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Abstract. In this paper we consider the nonlinear eigenvalue problems for ordinary differential equa-
tions of fourth order. The previously obtained results on global bifurcation of solutions from zero and
infinity of these problems in wider classes of functions with fixed oscillation count are established.
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1 Introduction

We consider the following nonlinear boundary value problem

`(y) ≡ (p(x)y′′)′′ − (q(x)y′)′ + r(x)y = λτ(x)y + g(x, y, y′, y′′, y′′′, λ)) y, x ∈ (0, l),
(1.1)

y′(0) cosα− (py′′)(0) sinα = 0, y(0) cosβ + Ty(0) sinβ = 0,
y′(l) cos γ + (py′′)(l) sin γ = 0, y(l) cos δ − Ty(l) sin δ = 0,

(1.2)

where λ ∈ R is a spectral parameter, Ty ≡ (py′′)′ − qy′. Regarding the coefficients
p, q, r, τ of the equation (1.1) and the coefficients α, β, γ, δ of boundary conditions (1.2)
we assume that p ∈ C2 ([0, l]; (0,+∞)), q ∈ C1 ([0, l]; (0,+∞)), r ∈ C0 ([0, l];R),
τ ∈ C0 ([0, l]; (0,+∞)) and α, β, γ, δ are real constants such that 0 ≤ α, β, γ, δ ≤ π

2 .
Moreover, g ∈ C0

(
[0, l]× R5;R

)
and satisfies one or both of the following conditions:

g(x, y, s, v, w, λ) = o(|y|+ |s|+ |v|+ |w|) as |y|+ |s|+ |v|+ |w| → 0; (1.3)

g(x, y, s, v, w, λ) = o(|y|+ |s|+ |v|+ |w|) as |y|+ |s|+ |v|+ |w| → ∞, (1.4)

uniformly in x ∈ [0, l] and λ ∈ Λ for each finite interval Λ ⊂ R.
From the middle of the last century to the present, the local and global theory of bifurca-

tion of nonlinear eigenvalue problems has been intensively developed and very substantial
results have been obtained in these directions (see, for example, [1-3], [4-25]). Nonlinear
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eigenvalue problems for ordinary differential equations arise in mechanics, physics, chem-
istry, and also in various fields of natural science (see, for example, [12-14]). Therefore, the
study of these types of problems is naturally of great interest.

Local and global bifurcation from zero and infinity of solutions of non-linear eigenvalue
problems for ordinary differential equations of the second and fourth orders, a system of
differential equations of the first order and partial differential equations of elliptic type are
investigated in detail in [1-3, 5-7, 9-11, 19-25].

Note that if condition (1.3) holds, then we consider bifurcation from zero, if condition
(1.4) holds, then we consider bifurcation from infinity, and if both conditions (1.3) and (1.4)
are satisfied simultaneously, then we consider bifurcation from zero and infinity at the same
time.

Problem (1.1), (1.2) in the case when nonlinear term f = gy has a more general form
was considered in [2, 3, 9]. Since all the eigenvalues λk, k = 1, 2, . . . , of the linear prob-
lem

`(y)(x) = λτ(x) y(x), x ∈ (0, l),

y′(0) cosα− (py′′)(0) sinα = 0, y(0) cosβ + Ty(0) sinβ = 0,
y′(l) cos γ + (py′′)(l) sin γ = 0, y(l) cos δ − Ty(l) sin δ = 0,

(1.5)

are real and simple (see [3, 4]) it follows that (λk, 0) is a bifurcation point respect to the
line R =

{
(λ, 0) ∈ R× C3([0, 1];R) : λ ∈ R

}
of trivial solutions of problem (1.1), (1.2)

if satisfies the condition (1.3) and (λk,∞) is a asymptotic bifurcation point (i.e. bifurcation
point respect to the set R =

{
(λ,∞) ∈ R× C3([0, 1];R) : λ ∈ R

}
) of problem (1.1), (1.2)

if satisfies the condition (1.4). In [3], the author constructed a class Sνk , k ∈ N, ν ∈ {+ , −},
of functions {y} of Banach space

E = C3([0, 1];R) ∩B.C.

with usual norm

||y||3 =
3∑
s=0

||y(s)||∞, ||y||∞ = max
x∈[ 0,l]

|y(x)|,

that the functions {νy} are positive near x = 0 and have oscillatory properties of the kth
eigenfunction of problem (1.5) and their derivatives, where by B.C. we denote the set of
functions satisfying the boundary conditions (1.2). In [3], in particular, it was shown that
for each k ∈ N and each ν ∈ {+ , −} there exists a continuum Cνk of solutions of problem
(1.1), (1.2) which contains (λk, 0), lies in (R×Sνk )∪{(λk, 0)} and is unbounded in R×E
(see [3, Theorem 1.1]). If the condition (1.4) is satisfies, then in [9] it was proved that for
each k ∈ N and each ν ∈ {+ , −} there exists a connected component Dν

k of solutions of
problem (1.1), (1.2) which meets (λk,∞) and has the following properties: (i) there exists
a neighborhood Qk of (λk,∞) in R × E such that Qk ∩ (Dν

k\(λk,∞)) ⊂ (R × Sνk ); (ii)
either Dν

k meets Dν′
k′ through R × Sν′k′ for some (k′, ν ′) 6= (k, ν), or Dν

k meets (λ, 0) for
some λ ∈ R, or PR(D

ν
k) is unbounded in R (see [9, Theorem 3.1]). Moreover, there it was

shown that if both conditions (1.3) and (1.4) are satisfied, then for each k ∈ N and each
ν ∈ {+ , −} we have Dν

k ⊂ R × Sνk and alternative (i) cannot hold. Furthermore, if Cνk
(Dν

k) meets (λ,∞) (λ, 0) for some λ ∈ R, then λ = λk (see [9, Theorem 4.1]).
The purpose of this paper is to establish global results on bifurcation of solutions from

zero and infinity for the problem (1.1), (1.2) in classes Sνk , k ∈ N, ν ∈ {+ , −}, of functions
y ∈ E that satisfy the following conditions:

(i) the function y has exactly k − 1 simple zeros in (0, 1),
(ii) νy is positive near x = 0,

(iii)
3∑
s=0
|y(s)(x)|2 > 0 for x ∈ [0, l].
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2 Global bifurcation from zero of solutions of the boundary value problem (1.1), (1.2)

In this section, we suppose that the condition (1.3) holds.
Without loss of generality we can assume that λ = 0 is not eigenvalue of problem (1.5)

(see [21, 22]). Then nonlinear eigenvalue problem (1.1)-(1.2) is reduces to the following
nonlinear integro-differential equation

y(x) = λ
∫ l
0 H(x, t)τ(t)y(t) y(t)dt

+
∫ l
0 H(x, t) g(t, y(t), y′(t), y′′(t), y′′′(t), λ) y(t)dt

(2.1)

where H(x, t), (x, t) ∈ [0, l; 0, l], is the Green’s function for the operator corresponding to
the differential expression `(y) and the boundary conditions (1.2).

We define the operators L : E → E and G : R× E → E as follows:

Ly(x) = λ
∫ l
0 H(x, t) τ(t) y(t)dt, (2.2)

G(λ, y(x)) =
∫ l
0 H(x, t) g(t, y(t), y′(t), y′′(t), y′′′(t), λ) y(t)dt. (2.3)

It follows from [3, § 3.3] that L : E → E is a linear completely continuous operator and
G : R×E → E is a nonlinear completely continuous operator. Moreover, by virtue of (1.3)
the following condition holds:

G(λ, y) = o (||y||3) as ||y||3 → 0, (2.4)

uniformly in λ ∈ Λ.
In view of (2.1)-(2.3) the problem (1.1), (1.2) can be rewritten in the following equivalent

operator equation:
y = λLy +G(λ, y). (2.5)

Should be noted that the sets S+
k , S−k and Sk = S+

k ∪ S
−
k are open subsets of E, and

Sνk ∩ S′ν
′

k = ∅ for each (k′, ν ′) 6= (k, ν). Moreover, if y ∈ ∂Sk, then either there exists
ζ ∈ (0, l) such that y(ζ) = y′(ζ) = 0 or there exists ς ∈ [0, l] such that y(ς) = y′(ς) =
y′′(ς) = y′′′(ς) = 0.

Lemma 2.1 Let (µ, u) ∈ R×E be a solution of problem (1.1), (1.2) such that u ∈ ∂Sk for
some k ∈ N. Then u ≡ 0.

Proof . It is obvious that if (µ, u) ∈ R×E is a solution of the nonlinear eigenvalue problem
(1.1), (1.2), then (µ, u) solves the following linear eigenvalue problem

`y(x) + ϕ(x)y(x) = λτ(x) y(x), x ∈ (0, l),
y ∈ B.C. (2.6)

where
ϕ(x) = − g(x, u(x), u′(x), u′′(x), u′′′(x), µ), x ∈ [0, l].

Since g ∈ C0
(
[0, l]× R5;R

)
it follows that ϕ ∈ C0 ([0, l];R). Then by virtue of [3,

Theorem 1.2] we have

u ∈
∞⋃
m=1

Sm

which implies that

∂Sk ∩
∞⋃
m=1

Sm 6= ∅.
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But it is obvious that for each k ∈ N the relation

∂Sk ∩
∞⋃
m=1

Sm = ∅

holds. This contradiction completes the proof of Lemma 2.1.

Remark 2.1 If (µ, u) ∈ R× E be a nontrival solution of problem (1.1), (1.2), then

u ∈
∞⋃
k=1

Sk.

Theorem 2.1 For each k ∈ N and each ν ∈ {+ , −} there exists an unbounded continuum
Cνk of solutions of problem (1.1), (1.2) such that

(λk, 0) ∈ Cνk ⊂ (R× Sνk ) ∪ {(λk, 0)}.

The proof of this theorem is similar to that of [3, Theorem 1.1] with the use of Lemma
2.1 and Remark 2.1.

Theorem 2.2 Let the function g additionally satisfy the following condition:

|g(x, y, s, v, w, λ)| ≤M, (x, y, s, v, w, λ) ∈ [0, l]× R5. (2.7)

Then
Cνk ⊂ (Ik × Sνk ) ∪ {(λk, 0)},

where

Ik =

[
λk −

M

τ0
, λk +

M

τ0

]
, τ0 = min

x∈[0,l]
τ(x) .

Proof . If (λ, y) ∈ R × E is a solution of the nonlinear eigenvalue problem (1.1), (1.2)
such that y ∈ Sνk , then it follows from the above that (λ, y) is a solution of the linear spectral
problem (2.6) with

|ϕ(x)| ≤M for x ∈ [0, l].

Hence it follows from [3, Lemma 4.1] that λ ∈ Ik. The proof of this theorem is complete.

3 Global bifurcation from infinity of nontrivial solutions of nonlinear eigenvalue
problem (1.1)-(1.2)

In this section, we assume that the condition (1.4) is satisfied.
Recall that the nonlinear eigenvalue problem (1.1), (1.2) is equivalent to operator equa-

tion (2.5). Obviously, in this case the operator G : R × E → E is continuous. Using (1.4)
and by following the arguments in Theorem 2.4 of [22], we can prove that

G(λ, y) = o (||y||3) as ||y||3 →∞, (3.1)

uniformly in λ ∈ Λ. Moreover, the operator G : R× E → E given by

G(λ, u) ≡ ||y||23G
(
λ,

y

||y||23

)
is compact.
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Let D denote of the set of solutions of problem (1.1), (1.2). If (λ, y) ∈ D with y 6≡ 0,
setting v = y

||y||23
and dividing (2.5) by ||y||23 yields

v = λLv + G(λ, v). (3.2)

Setting G(λ, 0) = 0, we extend G to v = 0. Hence the operator G is continuous in R × E.
Moreover, since G is satisfied (3.1) uniformly in λ ∈ Λ for any bounded interval Λ ⊂ R it
follows that

G(λ, y) = o (||y||3) as ||y||3 → 0, (3.3)

uniformly in λ ∈ Λ.

Theorem 3.1 For each k ∈ N and each ν ∈ {+ , −} there exists a connected component
Dν
k of D such that (λk,∞) ∈ Dν

k , (Dν
k \ (λk,∞)) ⊂ Sνk and either

(i) Dν
k meets (λ, 0) for some λ ∈ R, or

(ii) PR(D
ν
k) is unbounded in R.

Proof. The proof of this theorem is similar to that of [9, Theorem 3.1] with the use of
Lemma 2.1, Remark 2.1, Theorem 2.1 and the above arguments.

Taking into account the proof of Theorem 2.2 from Theorem 3.1, we obtain the following
result.

Theorem 3.2 If the function g additionally satisfy the condition (2.7), then

(Dν
k \ (λk,∞)) ⊂ Ik × Sνk

and the union Dk = D+
k ∪D

−
k does not satisfy statement (ii) of Theorem 3.1.

4 Global bifurcation from zero and infinity of nontrivial solutions of problem
(1.1)-(1.2)

In this section we assume that the conditions (1.3) and (1.4) are satisfied simultaneously.
Then the statements of Theorems 2.1 and 3.1 are valid at the same time. It should be noted
that the question was posed in Section 4 of [9]: do the continua Ck and Dk intersect? The
answer to this question is also given there: constructed the example (see [9, Example 4.2])
which show that, both cases are possible.

Theorem 4.1 Let the function g additionally satisfy the condition (2.7). Then for each k ∈
N and each ν ∈ {+ , −} the relations hold:

Cνk ≡ Dν
k .

The proof of this theorem directly follows from [14, Ch. 4, Theorems 2.1, 3.1], Theo-
rems 2.2, 3.2, [3, Theorem 5.1] and [9, Theorem 4.1].
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