,i- For each fixed soft point x., the family {VZ] (t*)} constitute soft open
covering of the unit interval (I, 7e,*). This family has a finite regular refinement B,
For each soft open set V/, there is a soft open set (£}, E) such that (Fj, E)xV{ C ~;,.
It (F,B) = 0 (Fj, E), then the family {(Fj, E) x V7 } is a stacked covering of X x I
je

and refinement of covering ~.

Lemma 3.2 Let the family v be a stacked covering of X x I over base a. If nerva
s a simplex, then nerva is a cyclic.

Proof. Without loss of generality we may assume that none of the soft sets of the

covering of « is null soft set. Let a = {(F}, E)}..;, and v = {(Fj,E) X VZJ} .
! (G:)eW
We define a covering d of the space (I, 7, %) as § = {(L-J = Vi]}(‘ — If S is any
)€
simplex with vertices (ig, jo) , .-, (in, jn) € W, then

kQO (Fj, ) V”ﬂ N (kz O(ij’E)) - <kgov”“k>

= (k O(FjI“E)) N <km05ik7jk> :

Since nerva is a simplex, then kaoéik,jk # @& . It follows that ]fl}o [(ij,

I D=

D3

E) x Vi’“} —
d & ]fﬁoéiwk # @ . Thus nerva is a cyclic.

Proposition 3.1 Let v be a stacked covering of soft topological space X x I over
base a.. Consider the simplicial maps

l,u : nerva — nervy

which is defined by

induces
ls, = s, : Hy (nerva) — Hy (nervy).

Proof. The proof is clear.
Now we prove of the theorem.
Proof. We define soft mappings
(fo,¢),(90,¢) : (X, 7, E) = (X X I, 7 X T, E x {e})

for every soft point z. € X as

(fo,) (xe) = (fo () p(e) = (Te; 0x)
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(90, ) (we) = (90 (%)) p(e) = (e, 1) -

Therefore if (F,¢) : (X x I,7 x 7', E x {x}) = (Y,7/,E’) is a soft homotopy be-
tween soft mappings (f, ) and (g, ), then

(fs0) = (Fyp) o (fo, ), (9:0) = (Fy) o (90,¢) -

Hence to prove the theorem, it is sufficient to show that

(f07<p)*q = (907¢)*q :

Since stacked coverings is a cofinal subset, we can use the stacked coverings to
define homology groups of the soft topological space X x I. Let the family v be a
stacked covering of X x I over base o. Consider the coverings vo = (fo, ) ' (7),

71 = (90, ; W)_l (v) and simplicial mappings
; -1
i(forp)y : €TV (fo,0) " () = nervy,

; -1
U(goyp),y - VETV (90,,9)" (v) = nervy.

If maps ' : nerva — nervy, m : nervy — nerv (fo, 90)71 (7) are defined by

o (i) = (i,n'), (i, 5) = (4,0),
then

_ / R /
U =gy o)y OU, I =i(fyp)yO0TOU

are obtained. Further it can be observed that

(i(go,sO)ﬁ)*q = (i(fow)ﬁ)*

q

and consequently
(f07 90)*4 = (goa 90)*(1 .

4 CONCLUSION

In this paper, Cech homology [cohomology] groups of soft topological spaces are
defined. It is proved that Cech homology groups constitue a functor from the cate-
gory of soft topological spaces to the category of groups. Later, axioms of homology
theory are checked for this homology groups. We hope that, the results of this study
may help in the investigation of Cech homology groups and in many researches.
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