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Abstract. The concept of a neutrosophic set was introduced by Smarandache. This theory is a general-
ization of classical sets, fuzzy set theory, intuitionistic fuzzy set theory, etc. Some works have been done
on neutrosophic sets by some researchers in many area of mathematics. In this paper, we introduce the
notion of neutrosophic G -modules and established many results.
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1 Introduction.

The concept of a neutrosophic set was introduced by Smarandache [17]. This theory is
a generalization of classical sets, fuzzy set theory [19], intuitionistic fuzzy set theory [1],
etc. Some works have been done on neutrosophic sets by some researchers in many area of
mathematics [3,6,11].

Algebraic structures play a vital role in Mathematics and numerous applications of these
structures are seen in many disciplines such as computer sciences, information sciences,
theoretical physics, control engineering and so on. This inspires researchers to study and
carry out research in various concepts of abstract algebra in fuzzy setting. Biswas [4] applied
the concept of intuitionistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy
subgroups of a group. Fuzzy submodules of a module M over a ring R were first introduced
by Naevoita and Ralescu [5,8,12,13,20]. Since then different types of fuzzy submodules
were investigated in the last two decades. Fuzzy soft modules and intuitionistic fuzzy soft
modules was given and researched by C. Gunduz (Aras) and S.Bayramov [9,10]. Shery
Fernadez introduced the notion of fuzzy G -modules in [7].

P.K. Sharma and Tarandeep Kaur introduced the notion of intuitionistic fuzzy G -modules
on a G -module M over a field K [14]. Also they defined and discussed the quotient intu-
itionistic fuzzy G -modules and established a homomorphism of G -module M onto M*
[15,16].

In this paper, we introduce the notion of neutrosophic GG -modules and established many
results.
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2 Preliminares.

In this section, we will give some preliminary information for the present study.

Definition 2.1 [17] A neutrosophic set A on the universe of discourse X is defined as:
A={(z,Ta(x),1a(x), Fa(2)) : v € X},
where T, I, F : X —]70,1"[and ~0 < Ta(x) + La(x) + Fa(x) <* 3.

Definition 2.2 [2] Let M be a module over a ring R. An intuitionistic fuzzy set
A = (a,Aa) in M is called an intuitionistic fuzzy submodule of M if

1) 1a(0) = 1,

2) min{pa(a), wa()} < pale — ) forall z,y € M,

3) pa(z) < pa(r,z)forallz € M andr € R,

4) Aa(0) =0,

5) da(z —y) <maz{ra(x), a(y)} forall z,y € M,

6)Aa(r,x) < Aa(z) forallx € M and r € R.

Let A = (u,\) be intuitionistic fuzzy submodule of M. We denote this module by
(M, p, \) . We say this module as intuitionistic fuzzy module.

Definition 2.3 [18] Let M be a left R -module and let A = (T', 1, F') be a neutrosophic set
over M. Then we say (M, T, I, F) is a neutrosophic modul, if the following conditions are
satisfied:

a)T(0)=1(0)=1;F(0)=0

DT (2 +y)>T (@) AT ()1 (5 +y) > 1@ AL(); Fn+y) < F @)V F(y)

OT () =T (2);1 (Ar) > 1 (2); F (M) < F ()

Definition 2.4 [18] f : (M1,Th, 1, F1) — (Ma, Ty, Is, F3) is homomorphism of neutro-
sophic modules if and only if the condition To(f(x)) > T(x), I2(f(x)) > Ii(x), and
Fy(f(z)) < Fi(x) are satisfied.

Definition 2.5 [14] Let G be a group and M be a vector space over a field K . Then M is
called a G -module if for every g € G and m € M, 3 a product (called the action of G on
M) gm € M satisfies the following axioms

i)lg-m=m,Ym € M (1g being the identity of G)

ii)(g-h)-m=g-(h-m),Yme M,g,h € G

iii) g - (kymy + kama) = k1 (g - m1) + k2 (9 - m2),Vk1, k2 € K;mi,ma € M, g € G.

Definition 2.6 [/4] Let G be a group and M be a G-module over K . Then a intuitionistic
fuzzy G-module on M is an intuitionistic fuzzy set A = (ua,va) of M such that following
conditions are satisfied

Dpalar + by) > pa(z) AN paly) and valar + by) < wvalx) A va(y),
Va,b e K and x,y € M

ii)pa(gm) > pa(m) and va(gm) <va(m),Vge G, m € M.

3 Neutrosophic G -modules

Definition 3.1 Let G be a group and M be a G -module over K . Then neutrosophic G
-module on M is a neutrosophic set A = (T, I, F) of M such that following conditions are
satisfied
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Ta(az + by) > Ta(z) A Ta(y)
() Ia(ax +by) > Ia(x) N1 a(y), Ya,b € K and x,y € M.
Falaz +by) < Fa(z) vV Fa(y)

Ta(gm) > Ta(m)
(i) Ix(gm) > I4(m), Yg € G,m € M.
Fy(gm) < Fa(m)

Theorem 3.1 Let M be a G -module over K , and A = (T,1, F) be a neutrosophic G
-module on M . Then Suppp;(A) is a G -submodule of M.

Proof. Let 2,y € supp;(A) and a,b € K, then Ty (x) > 0, [a(z) > 0, Fa(z) < 1, and

Ta(y) >0, Ia(y) >0, Faly) <1=
Ta(ax +by) > Ta(z) ATa(y) >0
Ia(az +by) > Ta(x) ALa(y) >0,
FA(ax—i—by) < FA( )\/FA(y) < 1.
Therefore, ax + by € Supprr(A).
Also, Ta(gz) > Ta(x) > 0, I4(gx) > I4(x) > 0, Fa(gr) < Fa(z) < 1, for every

g € G and x € M. Therefore, gx € Suppps(A). Hence Supppr(A) is a G -submodule of
M.

Theorem 3.2 Let M be a G -module over K and A = (T, 1, F), B = (T',I', F') be two
neutrosophic G -modules on M . Then AN B is also a neutrosophic G-module on M.

Proof. Leta,b € K and z,y € M, then
Tang(ax 4+ by) = Ta(ax + by) A Tg(az 4+ by) > {Ta(z) ANTa(y)} A

MTp(x) NTp(y)} = {Ta(z) ANTp(x)} ANM{Taly) NT(y)} = Tans(z) A Tans(y)

Thus, Tanp(ax + by) > Tanp(x) A Tans(y).
Similarly, we can show that Iang(az + by) > Ianp(x) A Ianp(y).

Fynp(ax + by) = Fa(ax + by) V Fp(az + by) <
<A{Fa(y) vV Fp(y)} vV {Fp(z) Vv Fp(y)} =
={Fa(z) vV Fp(@)} V{Fa(y) V Fs(y)} = Fanp(z) V Fans(y)
Thus, Fanp(ax +by) < Fanp(z) V Fanp(y).

For,g € Gand z € M , we have Tanp(gz) = Ta(g92) AN Tg(g2) > Ta(z) AN Tp(z)

= TanB(2), ie., Tanp(92) > TanB(2).
Similarly, we can show that
TanB(92) > LanB(2).
Fanp(g9z) = Fa(gz) V Fp(gz) < Fa(2) V Fp(z) = Fanp(z), ie.,
Fanp(92) < Fanp(2).
Hence AN B is a neutrosophic G -module on M.

Theorem 3.3 Let M be a G -module over K and {4, = (1}, ;, F;);i=1,2,...} be a

Sfamily of neutrosophic G-modules on M. Then ﬂ A; is also neutrosophic G -module on
i

M.
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Theorem 3.4 Let M, My be a G-modules over K and A, B be neutrosophic G-modules
on My and My respectively. Then A x B is also a neutrosophic G-module on My x Mo.

Proof. Let a,b € K and = = (x1,y1), y = (x2,y2) € M1 x Mo, then
Taxp(ax+by) = Taxp{a(z1,y1) + b(x2,y2)} = Taxp {(azx1 + bx), (ay1 + byz)}
= Ta(ax1 + bxa) ANTg(ayr + byz) > {Ta(x1) ATa(x2)} A{TB(y1) ANTB(Y2)}

= {Ta(z1) NT(y1)} ANMTa(x2) NTB(Y2)} = Taxp(x1,y1) A Taxp(x2,2)

Thus, Taxp(ax + by) > Taxp(x) A Taxp(y).

Similarly, we can show that [axp(az +by) > Iaxp(x) A Taxp(y).

Faxpl(ar +by) = Faxp{a(z1,y1) + b(x2,y2)} = Faxp {(az1 + bz2), (ay1 + by2)}

= Fa(azy 4 bro) V Fy(ayy + bya) < {Fa(x1) V Fa(z2)} V{FB(y1) V Fy(y2)}
={Fa(z1) V Fp(y1)} V{Fa(x2) V Fp(y2)} = Faxp(w1,91) V Faxp(72, y2)
Thus, Faxp(ax +by) < Faxp(x)V Faxp(y).
For,g € G and z = (z,y) € M; x My, we have
Taxp(9z) = Taxp{9(z,y)} = Taxp(9z, gy)
=Ta(gx) NTp(gy) > Ta(z) NT(y) = Taxp(2), ie.,
TaxB(92) > Faxp(z).

Similarly, we can show that

TaxB(92) > IaxB(2).
FaxB(92) = Faxp{9(x,y)} = Faxp(g9z, gy)
= Fa(gr) V Fp(gy) < Fa(z) V Fp(y) = Faxp(z), ie.,

FaxB(g9z) < Faxp(2).

Hence A x B is a neutrosophic G-module on M7 x M.

Definition 3.2. Let M be a G-module K over and A = (T4,14,F4) and B =
(T, Ip, Fp) beneutrosophic G-modules on M, then theirsum A+B = (Tayp, lat+p, Fa+B)
is defined as

TA+B (l‘) = z:\éer {TA(a) A TB(b)} )

Lisp(@) = v {La(a) A In(D)}

Farp(@)= A {Fa@)V Fa(b),

forallxz € M.

Theorem 3.5 Let M be a G-module over K and A, B be two neutrosophic G-modules on
M.
Then A 4+ B is also a neutrosophic G-module on M .
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Proof. Let x,y € M be any two elements and let min {74+ 5(x),Ta+5(Y)} = «.
Lete > O be given, thenon a —e < Tyip(x)= V b{TA(a) ANTgp(b)} anda — ¢
r=a+

< Tayply) = V d{TA(c) ATg(d)} so there exists a representation = = a + b,y =
y=c+

¢+ d, where a,b,c,d € M suchthat « — e < Ty(a) ATp(b) and o — e < Ta(c) A
Tp(d) = a—¢e < Tyla),a —e < Tp(b)and o — ¢ < Ty(c),aa — e < Tp(d) =
a—e<Tyla) NTp(c) <Tala+c) andaw —e < Ta(b) NTp(d) < Tp(b+d).
Thus, we getz +y = (a+b) + (c+d) = (a+¢) + (b+ d) such that
= a—c<Tyla+c)NTp(b+d)

= a—c< v {Tala+c)NTp(b+d)} = Tarp(z +y).
z+y=(a+c)+(b+d)

Since ¢ is arbitrary, it follows that T4 p(z +vy) > o = Tatp(x) A Tarp(y).
Similarly, we can show that J4yp(xz +y) > Ia1p(z) Alatp(y) and Fayp(xz +y)
< Faip(w)V Fatp(y).
Further, let 3 =Tua+p(x)V Tatrp(y) = Tat+p(z), and lete > 0, then
f—e <Tatp(z) = \/+b {T'a(a) NTp(b)}, sothere exists a representation x = a+b
r=a

such that
B—e<Tala) NTp(b) =  —e <Tala), p—e <Tp(b) =
B—e<Tala) <Ta(ka), B —e<Tp(b) <Tp(kb)foranyk ¢ K = [ —¢
< Tyg(ka) NTp(kb) forany k € K.
Now, kz = k(a + b) = ka + kb so that

f—e<Ta(ka) NTp(kb) = —e < kx:lxa%) {Ta(ka) NTg(kb)} = Tayp(kx).

Since ¢ is arbitrary, it follows that T4y p(kx) > 8 = Tayp(z).

Similarly, we can show that

IA+B(]€$> >p[= IA-{-B(«??) and FA+B(km) < FA+B($)-

Further, let g € G and x € M be any element, then T4, p(z) = V , {Ta(a) NTp(b)}
r=a+

Now, Ta(a) < Ta(ga), Tp(b) < Tp(gb) = Ta(a) NTp(b) < Ta(ga) A Tp(gb).
Also, gz =g(a+b)=ga+ gb

§—c<Tasn@)= V_{Ta@) ATp(b)} <

<V {Ta(ga) NTp(gb)} = Tat+p(gz)ie., Tarp(gz) > Tayp(x).
gr=g(a+b)
Similarly, we can show that 41 p(g9x) > I4+p(z) and Faip(g9z) < Fayp(z).
Hence A + B is a neutrosophic G-module on M .
Definition 3.3. Let M be a G-module over K and A = (T4,Is,F4) and B =
(T, I, Fp ) be neutrosophic G-modules on M, then their productis AB = (Tap, Iap, FaB)
defined as

T = V A (Tala;) NTp(b; R
AB xz(a#bi){i( (as) A Th( >>}

i< oo
I = vV A (I i) N\ Ig(b; ,
o= Y e a1
1< 00
Fap = A <{ 'FA(GZ') \/FB(bZ)}> ,
z= 3 (ai+bi) i

1< 00

forallx € M.
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Theorem 3.6 Let M be a G-module over K and A, B be two neutrosophic G-modules
on M . Then AB is also a neutrosophic G-module on M .

Proof. Let x,y € M be any two elements and let Tap(z) A Tap(y) = a.

Lete > 0 be given, thenon o —e < Typ(z) = Z\{ ) {A (Ta(a;) A TB(bi))}
T= a;+b;) \ ?
1< 00
and
ace<Tant) = _ v {00 A Tola) | = a-s <A ((Talo) Ao}
y='<Z (pitas) (¢ i
and

a—e< /i\{(TA(pi) ANTp(qi))}, foralli.

= a—e < Ty(a;),NTg(b;) and o —e < Ta(pi) NTp(q;) foralli.

= a—¢c <Tyla;), a —e <Tp(b;) and a — e < Ty(p;),a« —e < Tp(q;) foralli.
. ? a—e < Ta(ai))NTa(p;) < Ta(ai+p;) and a—e < Tp(b)ATB(q;) < Tp(bi+4qi),
or all 7.

Thus , we get z +y = > ((a; + b;) + (pi + @), where a;, b;, pi,q; € M such that
a—e < Ty(a; +p;) NTp(b; + ¢;), for all

1= a—c< /i\{(TA(aZ' —i—pi) A TB(bZ’ + qz))}

— a—c< A AN{Ta(ai +pi) NTp(bi + i)} = Tap(z +y)
z+y= > ((a;bi)+(pigi)) @

<00
Since € > 0 is arbitrary, so we have Tap(z +y) > a = Tap(x) A Tan(y).
Similarly, we can show that Iap(x +vy) > a = Iap(z) Alap(y) and Fap(x +y)
< Fap(x) V Fap(y).
Further, let 5 = Tap(x)V Tap(y) = Tap(z), andlet € > 0, then

B —e<Tap(x) = A A{Ta(a;) NTg(b;)} ,so there exists a representation
=3 (a;+b;) ¢

1< 00
x = ) (a; + b;) such that
1<00

B—e <A {TA(CLZ‘) A TB(bZ‘)} — f—-c< TA(ai) A TB<bi) for all ¢

= B —e<Tyla;),b—e<Tpb;) = —c¢
< TA(ai) < TA(]CCLZ‘),/B —e< TB(bi) < TB(kbi) forallke K —= f—¢e < TA(kai) VAN
TB(kbi) for all 7.

Hence

B—e <A {TA(k‘ai) AN TB(bZ)} < . Z/>c( ) A {TA(k‘ai) VAN TB(bZ)} = TAB(k‘l‘).

v T= a;+b;)

1< 00
Since € > 0 is arbitrary, so we have Tap(kx) > 5 = Tap(z).
Similarly, we can show that [op(kx) > 5 = Iap(x) and Fap(kx) < Fap(x).
Further, g € G let and z € M be any element, then

T = A A (Tq(a;) N Tg(b; .

@)= A AT n o)}
1< 00

Now, T'a(a;) < Ta(ga;) = Tala;) NTa(b;) < Ta(gai) A Ta(gb;), for all i

= ATa(a;) NTp(b;)) < A(Ta(ga;) NTp(gb;)), for alli

— T= E/Eaﬂrbi) {/Z\ (TA(ai) : TB(bZ))}

1< 00

< V NTa(ga;) N Tg(gb; 1.,
gzng(aﬁbi){i a(gai) A Th(g )}

i< oo
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Tas@) = _ 0o {80 £ To00)

< A(Ta(gas) A T <gbz->>} — Tap(ga).

A
gr= > g(ai+b;) (¢
1< 00

Similarly, we can show that I4p(gz) > Iap(z) and Fap(gx) < Fap(x).

Hence AB is a neutrosophic G-module on M.

Definition 3.4. Let M be a G-module over K and A be neutrosophic G—module on
M. Let N be a G-submodule of M. Then the restriction of A on N is denoted by A|y is
a neutrosophic set on /N defined as

(Aln) (2) = (Tajy (@), Laj (2), Fay (7)) , where | Tajy (@) = Ta(), Lajy(2) =
IA({L‘), FA|N(1‘) = FA({L‘), Vx € N.

Proposition 3.1. If A be neutrosophic G-module of a G-module M over K and let N
be a G -submodule of M. Then A|y is a neutrosophic G-module of N.

Proof. Let a,b € K and x,y € N , then

Tipy (aw+by) = Talaz+by) > Ta(2) ATa(y), Tajy @)V Tapy (), Vaz+by) € N.

Thus, Ty (az + by) > Tajy (2) ATy (y)-

Similarly, we can show that |, (az +by) > L4, () A L4, (y)-

Faylar +by) = Falaz + by) < Fa(z) V Faly) = Fa(@) V Fay(v),
V(azx + by) € N.

Thus, Fy),(az +by) < Fuj () V Fa (y)-

For,g € G and z € N, we have , Ty, (92z) = Ta(g2) > Ta(2), Ygz € N.

Similarly, we can show that 1|, (gz) > Ia(z) .

Fay(92) = Fa(gz) < Fa(z).

Hence A|y is a neutrosophic G-module on N .

Proposition 3.2. Let M be a G -module over K and K be a G-submodule of M. Then
the neutrosophic set A7y on M /N defined by

Tay(@+N)=V{Ta(x+n):ne N}, Iny(x+N)=V{la(z+n):ne N} and
Fay(x+ N)=AN{Fa(x+n):ne N}, Vo e M,

is a neutrosophic G-module on M /N .
Proof. For a,b € K and z,y € M, we have

Tay {a(z+ N)+bly+ N)} =Ta, {(ax+by)+ N)}
=V{Ts ({azx + by} +n):ne N}
=V {T4 {ax + by} + any + bng) : n1,na € N}
= VA{Ta ({a(z + m) + b(y + n2)}) : n1,n2 € N}
> V{Ta{a(x+n1)} ANTa{bly +mn2)} :ni,n2 € N}
>VA{Ta(z +n1) ANTa(y +n2) :n1,ne € N} > [V{Ta(z +n1) :n1 € NHA
V{Ta(y +n2):n2 € N} =Ta(x+ N)ANTa(y+ N)

where n = any + bno , for some ny,n9 € N.
Thus, T, {a(z+N)+b(y+ N)} > Ta(x + N)ANTa(y+ N).
Similarly, we can show that I, {a(x + N)+ by + N)} > Is(x+ N)A1a(y+ N).

Fay{a(x+ N)+b(y+ N)} = Fa, {(ax +by) + N} = AN{Fa({ax + by} +n):ne N}
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= A{Fa ({az + by} + any + bna) : n1,n2 € N}
=AN{Fa({a(z+n1)+ by +n2)}):ni,ne € N}
< A{Fa{a(z+mn1)} V Fa:{bly+mn2)}:ni,ne € N}
< A{Fa(x+n1)V Fa(y+n2) :n1,ny € N}
< AN {Fa(x+mn1) :ny € NV [A{Fa(y+n2) :ng € N} = Fa(x+ N)V Fa(y+ N)

where n = ani + bno, for some ni,ns € N.
Thus Fa, {a(z+ N)+b(y+ N)} < Fa(z+ N)V Fa(y+ N).
Also,

Taylg(x+ N)|=Tay(9gz+ N)=V{Ta(gz+N):ne N}
=V {Ta(gz +gn3)  ng € N} = v {Ta(g(x +ny)) : ng € N}
>VA{Ta(x+n3z):n3 € N} =Ty, (x+ N).

Thus T4, [g(x + N)] > Ta,(z+ N).
Similarly, we can show that 14, [g(z + N)|] > 14, (z + N).

Fay 9z + N)] = Fay (92 + N)
=A{Fay(gx+n):ne N} = AN{Fa(gx + gn3) :n3 € N}
=AN{Fa(g(x+n3)):nzg € N} <A{Fa(x+n3) :n3 € N} = Fa,(z+ N).

Thus Fa,, [g(z + N)] < Fa,(x + N).

Therefore, Anx = (Tay,lay, Fa, ) is neutrosophic G-module on M /N.

Remark 3.1. The neutrosophic G-module A,/ defined on M/N, as defined above,
is called the quotient neutrosophic G-module or factor neutrosophic G-module of A on
M relative to G-submodule [V .
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