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Existence of solutions for a resonant problem under Landesman-Lazer
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form
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Abstract. The present paper is concerned with the resonant problem
—div (a (z,Vu)) = A\ |ulP 2 u+ f (z,u) —g(z) in £,

where $2 is a bounded domain with smooth boundary in RN (N > 2), p € (1,00) and div(a (z, Vu)) is a
general elliptic operators in divergence form. By assuming a Landesman-Lazer type condition and using
a variational method based on the Minimum Principle, we show the existence of a weak solution in the
Sobolev space WP (£2).
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1 Introduction and preliminaries

In this work, we obtain existence and multiplicity results for equations involving more
general elliptic operators in divergence form

{ —div (a (z, Vu)) = M\ [ulP 2 u+ f (z,u) —g(z) in £, (LD

uwe W, (),

where {2 is a bounded domain with smooth boundary in RY (N > 2), p € (1,00) and

div(a (x, Vu)) is a more general elliptic operators in divergence form, g € L?' (£2), where
p’ is the conjugate exponent of p with 1/p+ 1/p' = 1 and f : 2 x R — R is a bounded
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Carathéodory function. Such operators arise, for example, from the expression of the p-
Laplacian in curvilinear coordinates. In the case of the p-Laplacian, this is usually achieved

by using the uniform convexity of the Sobolev space F := VVO1 P (§2) with the norm

1
ol = lulls = ([ 9uras)”

In order to extend this idea to more general equations, we introduce a notion of uniformly
convex functional.
Let X is a Banach space.

Definition 1.1 We shall say that the convex functional A : X — R is uniformly convex on
the (convex) set 2 C X if for any € > 0 there exists §(g) > 0 such that

A(x;y)g;Au»+;Aw»—&a

forz,y € Qand||x—y|x > €.

If functional A is uniformly convex on every ball of X , we shall say that functional A
is locally uniformly convex.

Example 1 x — xP is strongly p-monotone if p > 2.
Moreover, although the well-known Poincaré inequality, i.e.,
[ull, < Cl[Vull,, (1.2)

holds true in LP (£2), where C' > 0 is a consatat and |[u|| 1y := [[u]] -

Moreover, let A1 denote the first eigenvalue for —A,, on {2 with zero Dirichlet boundary
condition which has the variational characterization

A1 = inf /]Vu|p dz - u e Wy (2)\ {0} with /|u]p de =1
0 0

Recall that \; is simple, positive and there exists a unique positive eigenfunction ¢; whose
norm in Wol’p (£2) equals one (see [1]).

Resonance problems of quasilinear elliptic partial differential equations have been stud-
ied extensively in the usual Sobolev spaces. Since the celebrated paper by Landesman and
Lazer (see [11]), many existence results were obtained under various nonlinearity growth
conditions and the Landesman-Lazer conditions (see [2], [3], [6], [8], [9], [12], [14] and
references therein).

As we know, the geometry of the problem to (1.1) depends strongly on the values of r
in the estimate below

IF (2,)] < C (h(x) + [u]?),

where C' is a positive constant, and F' (z,s) = [ f (,t) dt and h € LY () with h (z) >
0 for any x € {2. We can discuss three distinct cases:

(1) ¢ < p (sublinear-like),

(73) ¢ > p (superlinear-like),

(7i1) ¢ = p (of resonance type).

For the cases (4), (#i) and some other mixed cases there are many papers so we refer the
reader to [10], [18] for (4), to [5], [7] for (i), and to [13], [16], [17] for mixed cases. For
the case (7i7), which is the main subject of the present paper, the solution of (1.1) depend
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in an essential manner on the asymptotic behavior of f. Let assume, for example, that f

is asymptotic linear, that is |f‘(Z772) has a finite limit as |u| — oo. If the term \; + |f ‘(p 2)

meets the eigenvalue \q, then problem (1.1) is said to be with resonance at infinity. For
the treatment of resonance and the existence of a solution, it is sufficient that g € L¥' (2)
satisfy the Landesman-Lazer’s condition.

Assume that a : 2xRY — RY is continuous derivative with respect to £ of the mapping
A: QxRN 5 R A= A(x,€),ie a(x, &) = VeA(z, €), and that there are positive real
number Cj and nonnegative measurable function 4 on §2 such that h € L¥ (£2) for a.e.
x € (2. We can give the following examples for the operators A and a:

(1) Set A(z,&) = ,a(x,€) = |€[P72 €, where p > 2. Then, we get the p-Laplace

operator div <|Vu|p 2 Vu) .

(1) Set A(x, &) = % [(1+|§|2)g —1], a(xz, &) = ( + €] ) 5 where p > 2.

p—2
Then, we obtain the generalized mean curvature operator div ( ( 1+ |Vu\2) ’ Vu> .
Suppose that @ and A satisfy the following hypotheses:
(A1) The following inequality holds
a(a,§)| < Co (h (@) +16P™) va € 2,6 RV, h e 17 (©)

for some constant Cy > 0;
(A2) A is p-uniformly convex: There exists a constant & > 0 such that

£+
2
forall z € 2 and &,7) € RY;

(As) The following inequality holds

|£‘p < CL(x,E) : g < pA(:B,&)

A, S 10) < AW, 6 + S Al 8) — kI — 9P

forallx € 2and € € RY:

(Ag) A(z,0) = 0.

Moreover, to construct our basic results, we also suppose the following assumptions
exist.

(91) g € L (92);
( V) |f (z,5)] < ~(x)forae. z € 2,all s € R, where y € LV (£2);
fo)limsupf (z,s) = ft°° (z) € L™ (), liminff (z,s) = f- () € L (2);
s—+00 §+—00
(fs) Jo £+ (z) 1 (2) da < [ 9 (x) 1 () dx < [ f-oo () ¢1 (2) do

As we know, under ( f2), problem (1.1) may not have a solution. However, in [11] Lan-
desman and Lazer have showed that the condition ( f3) (so called Landesman-Lazer’s con-
dition) is a sufficient condition for the existence of solution of (1.1).

In this paper by introducing a of Landesman-Lazer type condition (see (f3)) we shall
prove an existence result for a p-Laplacian type operator on resonance in bounded domain
with the nonlinearities f and g to be functions. We also point out that in that papers, the
property a(z,€) - £ = pA(x, ), which may not hold under our assumptions by (As), play
an important role in the arguments.

Define the energy functional 1), : E — R associated to (1.1) by

Iy, (u /A z, Vu) dx—/ u|pd:1:—/ (x,u)dm+/gudm,
2
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where F (z,u) = [ f(x,t)dt.
Letting

A(u):/QA(x,Vu)dx,
and

Iy (u):)\l/ \u|pdx+/ F(x,u)d:r—/ gudzx.
P Jo 9] 2

As we know, standard arguments imply that Jy, € C* (E,R) and its derivative given by

(Jy, (u),v) = )\1/ luP~? woda —I—/ f(z,u)vdx —/ gudx
2 2 2

for all u,v € E.
We say that u € E is a weak solution of problem (1.1) if

/ a(z,Vu) Vodr — )\1/ lulP~? wodz — / f(z,u)vdx —I—/ gudr =0
Q Q I7; I7;

forallv € E.

2 Auxiliary results

Lemma 2.1
(1) A verifies the growth condition

[A(z, )] < Co(h () €] + [&17),
forall ¢ € RN and a.e. x € £2.
(7i) A is p-homogeneous
Az, 26) < A(z,€) 2P,
forall z> 1,6 € RN and a.e. x € 12.

Proof.
(i) For any ¢ € R, we have

1 1
A = [ GA@w = [ aGe)-ca

By hypothesis (A1), we have
1 1
IM%MS/M@%Nmﬁﬁ%/WWHMWWWUMﬁ
0 0

1
< Co [ ()l + J7 )
< Co(h (z) [€] + €17).
(7i) To see that, let us define g (t) = A (t£). Then, by (A3)

g ()= alw 1) € = a(e,t€) 16 < PA(r,16) = Ly (1),
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then

<L
—t
and integrating both side over (1, z), we have

log g (2) —logg (1) < plog .
Then,

so we conclude that

A, 26) < A(m,€) 2.
The proof is complete.

Lemma 2.2
(1) The functional A is well-defined on E.
(ii) The functional A is of class C* (E,R) and

(A (), p) = /Qa (x,Vu) - Vedz,

forallu,p € E.
(7i1) The functional A is weakly lower semi-continuos on E.
(i) Forall u,v € E

Aw) + 54 ()~ K~ vl
(v) Forall u,v € E
Au) — A(v) > (A (v),u—v).
Proof. (i) By (i) in Lemma 2.1 and (1.2), we have

A(u):/ A(x,Vu)dngo/ h(:c)\Vu]dx—i—Co/ VP da
2 (0] (0]
< CoC ||y lull g + CoC [|ully < oo.

Hence, A is well defined on E.
(17) Let u,p € E, x € §2,and 0 < |r| < 1. Then, by the mean value theorem, there
exists v € [0, 1] such that

'A (z, Vu(z) + 7V (2) — A (z, Vu (z)) ‘

r

1
/0 a(z,Vu(z) +vrVe (x)) Ve (z) dv

1
< CO/O (h(2) 4+ |Vu (z) + vrVe ()P [V (z)| dv

< Co(h (2) + (IVu (@)| + Ve (2))"1) Ve (2)]

< Coh (2) [V (2)] + Co |V ()] (|IVu (2)] + [V ()]}~

< Goh (2) [V ()] + Co2P~" [V ()| (|Vu ()P~ + [V (2)P~)

< Goh () [V ()] + Co2"~" [V ()| [Vu ()P + Co2 ™" [V () P

x

~— ~—
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By help of the (1.2), we can see h () |V (2)], |V (@)| |[Vu (2)]P~, and [V (2)|P are
integrable on {2, so the right-hand side is integrable on {2. Applying the Lebesgue Domi-
nated convergence theorem, we have

dx

) A(z,Vu+1rVy) — A(x,Vu)
/ _ 9
(A (), ) = limy ;

0

= /a(x,Vu) -Vepdx
9]

Next, let show the continuity of A" on E. Suppose u,, — u in F and let define 6 (z,u) =
a (x, Vu). Using the hypothesis (A), we conclude that 0 (z, u,) — 6 (z,u) in (L? (2))N
a.e. x € §2. Then, we have

(A (un) = A (), 0)| <10 (2, un) = 0 (,0)],, [Vl

and so
A" (un) = A" (W)|| <110 (2, un) — 0 (2,u)],, =0,

as n — oo.

(7i7) By corollary II1.8 in Brezis [4], it is enough to show that A is lower semi-continuous.
Since A is convex (by condition (A3)), we deduce that for any v € FE, the following in-
equality holds

/QA(x,VU)dxz/QA(x,Vu)dx—i-/Qa(x,Vu)-(VU—Vu)dx.

Using condition (A;), we have

/A(:U,Vv)dx
2
2/ A(a:,Vu)da:—/ la (z, Vu)||Vv — Vu|dzx
(0] (0]
Z/A(w,Vu)dx—Co/h(x)|V(U—u)\dx—C’o/ IV (0 — )| [VulP~ da
(0] 2 (0]
> [ A, Vu)dz =Gl IV = w)l, = C IV (0 = w)l, | vu |
> [ A, ) da = Callo = ullg = Calo = ull [l
Z/QA(m,Vu)dx—CgHU—uHE—C5HU—uHE

Z/A(x,Vu)dx—s
Q

forall v € E with ||v—ullp < § = —© _ So, we deduce that A is weakly lower
Cs3+4+Cs

semi-continuous.
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(1v) Using condition (Asz), we have

u+v Vu+ Vo
A( 5 ):/QA(Q:,Q)da:

IA

1
1/A(:B,Vu)d:n+/A(:U,Vv)dx—k/ |Vu — VolP dz
2J)a 2 /)0 19

1 1
5/1 (u) + 5/1 (v) = kju—v|%.

IN

(v) Since A is convex (by condition (Az)), we can find ¢ € (0, 1) such that
Alv+t(u—wv))—A(v)

t
_ A((1—=t)v+tu) — A(v)
t
< (1—t)/1(v)+tt/1(u)—/1(v) ~ A () — A )
Letting t — 0, we have
hm/l(v—i—t(u—v))—/l(v) = (A (v),u—v).

t—0 t

Thus, we obtain
(A (v),u—v) <A(u) —A(v).

The proof of Lemma 2.2 is complete.

Lemma 2.3 (Palais-Smale condition (PS),, see [15]). Let X be a real Banach space. A

functional I € C' (X,R) satisfies the Palais-Smale condition, (PS), condition for short,
if any sequence {u,} in X such that

|I(un)| < cand I' (uy,) — 0, 2.1
has a convergent subsequence, where c € R.

Lemma 2.4 (The Minimum Principle, see [15]). Let X be a real Banach space and I €
C' (X,R). Assume that

() I is bounded from below, ¢ = inf I,

(1) I satisfies (PS) condition.

Then, there exists ug € X such that I (up) = c.

3 The main results and proofs

The main theorem which we deal with in the present paper is

Theorem 3.1 Suppose the conditions (A1)-(A4) and (f1)-(f3) hold. Then, the problem
(1.1) has at least one nontrivial weak solution in E.

Lemma 3.1 I, is well-defined on E and of class C' (E,R), and its derivative given by

B, w0 = |

a(z, Vu) Vodx — A\ / lulP~? wodz — / [ (x,u) vdx + / gudx
9 0 0 9

forallu,v € E.
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Proof. This comes from (7) and (i7) in Lemma 2.2 and properties of J}, .
Lemma 3.2 I, satisfies (PS), condition on E provided that the condition ( f3) hold.

Proof. First, we prove that {u,, } is bounded in £. We assume by contradiction that ||uy || ; —

oo asn — oo. Let v, = HuuTTTIE for all n. Thus {v,} is bounded in E. Since F is reflexive,

we can assume that there exists a subsequence which we still denote by {v, } converging
weakly to a certain v in E. Since we have the embedding F << LP ({2) (compact), then
{v,, } converges strongly to a certain v in L? (£2).

I, (un):/QA(x,Vun)d:r—/:91/Q|un|pd:n—/QF(:U,un)d:L‘+/qund:E. (3.1)

Taking into account (Aj3) together with (2.1), and dividing (3.1) by ||uy||%,, we have

1 A\VZT A p F(z,
/ [Vun[? un]]g dx—l/ |un|pdx—/ Flz, un) Zn)dx—}—/ 7gunp dx
c

< .
[l

3.2)

Now we take the limit of both sides, we have

1 A F n n
lim sup </ |V, |P dx — 1/ |on [P dox — L%)dm + It 5 d:n) <0.
n—+oo \P J0 p Jo o lunllg 2 llunl% (33

Moreover, using (f1) and L’Hopital’s rule, we have

/ F(x,un)d 1 F (x,up)
n

T = — dr — 0asn — oo.
2 Jo Tualls

lunll ™ Jun|

Similarly, considering that g € L¥' (£2), we also get

1
/ gunp dx = T / gupdr — 0 asn — oo.
o lunlg unlly ™ Je

Hence, it follows

limsup< F(x’“")dwr/ Jtn d:):) — 0. (3.4)
2 2

Then, considering (3.3) together with (3.4), we get

limsup/ [Vo,|P dz < )\1/ | [P dx.
2 0]

n——+o00

Since {v,, } converges strongly to v in LP ({2), we have
limsup/ |vn|P dx :/ |v|P dx.
n—+oo J 2

limsup/ |Vup|? de < )\1/ |v|P dx.
2 9]

n—-+4o0o

Thus, we can write
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Using the weak lower semi-continuity of norm, we have

)\1/ [v]?P dz §/|Vv|pdx Sliminf/ |V, |P dx
n

< hmsup/ |Vuu|P dz < )\1/ |v|P d.

n—-+00

Hence, we get {v,,} converges strongly to a certain v in F, and

/ ]Vv|pdx:)\1/ [v|P d.
2 2

This implies, by the definition of ¢1, that v = +¢;.
Moreover, using (2.1), we can obtain the following two inequalities

—cp < ply, (up) < cp 3.5
and
—&n |lunll g < <I)\1 (un), un)p < enllunllg (3.6)

where ¢, — 0 and E™* is dual space of E.
By considering the following two cases, we shall conclude that {u,,} is bounded in E.
We then consider the following two cases.
Case 1. Suppose that v, — —¢;. Since u,, — —00 as n — 400, by (f2), we have

f(zyun) = foxo (z) ae.x € £2,

and
F(z,up)

Un

= fooo () ae.z € 12, (3.7

Hence, letting n tend to infinity, and considering the Lebesgue Dominated Theorem, we get

lim (f (x,un) Un__ PE () _tn >da:

n—+00 J g [unll g un  unllg
F n
= lim (f(m,un)vn p (xu) >dx— -1) /f_ x) ¢prdz. (3.8)
n—+oo |

On the other hand, by summing up (3.5) and (3.6),
—cp — &p ||un|l g

S/ (a(z,Vu,) Vu, — pA (z,Vuy,)) dx + )\1])/ 1|un|p dx
2 2P
-\ / |up | dx + / (pF (z,up) dx — f (z,un) up) de+ (1 — p)/ gupdz
9] 2 2
< / (pF (z,un) dx — f(z,un) up) dz + (1 —p)/ gupdx.
0 0]

Dividing by ||uy|

5> We have

i en < / <}9F(x’un)vn — f(z,up) vn> dx + (1 —p)/ gupdx. 3.9
(0] (0]
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Since g € L¥' (2) and v, — (—¢1)||z — O, we obtain

lim gupdr = —/ gorde. (3.10)
2

n—-+00 0

In (3.9), taking limit to both sides and using (3.8) and (3.10), we get

(1-p) /Q Joo (@) drdz — (1 - p) /Q gbrdn > 0

that is, since p > 1,
[oonde= [ fo@ orde
0 0
which contradicts (f3).

Case 2. Suppose that v, — ¢;. Since u,, — +00 as n — 400, by (f2), we have
f(z,up) = fT°(z) ae.z € 2,

and
F (z,uy,)

n

Hence, letting n tend to infinity, and considering the Lebesgue Dominated Theorem, we get

Un  pE(z,un) un )dx
lunll g un unllg

— [T (x) ae.x € L. (G.11)

lim ( £ (1)

n—+oo Jn
=t [ (e, - P o
n—-—+0o0o Q n
= (1—p)/9f+°° (z) prda. (3.12)

By summing up (3.5) and (3.6) again, we have
cp+éen l|lunl g

> / (pA (x,Vuy,) — a(x, Vuy,) Vuy,) de — )\1]?/ ]19 |up|P da
0 12,
+A1 /Q |un | dz + /Q (f (z,upn) up, — pF (x,uy)) dz + (p— 1) /qunda;
> /Q (f (z,un) up, — pF (z,up))dz + (p— 1) /qund:r.

Dividing by ||uy|| 5, we get

F n
/ (f (7, upn) v _pWUn> dz + (p — 1)/ gundr < ———— +é&p (3.13)
0 Un o} [unll g
Since g € L¥ (£2) and ||v,, — ¢1]|; — 0, we have
lim gupdr = / gordx (3.14)
n—+oo [ 0

In (3.13), taking limit to both sides and using (3.12) and (3.14), we conclude

(1-p) /Q 14 (@) duda + (p— 1) /Q gé1dz < 0,
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that is, since p > 1,
/ grdx < / f° (@) ¢rda,
0] 2
which contradicts ( f3).

From the two cases above, we conclude {u,} is bounded in E. Hence, u,, — u in E.
Now, we shall show w,, — u in E. By the embedding F << LP ({2) and (2.1), it follows
(I3, (un) ,up —uy — 0 asn — oco.

On the other hand, we have
<I§\1 (Un) , Uy — u>
= / a(z,Vuy) (Vu, — Vu)dr — A\ / P2ty (g — w) da
Q Q

/Qf(x,un) (unu)dx+/ng(unu)dx,
thus
/ a(x, Vuy) (Vun, — Vu) de = (I3, (un) , up — u) + A1 / [P~ 2wy (g — u) daz
2 2
—i—/ﬂf(x,un)(un—u)dx—/gg(un—u)dac.

Using the fact that {u,, } converges strongly to a certain v in L (£2) then [|u, |, < C,(C > 0)
we have

/ [t P2 i (u — ) dz < ‘/ un P72 up (up — u) da
2 (0]

—1 —
< Nl llun = ull, < C*7H flun — ul,.

< ||| han =l

P’ p

Moreover, by the embedding £ << LP ({2), we have |lu, —ul[, — 0 asn — +oo.
Hence, we deduce

lim / P2 up (ty — u) dz = 0.
)

n—-+o0o

Using similar arguments and considering the hypotheses on f (see (f1)) and g (see (g1)),
we also deduce that

lim /Q f(x,up) (up —u)dz =0,

n—-+0o00
and

lim g (up —u)de =0.

n—-+o0o 0

All the above pieces of information imply
/ a(z,Vuy) (Vu, — Vu)dzx =0,
02

that is,
lim (A" (up),un —u) = 0.

n—-+4o0o
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By using (v) in Lemma 2.2, we have
_ . / - . - _ ERRT
0= nh_}ngo (A (up) u—up) < nh_)ngo (A(u) — A(up)) = A(u) nll_}rrgo/l (up)

> lim A (uy) < A(u).

n—oo

This fact and relation (7i7) in Lemma 2.2 imply
lim A (uy) = A(u).

n—oo
We assume by contradiction that {u,, } does not converge strongly to « in E. Then, there
exists € > 0 and a subsequence {uy,, } of {u,} such that ||u,,, —u||; > €. On the other
hand, by (iv) in Lemma 2.2, we have

%A(unm) + %A(u) | (“"’j“) > k|lun,, — ullp > ke.

Letting m — oo in the above inequality, we obtain

lim supA (W> < A(u) — keP.
n—o00 2

Un,,

Moreover, we have { u} converges weakly to u in E. Using (éi7) in Lemma 2.2,

we obtain
A(u) < liminfA <W> ,

n—00 2
and that is a contradiction. It follows that {u,, } converges strongly to u in E. The proof of
Lemma 3.2 is complete.

Lemma 3.3 The functional Iy, is coercive on E provided ( f3) holds.

Proof. We firstly note that, in the proof of the Lemma 3.2, we showed that if I, (u,)
is a sequence bounded from above with |lu,||; — oo then (up to a subsequence), v, =
T%— — +¢7 in E. Using this fact, we shall prove that I, is coercive on E provided ( f3)

lunllg
holds. Indeed, if I, is not coercive, it is possible to choose a sequence {u,,} C E such that

|lunll p — 00, Iy, (un) < M, where M is a constant, and v,, = m — +¢1 in E.
By the assumption (As3), we have

I/\l (’U,n)
1 A1
>— | Vup|/Pde —— | |up/Pdx— | F(x,u,)de+ | gupdz
pJo P Jo 2 2
> —/ F(:C,un)dx—{—/ gunpdx. (3.15)
12, 2,

Now, we shall investigate two cases:
Case 1. Assume that v,, — ¢1. Dividing (3.15) by |lu, ||z and using (3.11), we have

- /Q 7+ (@) prda + /Q gé1da

— lim <_/F($7“”)d$+/g Up, d:c)
n—r+o0 o lunllpg o |lunlg

1
< lim sup =2 (ttn) < lim sup =
n—too [Unllp n—too ||Unllg

i
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that is,

/@g¢umw</gf+“(xwmda

which contradicts ( f3).

Case 2. Assume that v,, — —¢7. Dividing (3.15) by ||u, || ; and using (3.7), we have

/ﬂmm@M—/wwz
2 (%
F
— lim <_/(:C7“”)dx+/g Up, d:c)
=00 o llunllg o llunllg

1
< limsup —2 (ttn) < lim sup =
n—stoo |unllp T notoo llunllg

i

that is,

/Qfoo ($)¢1d90§/99¢1d%

which contradicts ( f3). Hence, the functional I}, is coercive on E.

Proof of Theorem 3.1 is completed. The coerciveness and (P.S), condition are enough

to prove that I, attains its infimum in E' (see Lemma 2.4). Hence, the problem (1.1) has at
least a weak solution in E. The proof is complete.
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