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Analytical expressions for curved surface area of revolution and
arc-length of an ellipse: A hypergeometric mechanism
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Abstract. In this paper analytical expressions of curved surface area of revolution of an arc between two
arbitrary points lying on an ellipse about major and minor axes and the arc-length between two arbitrary
points lying on an ellipse are obtained in terms of Gauss’ hypergeometric function, Appell’s function of
first kind and Kampé de Fériet’s double hypergeometric function. Moreover, we have also discussed the
perimeter of orbit of some known planets and other special cases.
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1 Introduction and Preliminaries

For the sake of conciseness of the paper we have used the following notations

N := {1,2,3,...}; Ny := NU {0} = {0,1,2,3,...}; Z := {0,+1,£2,43,...};
77 :={-1,-2,-3,... }Zy =72~ U{0} ={0,-1,-2,-3,... };and Z := Z; UN,
where the symbols N and Z are the set of natural numbers and set of integers respectively,
the symbols R and C are the set of real numbers and set of complex numbers respectively.
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The Pochhammer symbol («),, (o, p € C), is defined by

1, (p=

ala+1)---(a+n-1), (p=

_ I'(a+p) ) (o (

()p = T ) Fr @
—1)"

= (p

—k;p=mn;n,k € No;n > k)
—n;n € Nyae C\ Z).

(1.1)
It being understood conventionally that (0)g = 1, and assumed tacitly that the Gamma quo-
tient exists.

Ifa,peCandr =0,1,2,3,..., then

a(ete
a-+pr= ((ap>)r, such that each Pochhammer symbol is well defined. (1.2)
p/r
(@) mtn = (@)m(a+m)p = (@)n(a +n)m, (1.3)
I'(z+1)==zI(z). (1.4)
The generalized hypergeometric function of one variable , I, [2, p.8] is defined by
p
a1, « ay; (ap); = 'H1(aj)n Z"
1 2y ..y Op,y D)y J=
F, z| = ,F z| = _
b ﬂlaﬁQ? ---»ﬁq? :| pq|:(BQ); :| Z_: 1 X n'
n=0 H (5])”
j=1
p
00 Hl(aj)n o0
J— J: E—
=1+> = 5 (1.5)
n=1 [T (Bj)n
j=1
where, (a,) is a set of parameters o, oo, - - - , o, With similar interpretation for (5,). By

convention the empty product is treated as unity and empty sum is treated as zero, p, ¢ € Ny.
Note: When the value of any one numerator parameter or argument or both are equal to zero
then value of such , F; series will be unity.

Convergence conditions of , Iy,

1 When p < ¢ then |z| < oo,

2 When p = ¢ + 1 then 2| < 1,

3 Whenp = ¢+ 1and |z| = 1 then R(w) >0

4 Whenp=gq+1,]2|=1andz # 1 then — 1 < R(w) <0

q P
where,w := ) Bj—> aj,anda; € C(j =1,2,3,...,p); 3; € C\Z; (j =1,2,3,...,9).
Jj=1 Jj=1
The Binomial expansion in terms of hypergeometric function can be written as

(1-2)"%=1F [fl z] = i (@)nz" (1.6)

n!
n=0

where @ € C and |z| < 1.

:—k‘p—nnkENg,O<n<k¢)
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Kampé de Fériet’s double hypergeometric function ([1, p. 150, eq 29], [3, p. 112], see
also [5])

p k
ap) = (bg); (ck); oo oo 11(@5)r+s H( i )r H(C])S s
ot ) s G (s g5 h My
(@) : (Bm); () =0 5=0 £11<aj)r+51:[(5j) I1()s

where denominator parameters (o), (Bm ), (1) are neither zero nor negative integers.
Convergence conditions of Fffg;.]; ([10} pp. 153-157, sections 3 & 4] see also [12, p.
424,eq. 27])

1 Whenp+qg</l+m+1,p+k <{+n+1then |z| < coand |y| < oo,

1 1
2Whenp+qg=~L+m+1,p+k=~L+n+1p>Lthen |z|r-7 4 [y|r-7 <1,
3 Whenp+qg=~C+m+1,p+k=L+n+1,p<{then max{|z|,|y|} <1.

Appell’s function of first kind F (Special case of eq.[1.7)

Bifasbcida,y) = 3 WmtOn(On Ty (18)

oo (d)mtr mlr!’

where, maz{|z|, |y|} <1landd € C\ Zj.

The following results will be required in our present investigation.

Some reduction formulas
The following reduction formula is available in all textbooks of integral calculus

: n—1 -1
/cos”x de =C + Smrceos @ + (n—1) /COSan dzx, (1.9

n n

where C' is the constant of the integration and n is positive integer.
From reduction formula (1.9) we can write

intcos? ¢ 2
/COSQT+1 tdt=C+ SI° CO8 + r /COS2T_1 tdt; r >0, (1.10)
2r+1 2r+1

sintcos? "1 ¢ n (2r—1)
2r 2r

By the successwe applications of reduction formula (1.9)) in the right hand side of egs. (1.10)
and (I.11) we can find integrals in finite series form containing Pochhammer symbol

sin £(1 " (3 am ¢
/cos2r+1tdtzc+w<zw>; r >0, (1.12)

(3), m!
(% intcost(1) /=2 nlcos?
/cosQrtdt =C+ (2')T + - COS‘ (Q)T ( Z m.c;)smt>; r>1.(1.13)
r! r! — (i)m

Integrals (I.12)) and (T.13)) can be verified with the reduction formulas (I.10) and (I.11)) by
takingr =1,2,3,4, ...

/cosQrtdt: C+ /cos2r—2tdt; r>1. (1.11)

m=0
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Double series identity [11, p. 100,eq 2.1(2)]

ZZ@(T,m)zZZ@(r—G—m,m), (1.14)

r=0 m=0 r=0 m=0

oo r—1 oo 00

YD d(rm) =) d(r+m+1,m), (1.15)
r=0 m=0 r=0 m=0

provided that series involved are absolutely convergent.
-1
Note: The empty sum »_ @(0,m) is treated as zero.

m=0
Integral representation of Gauss’ hypergeometric function [4, p.115, eq. 2.12(7)]
a, b 2I'(c) /2 sin?t=1 ¢ cos?e20~1 ¢
i =
c; r®)r(c—»s) (1 — zsin?t)a
0

o F} [ dt, (1.16)

where, R(c) > R(b) > 0 and |z| < 1.

Putc =1,b =3 a=—1and z = k? in eq. we get complete elliptic integral
of second kind [9, p.71, Q. 20]
7 7 r To1 L
/ — k2sin? 0)df = / k2 cos? 6)df = 5 o F1 [ 21" 27k2], 1.17)
0 0 ’

where |k?| < 1.
Some hypergeometric representations(see table of Prudnikov et al.[7]))

[7, p.468, entry 3]

1 1. 7 1
—5, 5 1 sin™' /2
20 25
P 2| = [Va—2+ 22, (1.18)
%; | 2 \/2
[7, p.469, entry 10]
1 1. ] -1
-2, 1 1 tanh™" /2
27 4
oF) p 7{1+(1 o)V ] (1.19)
%; | 2 \/2
[7, p.473, entry 76]
1 1. 7 -1
3 3 sin™' /2
o L =2 V2 (1.20)
5 vz
[7, p.473, entry 83]
1 1. ] -1
5, 1; tanh 1 1
NABRE :L(Z):—Zn( +Z), 2] < 1. (1.21)
5 z 2z 1-=2

In this paper any values of parameters and arguments leading to the results which do not
make sense are tacitly excluded.
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2 Main formulas for curved surface area of revolution and arc-length of an ellipse

The exact expressions of the curved surface area "C.S.A.” of revolution of an arc AB be-
tween two arbitrary points A(acosty,bsint;) and B(a coste,bsinty) lying on an ellipse
i—; + 31’)’—; = 1 about the y-axis (minor-axis) and x-axis(major axis) and the length of that arc
AB are obtained in terms of Gauss’ hypergeometric function o F7, Appell’s function £ and
Kampé de Fériet’s double hypergeometric function F221201

Curved surface area of oblate spheroid obtained by revolving an arc of the ellipse
about minor axis

11 3
..A.:22{ F[—flfQ 2}
C.s a4 sin (t2) 55 2ecos to,
. 11_3
781n(t1)F1{f§§1562005 t1,e 2}} 2.1

Curved surface area of prolate spheroid obtained by revolving an arc of the ellipse
about major axis

C.S5.A = 2ab7r{ cos (t1) o F1

1
20 €2 cos t1] — cos (t2) 2 F1

_1 1.
23 27¢? cos t2] }.(2.2)
§7

Arc-length of an arc AB of the ellipse

ri 3 -
L1 2 o =, =:1,1: 1
Ap —35 95 ae”sinty cost o |22
AB = atqy 2F1|: 21‘ 2 62:| _ # Fg%é e2 cos? t2,€2 .
’ 12,20 3 — |
ri 3 -
L1 =,2:1,1; 1;
—35, 55 ae? sint; cost 272 » 4y Ly
_ atl 2F1|: 21" 2’62:| +$F %:(1) , 62 C082 t1,€2 7(23)
’ 12,20 35 — |

where a is the length of semi-major axis and e is the eccentricity of the ellipse. Here, all
three series F1, o F; and F2 1 Z1 are convergent since e < 1 and ecost < 1. Therefore, our
expressions given in egs. 2.2) and (2.3)) are convergent and are believed to be new.

Derivation of formula (2.1)
Consider the equation of ellipse

2?2

—S+5=1 (Cartesian form), 2.4)
a?>  b?

when, a > b, then b? = a?(1 — €?) or @20 — ¢2 < 1, a and b are semi-major and semi-
minor axes of the ellipse respectively and e(< 1) is called the eccentricity of ellipse.

Its parametric form is given by
x =acost, y=bsint. 2.5
Since given ellipse (2.4) is symmetrical about = — azis and y — axis both, without any

loss of generality, we shall find the arc-length between two arbitrary points lying in positive
quadrant only(i.e. 0 < t1 < tp < 7).
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AY

(0,b) B(acost,,bsint,)

A(acosty,bsint;)

x' (_a,o)\—‘y(aﬁ) >

(0,-h)

2
Fig. 1 Ellipse Z5 + % =1

The curved surface area of revolution of an arc about the ¥y — axis between two arbitrary
points A and B lying on any parametric curve is given by

S = zwfx\/{ (%)QJF (fl?;)?}dt. 2.6)
t1

Put & = —asint, % = bcost in eq. (2.6) and integrating w. r. to ¢ over the interval [t1, ¢2]
stO<t <ty <7T.

The curved surface area of Oblate spheroid generated by the revolution of an arc about
the y — axis (i.e. minor axis) between two arbitrary points A and B lying on ellipse is given
by

to t2

C.S.A = 2a7r/cost\/ (a?sin®t + b2 cos® t)dt = 2a7r/cost\/{a2 — (a® — b%) cos? t }dt,
1.

= 2a W/COSt\/ 1-— )COSQt}dt—za W/COStH 1—62(:052t

=2a w/(cost) 1F0[ 2! e? cos t] dt; since e’cos’t<1, VY t,

?

t1
to

=2a WZ / cos2 1 ¢ dt. (2.7)

t1

Using integral (I.12) in eq. we get,
© e (— 1) (sint(1) Ix (L) cos?mt)”
5_20’271—20 . 2 r{ (3 r 2 mm'
r=

o roe2r(_1 1 2m ¢ t2
=2a w{ (sint) Z ( ), (3),, 008 } (2.8)

r= =0
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Now using double series identity (1.14) in eq. (2.8), we get

oo oo 2(r+m) 2my( _ 1 1 t2
SZQCLZW{(Sint>ZZ € €os ( 2)r+m(2)m} 2.9)

r=0 m=0
or

to
C.S.A.:2a27r{(sint) Fl[— ,1;2;62C082t,62}} . (2.10)

After simplification we get our required result (2.1I). Simillarly, on using eqs. (I.13)) and
(T.15)) we have easily derived the expressions given in eqgs. (2.2)) and (2.3).
3 Case Study

Case 1. Onputting t; = Oand t2 = 7 ineq. (2.1]) we get curved surface area of hemi-oblate
spheroid in the form:

11 3
C.S.A. = 2a*n F [_,., 1:3.0 2]
a“m Fy 551z e
1
= 2a%7 o Fy 23’ e?|,
2
tanh ™!
:a2w{1+(1_62)u}’
e

~atnfre (15150 | an

Therefore, total curved surface area of oblate spheroid is given by

2a2w{1+<1;ee2)£n(i2)}. (3.2)

When e — 0 ellipse tends to circle, therefore total curved surface area of resulting
sphere is 4ma?, where a is the radius of the sphere (on applying L” Hopital’s rule for

form in eq. (3.2)).

Case 2. On putting ¢; = 0 and ¢t = 7 in eq. (2.2) we get curved surface area of hemi-
prolate spheroid in the form:

0

C.S.A. = 2abr o

-1 L sin~1(e)
2 T2 abw{\/(l —e2) + ?} (3.3)
2

Therefore, total curved surface area of prolate spheroid is given by

2ab7r{\/m+ Sm;(e)} (3.4)

When e — 0(orb — a) ellipse tends to circle, therefore total curved surface area of
resulting sphere is 47a?, where a is the radius of the sphere (on applying L Hopital’s
rule for 3 form in eq. (3-4)).
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Case 3. To obtain the perimeter of the ellipse we shall put ; = 0 and t2 = 7 in eq. 2.3)
and multiply by 4, we get the perimeter (p)

1

)

_1 1.
p = 2ar o Fy { 2 2’62] , (3.5)
where a is the semi-major axis and e is the eccentricity of the ellipse.

According to Kepler’s first law: “Each planet’s path around the Sun is an ellipse with the
Sun at one focus of the ellipse [0, p. 56]”. So the results of this paper can also be used
in astronomy.

The length of semi-major axis (a) and orbital eccentricity (e) of each planet is taken from
NASA website then perimeter (p) of each orbit is calculated by our result which is
shown in last column of table

S.No. | Name of Planet | Length of Semi-Major Axis (a) | Orbital Eccentricity (¢) | Perimeter of Orbit (p)
(in K.M.) (in K.M.)

1 Mercury 5.791 x 107 0.2056 3.59983 x 103

2 Venus 1.0821 x 108 0.0068 6.798956 x 103
3 Earth 1.496 x 108 0.0167 9.39899 x 108

4 Mars 2.2792 x 108 0.0934 1.428935 x 107
5 Jupiter 7.7857 x 108 0.0484 4.889033 x 10
6 Saturn 1.43353 x 10° 0.0542 9.000516 x 109
7 Uranus 2.87246 x 107 0.0472 1.803814 x 100
8 Neptune 4.49506 x 107 0.0086 2.824277 x 1010

Table 1 Table for perimeter of each orbit

. . . . 2
If b = a, then eccentricity e will be zero and the equation of ellipse i—z + 7;—2 = 1 reduces to
the equation of circle 22 +y? = a? therefore, the perimeter p given by eq. (3.3)) becomes
1 1

p = 2am which is the circumference of the circle, since o F} [751’_ 5;0} =1.

)

Remark

We have also derived some formulas [8]] for arc-length between two arbitrary points lying

on hyperbola %3 — g—j = 1 and rectangular hyperbola zy = 2.

Conclusion

We conclude our present investigation by observing that solutions of such problems can be
obtained in an analogous manner.
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