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Abstract. The purpose of this study is to define a tripled partial metric, quasi-metric spaces, and present
the relationship between the notion of tripled partial metric, which has applications in computer sciences,
that of quasi-metric and that of standard metric. We give some simple formulations of the sequences
convergence and of the completeness in tripled partial metric space.
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1 Introduction

The notion of partial metric belongs to Matthews [8,9], being aimed as a generalization of
the usual metric spaces X in which the distance d(x, x) is not necessarily zero for x ∈ X .
Many researcher worked in S-metric space and describe some fixed point theorems quasi-
metrics spaces ([7,2–4,10,12,5]). Matthews provided also a partial metric version of the
Banach fixed point theorem. His study was related to denotational semantics of data flow
networks, and is still applied to models in the theory of computation. There is a strong re-
lationship between partial metrics and quasi-metrics, partially noted already by Matthews.
A quasi-metric is not symmetric, but it satisfies the triangle inequality ([16]). In section 3,
we present the notions of tripled partial metric and weighted quasi-metric and we provide
the characterization of tripled partial metrics in terms of usual metrics and non-expansive
functions, and then in terms of weighted quasi-metrics with non-expansive weights. A char-
acterization of weighted quasi-metrics in terms of metrics is also given. The new element
here is the non-expansiveness of the functions which appear in the characterization of the
tripled partial metrics and quasi-metrics.
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2 Preleminaries

We begin by giving the definitions of partial metrics and quasi metric.

Definition 2.1 LetX be a nonempty set. A partial metric is a function p : X×X → [0,∞)
satisfying, for all x, y, z ∈ X , the following conditions:

(p1) x = y if and only if p(x, x) = p(x, y) = p(y, y);
(p2) p(x, x) ≤ p(x, y);
(p3) p(x, y) = p(y, x) (symmetric);
(p4) p(x, y) ≤ p(x, z) + p(z, y)− p(z, z).

Remark 2.1 The condition (p4) generalizes the triangle inequality of a metric.

Definition 2.2 Let X be a nonvoid set. A quasimetric is a function q : X × X → [0,∞)
satisfying, for all x, y, z ∈ X , the following conditions

(q1) x = y if and only if q(x, y) = q(y, x) = 0;
(q2) q(x, y) ≤ q(x, z) + q(z, y). If q is a quasimetric, then d : X ×X → [0,∞) given by

d(x, y) =
q(x, y) + q(y, x)

2
(2.1)

is a metric named the associated metric to q.

Matthews ([8,9]) defined also the notion of weighted quasimetric.

Definition 2.3 Let X be a nonvoid set. A weighted quasimetric is a quasimetric q : X ×
X → [0,∞) for which there exists a function α : X → [0,∞), called weight, so that

q(x, y) + α(x) = q(y, x) + α(y)

for all x, y ∈ X .

To each partial metric, one can associate a usual metric in a natural way.

Theorem 2.1 ([8]) If p is a partial metric, the function d : X ×X → [0,∞) given by

d(x, y) = p(x, y)− p(x, x) + p(y, y)

2
(2.2)

for all x, y ∈ X , is a metric on X, called the associated metric to p.

3 Main results

We begin by giving the deffinitions of tripled partial metric and tripled quasimetric.

Definition 3.1 Let X be a nonempty set. A tripled partial metric is a function p : X ×X ×
X → [0,∞) which defines as follows:

(p1) p(x, y, z) = p(x, z, y) = p(y, x, z) = p(z, y, x) for all x, y, z ∈ X;
(p2) x = y = z if and only if p(x, x, x) = p(y, y, y) = p(z, z, z) = p(x, y, z);
(p3) p(x, x, x), p(y, y, y), p(z, z, z) ≤ p(x, y, z) for all x, y, z ∈ X;
(p4) p(x, y, z) ≤ p(x, y, a) + p(x, a, z + p(a, y, z)− p(a, a, a) for all x, y, z, a ∈ X .

Example 3.1 Let X = {0, 1, 4} be endowed with the partial metric p : X × X × X →
[0,∞) defined by

p(x, y, z) =
1

4
|x− y|+ 1

4
|x− z|+ 1

4
|y − z|+ 1

2
max{x, y, z}.

p(1, 1, 1) = 1
2 6= 0, p(4, 4, 4) = 2 6= 0. So p is not a metric on X .
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Definition 3.2 If p is a tripled partial metric on X , then q : X ×X ×X → [0,∞) defined
by q(x, , y, z) = p(x, y, z)− p(x, x, x) is a tripled quasimetric.

Definition 3.3 An open p−ball for x ∈ X , ε > 0 is defined by

B(x, x, ε) = {(y, z) ∈ X ×X | q(x, y, z) < ε}
= {(y, z) ∈ X ×X p(x, y, z) < q(x, x, x) + ε} .

Remark 3.1 Each tripled partial metric p on X generates a t0-topology on X which has a
base the family open p-balls.

Definition 3.4 A metric d can be defined by a tripled partial metric p as follows

d(x, y, z) = max {q(x, y, z), q(y, x, z), q(z, y, x)} ,

where q is tripled quasimetric.

Definition 3.5 Tripled metric, on X is a function d : X × X × X → [0,∞), such that
defines as follows

(d1) d(x, y, z) > 0 if and only if x 6= y or y 6= z or x 6= z or x 6= y 6= z;
(d2) d(x, y, z) = 0 if and only if x = y = z;
(d3) d(x, y, z) = d(z, x, y) = d(y, x, z) = d(x, z, y);
(d4) d(x, y, z) ≤ d(x, y, a) + d(a, y, z) + d(x, a, z) for all x, y, z, a ∈ X .

Example 3.2 d : R3 → R as follows

d(x, y, z) = |x− y|+ |y − z|+ |x− z|.

Definition 3.6 If q is tripled quasimetric, then

d(x, y, z) =
q(x, y, z) + q(z, y, x) + q(y, x, z)

3

is called a tripled associated metric to q.

Definition 3.7 Let X be a nonvoid set. A weighted tripled quasimetric is a quasimetric
q : X ×X ×X → [0,∞) for which there exists a function α : X → [0,∞), called weight
so that

q(x, y, z) + α(x) = q(y, x, z) + α(y) = q(z, y, x) + α(z)

for all x, y, z,∈ X .

Definition 3.8 If p is a tripled parial metric, the function d : X ×X ×X → [0,∞) given
by

d(x, y, z) = p(x, y, z)− p(x, x, x) + p(y, y, y) + p(z, z, z)

3

is a metric on X called the associated metric to p.

Definition 3.9 The function ϕ : X → [0,∞) is called non-expansive respect to d if
[2ϕ(x) − (ϕ(y) + ϕ(z))] ≤ d(x, y, z) or [2ϕ(y) − (ϕ(x) + ϕ(z))] ≤ d(y, x, z), also
[2ϕ(z)− (ϕ(x) + ϕ(y))] ≤ d(z, x, y) for all x, y, z ∈ X .

We give characterization of tripled partial metrics in terms of tripled metric and nonexpan-
sive functions.
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Theorem 3.1 A function p : X ×X ×X → [0,∞) is a tripled partial metric on X if and
only if there exists a metric d and a non-expansive function ϕ : X → [0,∞) with respect to
d, so that

p(x, y, z) = d(x, y, z) + ϕ(x) + ϕ(y) + ϕ(z)

for all x, y, z ∈ X . Furthermore d and ϕ are uniquely determined by p.

Proof. Let p be a tripled partial metric and given d : X ×X ×X → [0,∞) by

d(x, y, z) = p(x, y, z)− p(x, x, x) + p(y, y, y) + p(z, z, z)

3
,

ϕ(x) = p(x,x,x)
3 , we get

3ϕ(x) = p(x, x, x) ≤ p(x, y, z) = d(x, y, z) + ϕ(x) + ϕ(y) + ϕ(z).

Then we have 2ϕ(x) ≤ d(x, y, z) + ϕ(y) + ϕ(z), indeed

2ϕ(x)− (ϕ(y) + ϕ(z)) ≤ d(x, y, z),

and we can obtain 2ϕ(y)− (ϕ(x) + ϕ(z)) < d(x, y, z) and

2ϕ(z)− (ϕ(x) + ϕ(y)) ≤ d(x, y, z).

Conversely, given a metric d and a non-expansive function ϕ, we have to prove that p given
by p(x, y, z) = d(x, y, z) + ϕ(x) + ϕ(y) + ϕ(z) satisfies the conditions (p1), (p2), (p3)
and (p4).
Con. (p1): for all x, y, z ∈ X , p(x, y, z) = p(x, z, y) = p(y, x, z) = p(z, y, x). It is
obvious.
Con. (p2): x = y = z if and only if

p(x, , x, x) = p(y, y, y) = p(z, z, z) = p(x, y, z).

We have p(x, x, x) = d(x, x, x) + 3ϕ(x) = 3ϕ(x). Conversely, if d(x, y, z) = 0 then
x = y = z.
Con. (p3): p(y, y, y) ≤ p(y, x, z), p(y, z, x). Since

d(y, y, y) + 3ϕ(y) ≤ d(y, x, z) + ϕ(y) + ϕ(x) + ϕ(z),

2ϕ(y)− (ϕ(x) + ϕ(z)) ≤ d(y, x, z).
Con. (p4): p(x, y, z) ≤ p(x, y, a) + p(x, a, z) + p(a, y, z)− p(a, a, a), Hence

d(x, y, z) + ϕ(x) + ϕ(y) + ϕ(z) ≤ d(x, y, a) + ϕ(x) + ϕ(y) + ϕ(a)

+ d(x, a, z) + ϕ(x) + ϕ(a) + ϕ(z)

+ d(a, y, z) + ϕ(a) + ϕ(y) + ϕ(z)− p(a, a, a).

We give a characterization of tripled quasimetric in terms of tripled metric and of tripled
partial metric.

Theorem 3.2 Let q is quasimetric. The following assertions are equivalent

(a) q is weighted;
(b) there exist a metric d and a function ϕ : X → [0,∞) so that the relation q(x, y, z) =

d(x, y, z)− 2ϕ(x) + ϕ(y) + ϕ(z) holds;
(c) there exists a function ψ : X → [0,∞) so that (x, y, z) → q(x, y, z) + 3ϕ(x) is a

partial metric.
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Furthermore,
(1) d is a unique (and equal the associated metric to q),
(2) ϕ is a unique up to on additive constant,
(3) ψ = ϕ is constant.

Proof. (a)⇒ (b): Let d be the associated metric to q given by

d(x, y, z) =
q(x, y, z) + q(y, x, z) + q(z, y, x)

3
.

If α is a weight for q, then we have

d(x, y, z)− 2ϕ(x) + ϕ(y) + ϕ(z) =
q(x, y, z) + q(y, x, z) + q(z, y, x)

3
− 2ϕ(x) + ϕ(y) + ϕ(z).

If ϕ(x) = α(x)
3 , we get

q(x, y, z) + α(x) = q(y, x, z) + α(y)

= q(z, y, x) + α(z)

=
1

3

[
q(x, y, z) + q(y, x, z) + α(x)− α(y)

+ q(z, y, x) + α(x)− α(z)
]

− 2
α(x)

3
+
α(y)

3
+
α(z)

3

= q(x, y, z) +
2α(x)

3
− α(y)

3
− α(z)

3

− 2α(x)

3
+
α(y)

3
+
α(z)

3
.

(b)⇒ (c): Take ψ = ϕ. We have

q(x, y, z) = d(x, y, z)− 2ϕ(x) + ϕ(y) + ϕ(z),

hence

2ϕ(x)− (ϕ(y) + ϕ(z)) ≤ d(x, y, z).

Notice that the function ϕ is d nonexpansive. We have

q(x, y, z) + 3ϕ(x) = d(x, y, z) + ϕ(y) + ϕ(z) + ϕ(x)

and this is a partial metric.
(c)⇒ (a): There exist metric d and a d-nonexpansive function ϕ1 : X →]0,∞) such that

q(x, y, z) + 3ψ(x) = d(x, y, z) + ϕ1(x) + ϕ1(y) + ϕ1(z).

Taking here x = y = z, We obtain ϕ1(x) = ψ(x). Hence

q(x, y, z) + 3ψ(x) = d(x, y, z) + ψ(x) + ψ(y) + ψ(z)

d(x, y, z) =
q(x, y, z) + q(y, x, z) + q(z, y, x)

3
.
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We get

q(x, y, z) + 2ψ(x) = d(x, y, z) + ψ(y) + ψ(z)

q(y, x, z) + 2ψ(y) = d(y, x, z) + ψ(x) + ψ(z)

q(z, y, x) + 2ψ(z) = d(z, y, x) + ψ(y) + ψ(x).

Thus

q(x, y, z) + q(y, x, z) + q(z, y, x) + 2ψ(x) + 2ψ(y) + 2ψ(z)

= 3d(x, y, z) + 2ψ(z) + 2ψ(x) + 2ψ(y),

so d is the associated metric to q. The uniqueness of d it follows from the fact that q(x, y, z)+
q(y, x, z) + q(z, y, x) = 3d(x, y, z), for a fixed x0 ∈ X , we obtain

q(x, x0, x0) = d(x, x0, x0)− 2ϕ(x) + ϕ(x0) + ϕ(x0),

2ϕ(x) = d(x, x0, x0)− q(x, x0, x0) + 2ϕ(x0).

Hence the uniqueness of ϕ up to an additive follows. Using this fact and

q(x, y, z) = d(x, y, z)− 2ϕ(x) + ϕ(y) + ϕ(z)

one obtains that ψ = ϕ is constant.

Corollary 3.1 The function q : X × X × X → [0,∞) is a weighted quasimetric if and
only if there exists a metric d and a d-non-expansive function ϕ : X → [0,∞) so that
q(x, y, z) = d(x, y, z)− 2ϕ(x) + ϕ(y) + ϕ(z).

Example 3.3 Let X = {[a, b] | a ≤ b}. We define ϕ([a, b]) = b−a
3 , α([a, b]) = b− a,

d([a, b], [c, d], [e, f ]) =
1

2

(
|a− c|+ |b− d|+ |a− e|

+ |b− f |+ |c− e|+ |d− f |
)

and

p ([a, b], [c, d], [e, f ]) = max{b, d} −min{a, c}+max{b, f}
−min{a, e}+max{f, d} −min{c, e}.

Example 3.4 Let

C =
{
F : N→ (0,∞) |

∞∑
n=0

2−n
1

F (n)
<∞

}
.

The function p : C × C × C → [0,∞) defined by

p(F,G.H) =

∞∑
n=0

2−n
[
max

{
1

F (n)
,

1

G(n)

}
+max

{
1

G(n)
,

1

H(n)

}
+max

{
1

F (n)
,

1

H(n)

}]
,

is a partial metric. We define ϕ(F ) = 1
3

∑∞
n=0 2

−n 1
F (n) and so

d(F,G,H) =
1

2

∞∑
n=0

2−n
(∣∣∣∣ 1

F (n)
− 1

G(n)

∣∣∣∣+ ∣∣∣∣ 1

G(n)
− 1

H(n)

∣∣∣∣+ ∣∣∣∣ 1

H(n)
− 1

F (n)

∣∣∣∣)
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is tripled metric. Thus

q : C × C × C → [0,∞)

q(F,G.H) =

∞∑
n=0

2−n
{(

1

G(n)
− 1

F (n)

)+

+

(
1

H(n)
− 1

G(n)

)+

+

(
1

H(n)
− 1

F (n)

)+
}

is a weighted quasimetric with the weightα(F ) =
∑∞

n=0 2
−n 1

F (n) , where x+ = max{x, 0}.

Definition 3.10 In a tripled partial metric space (X, p), xn
p→ x if and only if

lim
n→∞

sup (d(xn, x, x) + ϕ(xn)− ϕ(x)) ≤ 0.

Definition 3.11 The Cauchy sequence {xn} are characterized by

lim
m,n→∞

d(xn, xm, xm) = 0

and limn→∞ ϕ(xn) = 0.

Definition 3.12 (X, p) is complete if for each Cauchy sequence {xn} there exist x ∈ X
such that ϕ(x) = 0 and limn→∞ d(xn, x, x) = 0.

Theorem 3.3 Let (X, q) be a weighted quasimetric space and denote by d, the associated
metric. The following assertions are equivalent

1) X is complete with respect to d.
2) Each f : X → X for which there exists a function Φ : X → [0,∞) lower semi-

continuous with respect to do such that

q(x, x, f(x)) ≤ Φ(x)− Φ(f(x)) (3.1)

for all x ∈ X , has a fixed point on X .

Proof. From Corollary 3.1, we get

q(x, y, z) = d(x, y, z)− 2ϕ(x) + ϕ(y) + ϕ(z).

ϕ being nonexpansive and the condition (3.1) we have

q(x, x, f(x) = d(x, x, f(x))− 2ϕ(x) + ϕ(x) + ϕ(f(x))

≤ Φ(x)− Φ(f(x))
d(x, x, f(x)− ϕ(x) + ϕ(f(x)) ≤ Φ(x)− Φ(f(x))

d(x, x, f(x)) ≤ ϕ(x)− ϕ(f(x)) + Φ(x)− Φ(f(x))
= (ϕ+ Φ)(x)− (ϕ+ Φ)(f(x)).

By applying the standard Caristi theorems for the lower semi-continuous function ϕ + Φ,
we obtain the conclusion. For the converse, suppose that (X, d) is not complete. Denoting
by (X̃, d̃) it completion, there exists a sequence {an} in X such that an → a∞ as n→∞,
where a ∈ X̃ −X . For n ∈ N, x ∈ X

q(x, x, an) = d(x, x, an)− 2ϕ(x) + ϕ(x) + ϕ(an)

≤ 2d(x, x, an)→ 2d̃(x, x, a) > 0
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as n→∞. Then

3d̃(x, x, a∞)− 3d̃(an, an, a∞) > 2d̃(x, x, a∞). (3.2)

It follow that there exists n ∈ N such that

q(x, x, an) < 3d̃(x, x, a∞)− 3d̃(an, an, a∞).

Denote by n(x) the smallest n for which this inequality holds. Defining f : X → X by
f(x) = αn(x) andΦ : X → [0,∞) byΦ(x) = 3d̃(x, x, a∞) one obtain that q(x, x, f(x)) <
Φ(x)− Φ(f(x)). The function Φ is obviously continuous and f has no fixed point, contra-
diction.
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4. Cobzaş, S.: Completeness in quasi-metric spaces and Ekeland varia-
tional principle, Topology and its Applications, 158, 1073-1084 (2011).
doi:10.1016/j.topol.2011.03.003
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