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Abstract. On the R? the Dunkl operators { Dy, J'};'lzl are the differential-difference operators associ-

ated with the reflection group Zg on RY. We study some embeddings into the Morrey space (Dy,-Morrey
space) Ly, »(pr), 0 < X < d 4 2v;, and modified Morrey space (modified D),-Morrey space) Z%)\(uk.)
associated with the Dunkl operator on R% As applications we get boundedness of the fractional maximal
operator My, g, 0 < B < d + 2y, associated with the Dunkl operator (fractional Dy,-maximal operator)
from the spaces Ly, »(uy) to Loo(RY) for p = % and from the spaces Ep,,\(uk) 10 Loo(RY) for
d+2gk,f,\ <p< d“l’g'Yk.
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1 Introduction

Dunkl operators are differential reflection operators associated with finite reflection
groups which generalize the usual partial derivatives as well as the invariant differential
operators of Riemannian symmetric spaces. They play an important role in harmonic anal-
ysis and the study of special functions of several variables. These operators are associated
with the differential-difference Dunkl operators on R%. Rosler in [21] shows that the Dunkl
kernel verify a product formula. This allows us to define the Dunkl translations 7, = € R,

In the theory of partial differential equations, together with weighted Lp7w(Rd) spaces,
Morrey spaces L, A(R%) play an important role. Morrey spaces were introduced by C. B.
Morrey in 1938 in connection with certain problems in elliptic partial differential equations
and calculus of variations (see [17]). Later, Morrey spaces found important applications to
Navier-Stokes ([16,24]) and Schrodinger ([18-20]) equations, elliptic problems with dis-
continuous coefficients ([3, 11]), and potential theory ([1,2,4]). An exposition of the Morrey
spaces can be found in the book [13].

In the present work, we study some embeddings into the Dy-Morrey and modified Dy-
Morrey spaces. As applications we give boundedness of the fractional Dj-maximal operator
in the Dy-Morrey and modified Dj-Morrey spaces.
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The paper is organized as follows. In Section 2, we present some definitions and aux-
iliary results. In section 3, we give some embeddings into the Di-Morrey and modified
Dy-Morrey spaces. In section 4, we prove the boundedness of the fractional Dj-maximal

operator M}, g from the spaces L, »(f1x) to Loo(R?) for p = % and from the spaces
Lyp (1) 10 Lo (RY) for HE2R=2 < p < T2,
Finally, we make some conventions on notation. By A < B we mean that A < C'B with

some positive constant C' independent of appropriate quantities. If A < Band B S A, we
write A ~ B and say that A and B are equivalent.

2 Preliminaries

We consider R? with the Euclidean scalar product ( -, - ) and its associated norm ||z|| :=
V/{x,z) for any 2 € R%. For any v € R?\ {0} let o, be the reflection in the hyperplane
H, C R orthogonal to v:

oy(z) =2 — (W)v, z € RY

A finite set R C RY\ {0} is called a root system, if 0, R = R for all v € R. We assume
that it is normalized by ||v||?> = 2 for all v € R.

The finite group G generated by the reflections {av }U cp 18 called the reflection group (or

the Coxeter-Weyl group) of the root system. Then, we fix a G-invariant function k : R — C
called the multiplicity function of the root system and we consider the family of commuting
operators Dy, ; defined for any f € C''(R?) and any = € R? by

Dy f(z) == i;j:jf(x)Jr Z kvf(x) Z$f1(}0v(x))

vER, ’ >

(v,e5), 1<j<d,

where C1(R?) denotes the set of all functions f : R? — R such that {a%};l:l are contin-

uous on R, {ei}j_l are the standard unit vectors of R? and R, is a positive subsystem.
These operators, defined by Dunkl [9], are independent of the choice of the positive subsys-
tem R and are of fundamental importance in various areas of mathematics and mathemat-
ical physics.

Throughout this paper, we assume that k, > 0 for all v € R and we denote by hj the
weight function on R? given by

hi(z) =[] )™, zeRr™

vERL

The function Ay, is G-invariant and homogeneous of degree 7, where vy, :== > R k.

Closely related to them is the so-called intertwining operator Vj (the subscript means
that the operator depends on the parameters x;, except in the rank-one case where the sub-
script is then a single parameter). The intertwining operator V, is the unique linear isomor-
phism of ®,,>¢ L, such that

0
V(P,) =P, Vi(1) = 1, DV, = Vi, 5 forany i € {1,...,d}

T
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with P, being the subspace of homogeneous polynomials of degree n in d variables. The
explicit formula of V} is not known in general (see [22]). For the group G := Zg and

hi(z) = [T%, |oi|" for all 2 € RY, it is an integral transform

d PR
Vif(z) := by / flasty, - zata) [J(1 +ti)(1 —t?)kl 1dt, reRL  (2.0)

[_171]d =1

We denote by s, the measure on R? given by dyy,(2) := hy(2)dz, and we introduce the
Mehta-type constant cg, by

;! ::/ e_‘$|2/2d,uk(:v).
R4

Fory € RY, the initial problem Dy, ju(-, y)(z) = yju(z,y),j = 1,...,d, withu(0,y) =
1 admits a unique analytic solution on R%, which will be denoted by Ej(x,%) and called
Dunkl kernel (see e.g., [9,12]). This kernel has the Laplace-type representation [22]:

Ey(x,z) = / e<V*>dI,(y), v € RY, 2 € C4, (2.2)
Rd

where < y,z >:= Zle y;2; and I, is a probability measure on R, such that
supp(I%) C {y € R Jy| < |z[}.
This kernel possesses the following properties: for z,y € R, we have
Ei(z,y) = Ex(y, @), Bi(2,0) = 1, Bx(—iz,y) = Ep(iz,y), |Ep(+iz,y)| < 1. (23)

Let B(x,r) := {y € R? : |z — y| < 7} denote the ball in R? that centered in z € R?
and having radius > 0, B, = B(0, r). Then having

1o(By) = / dyig() = by P, (2.4)

o= (i) wda= ([ o) do<x>)1,

591 is the unit sphere on R? with the normalized surface measure do.
We denote by L,(u;) = Lp(Rd, dug), 1 < p < oo, the space of measurable functions
f on R%, such that

where

/
s = ([ 1#@P )" <oe 1p < .

[ £l 1o (rety = ess sup | f(z)] < oo.
z€R4

For f € L1(ux) the Dunkl transform is defined (see [10]) by

Fir(f)(x) = - Ey(—iz,y) f(y)dup(z), = € R,
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The Dunkl transform Fj, extends uniquely to an isometric isomorphism of La(j1x) onto
itself. In particular,

I FeS N o) = 1l Lo (ur)- (2.5)

The Dunkl transform allows us to define a generalized translation operator on Lo (1)
by setting Fi (7. f)(y) = Ex(iz,y)Fr(f)(y), y € R It is the definition of Thangavelu
and Xu given in [25]. It plays the role of the ordinary translation 7, f(-) = f(z + -) in RY,
since the Euclidean Fourier transform satisfies F (7, f)(y) = €Y F(f)(y).

Note that from (2.3) and (2.5), the definition makes sense and

172 | iy < 11l 2o un) -

Rosler [23] introduced the Dunkl translation operators for radial functions. If f are radial
functions, f(z) = F(|z|), then

ol ) = | F(/EPHRPF2<5.2>)dls(y). = € Y.

where I, is the representing measure given by (2.2).
This formula allows us to establish the following result, see [25,26].
For all 1 < p < 2 and for all z € R%, the Dunkl translation 7, : L;,ad(,uk) — Lp(px) is

a bounded operator, and for f € Llrf‘d (ke )s

17 Ly ) < NFI L) - (2.6)

IfG = Zg, then for all 1 < p < oo and for all x € R<, the Dunkl translation 7, :
L,(pr) — Lp(pr) is a bounded operator, and for f € Ly (ug),

72 fll 2y (un) < CollfllL, ) 2.7

In the analysis of this generalized translation a particular role is played by the space (cf.
[22,23,25,27])

Ap(RY) = {f € Li(pe) : Fif € La(ur)}-

The operator 7, satisfies the following properties:

Proposition 2.1 Assume that f € Ap(R?) and g € Ly (uy,), then

@) [, et atwdins) = [ 1) o))
() 7o () = 7y ().

The maximal operator Mj, associated with the Dunkl operator on R¢ is given by

Mif (@) i=sup (ue(B,) /B ol F1) dpaa(y), = € R

and the maximal commutator My, associated with the Dunkl operator on R? and with a
locally integrable function b € LllOC (1) is defined by (see [7,8,15])

My f () = sup (u(Br)) / Ib(@) — b(w)| 721 1(y) dus(y), = € R

>0 B,
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Theorem 2.1 [8] 1. If f € L1(ux), then for every 8 > 0

e € R Muf(@) > 8} < § [ 150 du(a),

where C' > 0 is independent of f.
2.If f € Lp(p), 1<p < oo, then My f € Ly(py) and

M f Ly ur) < Cp 112y )
where C), > 0 is independent of f.

Corollary 2.1 If f € L'¢(uy,), then

. 1 _
}E%ILL]C(B(O,’I"))/B( ’Tzf(y)_f(x)‘duk(y) =0

fora. e x € R

Corollary 2.2 If f € LY (uy), then

i 1 _
liy o /B o, e ) = 5@

fora.e. x € R

3 Some embeddings into the D-Morrey and modified D-Morrey spaces

Definition 3.1 [/4] Let 1 < p < 00, 0 < XA < d + 27 and [t]y = min{1,t}, ¢ > 0.
We denote by Ly, x(jur,) Morrey space (= Dy-Morrey space) and by Ly, \(pu,) the modified
Morrey space (= modified Dy.-Morrey space), associated with the Dunkl operator as the set
of locally integrable functions f(x), x € R, with the finite norms

1/p
1l oy == sup (t—A /B Tx|f|P<y>duk<y>) |

z€R, >0

1/p
15, = s (12 [ P )

x€R4, t>0

respectively.

If A <O0orA>d+ 2v, then Ep’ A(ug) = ©, where O is the set of all functions equivalent
to 0 on R.
Note that

Lp(p) C Lpo(pr) = Lpo(u),
Iz, o) = Iy om0 < Coll Il -

Loa(k) © Lo(u) and £l ) < 1717, (3.0

Lpa(pk) C Lpa(px) and || fllz, ) < IflI7 (3.2)

poA(pr)”
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Definition 3.2 [5] Let 1 < p < 00, 0 < XA < d + 2. We denote by W Ly, x(py;) weak Dy,-
Morrey space and by W Ly, x (1) the modified weak Dy-Morrey space as the set of locally
integrable functions f(x), x € R? with finite norms

- 1/p
LAy agu) = sup T sup (¢ {y € Bes mlflw) > 1))
r>0  geR4 t>0

1/p
i — =sup r sup (t*/\kyGB:Tfy>r) ,
H HWLp,A(Mk) r>0  peRd, 50 Hl H { t x| ’( ) }

respectively.

We note that

Ly (i) € WLy () and || fllwr, i) < 115, 5 Gu)
and

Ly ) € WEpa () and Iz ey < I, -
Lemma 3.1 Let 1 < p < o0. Then

Lp,d—i—?'yk (Mk) = LOO(Rd)v

and
Hf”Lp,d-Q-Q»yk(Nk) ~ | fll Lo (re)-

Proof. Let f € Lo, (R?). Then by (2.4) we have

Loo(RY) Cy Ly gsom, (1k)

and
1L a2y i) S Lo (-

Let f € Ly d+2+, (11)- By the Lebesgue’s Theorem we have (see section 2, Corolarry 2)

ti s (B) ™! [l 1) () = | @)

—0 By
Then

. 1/p
@) = (B [ P da)
—0 Bt
S MLy a0, () -

Therefore f € Loo(R?) and

Il o) S W1 Ly a2, (15

Thus Ly,g+2+, (1) = Loo(RY) and [ fllz,, 4100 () = If |2 e
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Lemma3.2 Let1 <p <00, 0 <\ < d+ 2y, Then

Ly (1) = Ly () N Ly (p1)

and

171z, ey = 0% 12, sy 11 ) | -

Proof. Let f € Ly, »(uu1). Then by (3.1) and (3.2) we have

Lp(pr) S Lpa(pr) N Lyp(par)
and
max {1z, o) 1y} < IAIIE,
Let f € Ly A(1tx) N Lp(per). Then by Proposition 2.1 we have

1/p
115, = s (10 [l ) dist)

x€R4 >0

1/p
= max{ sup (t_)‘/ 7| fIP (y) dﬂkz(l/)) )
zeRE 0<t<1 By

1/p
sup (/B Tz|f|p(y)d,uk(y)> }Smax{Hf]LP,A(M),COHfHLP(M)}.

T€ER t>1

Therefore, f € Ly () and the embedding Ly x (111) N Ly(px) Co Ly a(1z) is valid.
Thus Ly, x (i) = Lpx(px) N0 Lyp(pr;) and

171z, ey = 2% A1y sy 112 ) | -

From Lemmas 3.1 and 3.2 for 1 < p < oo we have

Lpda+2vy, (1) = Loo (k) N Lp(par)- (3.3)

Lemma 3.3 Let G = Zg and 0 < X < d+ 2. Then

A

L_aroy () Cr Lia(ue) and |[fllz, o) < Coby ™ [ £11L aioy (k)

d+2v =X d+2v,—X

Proof. The embedding is a consequence of Holder’s inequality and (2.7). Indeed,

1l oy = sup /B 7ol F1() dpin(y)
t

z€R4 >0
A2y, — 2
) A d+2v d+2v;,
< sup 7 (g By) </ (72| fI(y)) T2 duk(y)>
2zER >0 By
A
d+2q;,
< Cobk e HfHL a2y, (HE):

d 2y, A

On the Dy-Morrey spaces the following embedding is valid.
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Lemma 34 LetG =74, 0 < X\ < d+2v,and 0 < 3 < d+27y,—\. Then forp = dﬁszik

1 /
Lp(ur) C Lyaoy—g(ux) and [[fllL, 4n s(u) < b,/" [FAFN
where 1/p+1/p" = 1.
Proof. The embedding is a consequence of Holder’s inequality and (2.7). Indeed,

—d—
||f||L1,d+2’yk7,B(/Jk) = Sup t° 2%/ T$|f|(y) duk(y)
x€R4 >0 By

L/ B_d+2«,k
<b; sup t

s ([ ) )

bﬁl HfHLp,A(#k)'
On the modified Dy-Morrey spaces the following embedding is valid.

Lemma3.5 Let G = 74,0 < A < d+2y,and 0 < B < d + 2y, — A\ Then for
d+2yK—A <p< d4-2v;,
B =P="7%

IN

A
< G |1z,

Lp(uk) C- Lidyay,—p(pk) and ”fHZI,dJrQVk*

glue) = Alpw)”
Proof. Let 0 < A < d + 2%, 0 < B < d+ 27 — A, f € Lpa(u) and 2= < p <
‘H%. By the Holder’s inequality we have

~ _ B—d—2vy
TR Aﬁm@ww>

xER4, t>0
’ _ A2y —A

S sup ([t]ltfl)_(d‘f'z%)/P [t]f P

z€RZ, >0

\ 1/p
< (102 [ P o)
t
\d o v —(d / ﬁ_w

~ sup ([t]lt 1) +2vk B([t]lt 1) (d+27k)/p [t]l P

z€R4, t>0

X(HHAAkHUV@NMMw>UP

d+2 d+2v,, — A
e

_ -1
S Mg, s sup ([0 7l

Note that

d+2yg _ A2y, = _d¥2y,—A _dt2y
sup ([ ) 7 T P =max{sup 77 5 Lsupt® T} < oo
>0 0<t<1 t>1
d+ 27 — A d+2
if and only if Jrg’“gpg +6%'

Therefore f € ELHQW_@(M}C) and

- < ~
HfHLl,dH“/k*B(#k) ~ HfHLPJ\(“k).

Remark 3.1 Note that, in the case of d = 1, Lemmas 3.1, 3.2, 3.3, 3.4, 3.5 were proved in
[6].
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4 Some applications

In this section, using the results of section 3, we get the boundedness of the fractional Dy-
maximal operator in the Di-Morrey and modified Dy-Morrey spaces.
For 0 < 8 < d + 2~ we define the fractional maximal functions

M sf(x) = sup e (By) " 75w / 7l £1 () dias (v)
t>0 By

and y
Mppf(x) == (Mgl fIP)'* (2).
In the case § = 0, we denote M), j. o f by M, ;. f. Note that M . f = Mj. f.

Lemmad.l Let 1 <p<oo,0< B <d+ 2y, and [ € Lp,d+2'yk—6(/~bk)- Then My, ;. sf €
Loo (R?) and the following relation

(75—
| M, 7k7BfHLoo(Rd) = bkd-ﬂ% ! HfHLp’dH%,B(,uk)
is valid.
Proof.

(77375 B—d—2 P Hp
1 Mpkpfll L may = bk sup |1 7ol F1P(y) dpn(y)
x€RI >0 By

_ b(d+g’ﬂc_l)%
7k ”f”Lp,dﬁ»Q'yka(.u‘k)‘

Taking 3 = 0 in Lemma 4.1 and using Lemma 3.1, we get for M, ;. f the following result.
Corollary 4.1 Let 1 < p < 0. Then

IMp el ey = 1l Lo (re)-

Lemmad4.2 Let1 <p<o00,0< 3 <d+2y,and f € Ep,d—s—%/k—ﬁ(,uk)- Then My, 3f €
Loo(R?) and the following equality

(d+§"/k _1)%
1M, ,k,ﬁfHLOO(Rd) = by, Hf”i

pod+2vy,—8 (k)
is valid.
Corollary 4.2 Let G =74, 0 < A < d+2v, and 0 < B < d+ 27}, — \. Then the operator
My, g is bounded from Ly, \(j1x) to Leo(R®) for p = % Moreover
_B 1
1M fllr, ray < b Ny -
Corollary 4.3 Let G =74, 1 < p < 00,0 <A < d+27, 0 < B < d+ 2y, — \ Then the
operator My, g is bounded from zp)\(,uk) t0 Loo(RY) for % <p< CH%. Moreover
B _1
IMesfll_ o <5 ISz

Remark 4.1 Note that, in the case of d = 1, Lemmas 4.1 and 4.2 were proved in [6].

p,A(,uk) ’
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