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Global bifurcation of positive and negative solutions from infinity in
some quasi-linear elliptic problems with sign-chining weight
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Abstract. In this paper we consider the nonlinear eigenvalue problem for elliptic partial differential
equations with a sign-chaining weight function and study the global bifurcation from infinity of solutions
to this problem. We prove the existence of two pairs of global continua emanating from the asymptotic
bifurcation points corresponding to the principal eigenvalues of the linearized problem and contained in
the classes of positive and negative functions.
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1 Introduction

Let Ω be a bounded domain in RN , N > 1, with a smooth boundary ∂Ω. We consider
the following nonlinear eigenvalue problem

Lu ≡ −
N∑

i,j=1

∂
∂xi

(
aij(x) ∂u∂xi

)
+ c(x)u = λa(x)u+ g(x, u,∇u, λ), x ∈ Ω,

u = 0, x ∈ ∂Ω,
(1.1)

where λ is a real parameter,∇u =
(
∂u
∂x1

, ∂u∂x2 , ... ,
∂u
∂xN

)
. We suppose that aij(x) ∈ C1

(
Ω;R

)
,

i, j = 1, 2, . . . , N , c (x) ∈ C
(
Ω;R

)
and c (x) ≥ 0, x ∈ Ω, a(x) ∈ C

(
Ω;R

)
and takes

both positive and negative values in Ω, and L is uniformly elliptic on Ω. The function
g ∈ C

(
Ω × RN+2;R

)
satisfies the following conditions:

u g(x, u, v, λ) ≤ 0 for any (x, u, v, λ) ∈ Ω × RN+2 × R; (1.2)

g(x, u, v, λ) = o(|u|+ |v|) as |u|+ |v| → +∞, (1.3)
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uniformly in x ∈ Ω and in λ ∈ Λ, for every bounded interval Λ ⊂ R.
Fundamental results on local and global bifurcation of solutions from zero and at in-

finity to nonlinear eigenvalue problems were obtained by M.A. Krasnoselskii [16], P.H.
Rabinowitz [20-22], E.N. Dancer [11], A.P. Makhmudov and Z.S. Aliev [19], J. Lopez-
Gomez [18], R.E Gaines and J.L. Mawhin [13] and others. By applying these results, the
structure of continua of solutions of nonlinear eigenvalue problems for ordinary and partial
differential equations of the second and fourth orders branching from bifurcation points and
intervals of the lines R × {0} and R × {∞} has been investigated by many authors (see
[3-9, 12, 15, 19-24] and references therein).

It is known that in the case a(x) > 0, x ∈ Ω, the linear eigenvalue problem which ob-
tained from (1.1) by setting g ≡ 0 has unique simple principal eigenvalue λ1 (the principal
eigenvalue is the value λ ∈ R for which the linear problem (1.1) with g ≡ 0 admits a so-
lution u such that u(x) 6= 0 for x ∈ Ω) (see [17]). In [22] Rabinowitz proves the existence
of global continua L+

λ1
and L−λ1 in R × C1,α, α ∈ (0, 1), (see Section 2) bifurcating from

the point (λ1,∞) such that their intersection in some neighborhood of this point contains
only positive and negative solutions components, respectively. Moreover, outside the neigh-
borhood of the point (λ1,∞), each of these sets is either bounded, in this case it meets the
line of trivial solutions, or meets another asymptotic bifurcation point, or has an unbounded
projection onto the line of trivial solutions.

If a is a sign-chaining weight function, then the linear problem (1.1) with g ≡ 0 has
two simple positive and negative principal eigenvalues λ+1 > 0 and λ−1 < 0, respectively
(see [5, 10]). Note that in the case when the function g satisfies the o(|u|+ |∇u|) condition
problem (1.1) was considered in [6] where it shown that there exist two pairs of unbounded
continua bifurcating from points (λ+1 , 0) and (λ−1 , 0), and contained in the classes of posi-
tive and negative solutions, respectively. The purpose of this paper is to study the structure
of global continua of solutions to problem (1.1) under conditions (1.2) and (1.3) branching
from asymptotic bifurcation points corresponding to the principal eigenvalues of the lin-
ear problem (1.1) with g ≡ 0. We will prove the existence of two pairs of global continua
C+
λ+1
, C−
λ+1

and C+
λ−1
, C−
λ−1
⊂ R×C1,α with properties that are deeper than the above properties

obtained by Rabinowitz [22].

2 Preliminary and and the reduction of problem (1.1) to the operator equation

Let E = {u ∈ C1, α
(
Ω
)

: u = 0 on ∂Ω} be the Banach space with the usual norm
|| · ||1, α = || · ||C1, α . A pair (λ, u) is called a solution to problem (1.1) if u ∈ W 2, p(Ω)
and (λ, u) satisfies (1.1), where α ∈ (0, 1) is given and p is a real number such that p > N
and α < 1 − N/p. For this choice W 2, p(Ω) is compactly embedded in C1, α(Ω) (see
[1, 14]), and consequently, any solution of (1.1) belongs to R × E. Therefore, we will
study the structure of the solutions set of (1.1) in R × E (the norm in R × E is defined as

||(λ, u)|| =
{
|λ|2 + ||u||21, α

} 1
2 ).

By σ (ν) we denote an element of {+ , −} that is, either σ = + (ν = + respectively) or
σ = − (ν = − respectively).

For each σ and each ν let

Pνσ = {u ∈ E : σ

∫
Ω

au2dx > 0, ν u > 0 in Ω, and ν
∂u

∂n
< 0 on ∂Ω},
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where ∂u
∂n is the outward normal derivative of u on ∂Ω. From the definition of the sets

P+
σ , P−σ and Pσ = P+

σ ∪ P−σ it is seen that for each σ they are open disjoint subsets in E.
Moreover,

∂Pνσ = {u ∈ E : either σ
∫
Ω

au2dx = 0, or ∃x0 ∈ Ω, u(x0) = 0 or

∃x1 ∈ ∂Ω, ∂u(x1)∂n = 0}.

Remark 2.1 The eigenfunctions u+1 (x) and u−1 (x), x ∈ Ω, corresponding to the positive
and negative principal eigenvalues λ+1 (x) and λ−1 (x), respectively, of the linear eigenvalue
problem

Lu(x) = λ a(x)u(x), in Ω,
u(x) = 0, on ∂Ω,

(2.1)

can be chose so that u+1 (x) > 0 and u−1 (x) > 0 for all x ∈ Ω, ∂u
+
1 (x)
∂n < 0 and ∂u−1 (x)

∂n < 0
for all x ∈ ∂Ω (see [5, Lemmas 2.1-2.4, Theorem 2.1 and Remark 2.1]). Then it follows
that for each σ we have uσ1 ∈ P+

σ . It should be noted that uσ1 is made unique by taking
||uσ1 ||1, α = 1.

Let (λ, u) ∈ R× E. We consider the following inhomogeneous linear problem

Lv = λa(x)u+ g(x, u,∇u, λ), x ∈ Ω,
v = 0, x ∈ ∂Ω, (2.2)

Note that λ = 0 is not an eigenvalue of problem (2.1) and right hand side of problem
(2.2) lies in Lp. Then it follows from Lp theory for uniformly elliptic partial differential
equations [1, 2] that there exists a unique v = G(λ, u) which satisfies (2.2). Since E is
compactly embedded in W 2,p(Ω) by (2.2) we have

||v||1,α ≤ const ||v||2, p ≤ const ||λau+ g(·, u,∇u, λ)||p, (2.3)

where || · ||2,p and || · ||p are norms in W 2,p and Lp, respectively. Then by the Arzela-Ascoli
theorem it follows from (2.3) that G is compact on R× E.

By w = Lu ∈W 2,p(Ω) we denote the solution of the following linear problem

Lw = a(x)u, x ∈ Ω,
w = 0, x ∈ ∂Ω. (2.4)

Following the above reasoning, we conclude that L is a compact linear operator on E. Note
that according to Remark 2.1 the operator L has simple positive and negative principal char-
acteristic values λ+1 and λ−1 , respectively. Moreover, these characteristic values correspond
to the unique eigenfunctions u+1 and u−1 such that uσ1 ∈ P+

σ and ||uσ1 ||1, α = 1 for each σ.
Let now K(λ, u) = G(λ, u)−Lu. Then the problem (1.1) is equivalent to the following

nonlinear eigenvalue problem
u = λLu+K(λ, u). (2.5)

Lemma 2.1 The following relation holds:

K(λ, u) = o(||u||1,α) as ||u||1,α → +∞, (2.6)

uniformly in λ ∈ Λ, for any bounded interval Λ ⊂ R.
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Proof. By definition of the operator K, continuity of the function g, and by the Lp esti-
mates from (2.2) we get

||K(λ, u)||1,α ≤ const ||K(λ, u)||2, p

≤ const ||g(·, u,∇u, λ)||p ≤ const max
x∈Ω
|g(x, u(x),∇u(x), λ)|.

(2.7)

In view of condition (1.3) for the any small ε > 0 there exists a positive number δε such
that for any (u, s) ∈ R× RN satisfying the condition |u|+ |s| > δε the following relation
holds:

|g(x, u, s, λ)| < ε(|u|+ |s|)/2 (2.8)

uniformly in x ∈ Ω and in λ ∈ Λ, for every fixed bounded interval Λ ⊂ R.
On the other hand by the condition g ∈ C

(
Ω × RN+2

)
it follows that there exists

positive constant Aε such that

|g(x, u, s, λ)| ≤ Aε, (x, u, s, λ) ∈ Ω ×Bδε × Λ, (2.9)

where Bδε = {(u, s) ∈ R× RN : |u|+ |s| ≤ δε}.
Let us choose the number ∆ε > δε large enough to satisfy the inequality

Aε
∆ε

<
ε

2
. (2.10)

Now we define the set S∆ε as follows:

S∆ε = {u ∈ E : ||u||1, α ≥ ∆ε}. (2.11)

Then by (2.8)-(2.11) for any (λ, u) ∈ Λ× S∆ε we have

max
x∈Ω
|g(x, u(x),∇u(x), λ)| ≤ max

{x∈Ω : |u(x)|+|s(x)| ≤ δε}
|g(x, u(x),∇u(x), λ)|

+ max
{x∈Ω : |u(x)|+|s(x)|>δε}

|g(x, u(x),∇u(x), λ)| ≤ Aε + ε
2 ||u||1,α

< ε
2 ∆ε + ε

2 ||u||1,α < ε ||u||1,α,

(2.12)

which, with regard to (2.7), we get (2.6). The proof of this lemma is complete.

3 Global bifurcation from infinity of solutions of problem (1.1)

By C we denote the set of solutions of problem (1.1). Let (λ, u) ∈ C, u 6= 0, and
v = u

||u||21, α
. Then we have ||v||1, α = 1

||u||1, α , and consequently, u = ||u||21, αv = v
||v||21, α

.

Hence, following [22], dividing both sides of equality (2.5) by ||u||21, α we get

v = λLv +
K(λ, u)

||u||21, α
= λLv + ||v||21, αK

(
λ,

v

||v||21, α

)
. (3.1)
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LetH : R× E → E be the continuous operator defined by

H(λ, v) =


||v||21, αK

(
λ, v
||v||21, α

)
if v 6= 0,

0 if v = 0.

(3.2)

Then by (3.2) Eq. (3.1) can be rewritten in the following form

v = λLv +H (λ, v) . (3.3)

Remark 3.1 In view of (3.2) it follows from Lemma 2.1 (see (2.6)) that

H(λ, u) = o(||v||1,α) as ||v||1,α → 0, (3.4)

uniformly in λ ∈ Λ, for any bounded interval Λ ⊂ R.

To study the asymptotic bifurcation of solutions to problem (1.1), we need the following
statement.

Lemma 3.1 The operatorH : R× E → E is completely continuous.

Proof. Since the operator H is continuous, it suffices to show that this operator is com-
pact.

Let ε > 0 be fixed, and let (λ, v) ∈ Λ × B 1
∆ε

, where B 1
∆ε

is a ball in E with center 0

and radius 1
∆ε

, and B 1
∆ε

is its closure. Since u = v
||v||1, α it follows that (λ, u) ∈ Λ × S∆ε .

Hence by (2.7) and (2.12) we get

||K(λ, u)||2, p ≤ const ε ||u||1, α.

Consequently, we have

||H(λ, v)||2, p =
‖K (λ, u)‖2, p
||u||21, α

≤ const ε

||u||1, α
≤ const ε

∆ε
. (3.5)

Since E is compactly embedded in W 2, p(Ω) it follows from (3.5) that H(Λ × B 1
∆ε

) is
relatively compact. Then for any 0 < r ≤ ρ < +∞ the set

H (Λ× Bρ\Br)

is relatively compact in E, which implies that H is compact. The proof of this lemma is
complete.

For any λ ∈ R, we say that a subset V ⊂ C meets (λ,∞) (respectively (λ, 0)) if there
exists a sequence {(λn, un)}∞n=1 ⊂ V such that λn → λ and ||un||1, α → +∞ (respectively
||un||1, α → 0) as n → +∞. Furthermore, we will say that V ⊂ C meets (λ,∞) (respec-
tively (λ, 0)) with respect to the set R × Pνσ (from now σ, ν ∈ {+ , −}), if the sequence
{(λn, un)}∞n=1 can be chosen so that un ∈ Pνσ for all n ∈ N (see [6, 8, 23]).

Let R+ and R− denote the intervals (0,+∞) and (−∞, 0) respectively.

Theorem 3.1 For each σ and each ν there exists an unbounded continua Cνσ of C containing
(λσ1 ,∞) for which the following hold:

(i) there exists a neighborhood Qσ of (λσ1 ,∞) such that

Cνσ ⊂ Rσ × E, (Cνσ ∩Qσ) ⊂ ((Rσ × Sνσ) ∪ {(λσ1 ,∞)}),

(ii) either the set Cνσ \ (Rσ × Sνσ) meets Rσ×{∞} for some λ ∈ R, or the set Cνσ meets
Rσ = Rσ × {0} for some λ ∈ R, or the natural projection PrRσ(Cνσ) of Cνσ on Rσ is
unbounded.
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Proof. In previous section, we reduced problem (1.1) to operator equation (2.5) in the
space E. Next using the inversion

(λ, u)→

(
λ,

u

||u||21, α

)
= (λ, v) (3.6)

we turned the bifurcation at infinity problem (2.5) into the bifurcation from zero problem
(3.3) with completely continuous operators L and H (see Lemmas 2.1, 3.1 and Remark
3.1). However, to problem (3.3) we cannot immediately apply the global bifurcation result
of [6] to obtain the desired result. This is due to the fact that if (λ, v) is a solution to problem
(3.3) and v ∈ ∂Pνσ , then it does not follow that u ≡ 0 (see [6, Lemma 3.1 and Corollary
3.2]). Therefore, we will apply the standard global bifurcation theory which developed in
[11] and [20] combining the results of [6].

Let C be the closure of the set of nontrivial solutions to problem (3.3). Then by [20,
Lemma 1.24 and Theorem 1.25; 11, Theorem 2; 6 Theorem 3.6; 7, Theorem 3.1] for each
σ there exist continua C+

σ and C−σ of C containing (λσ1 , 0) for which the following hold:
(a) there exists a neighborhood Qσ of (λσ1 , 0) in Rσ × E such that C+

σ ∩ Qσ ⊂ Rσ ×
S+
σ and C−σ ∩Qσ ⊂ Rσ × S−σ ,

(b) either C+
σ and C−σ are both unbounded, or C+

σ ∩ C−σ 6= {R, ∅}, or C+
σ and C−σ are

bounded and C+
σ ∩ C−σ = {(λ, 0)} for some λ ∈ Rσ, λ 6= λσ1 .

It is obvious that inversion (3.6) transforms C into C (heuristically, it swaps points at
u = ∞ (respectively, u = 0) with points at u = 0 (respectively, u = ∞)). Let Cνσ and Qσ
is the inverse image of Cνσ and Qσ, respectively, under inversion (3.6). Then it follows from
properties (a) and (b) of the set Cνσ that for Cνσ the statements (i) and (ii) of the theorem hold.
The proof of this theorem is complete.

Corollary 3.1 If we assume additionally that the function g(x, u, s, λ) ∈ C1(Ω×R×RN×
R), s = (s1, s2, . . . , sn), has the form

g(x, u, s, λ) = g1(x, u, s, λ)u+ g2, 1(x, u, s, λ)s1 + g2, 2(x, u, s, λ)s2 +

. . . + g2, N (x, u, s, λ)sN ,

and
g1(x, u, s, λ) ≤ 0, g2, i(x, u, s, λ) ≤ 0, (x, u, s, λ) ∈ Ω × R× RN × R.

Then for each σ and each ν there exists a subcontinuum T νσ of the set Cνσ\Qσ that lies
in Rσ × Sνσ and either unbounded in R× E or meetsRσ for some λ ∈ R.

Proof. It follows from [22, Remark 2.36] that each element of C is a classical solution
of problem (1.1). By statement (i) of Theorem 3.1, we have

(Cνσ ∩Qσ) ⊂ ((Rσ × Sνσ) ∪ {(λσ1 ,∞)}).
By T νσ we denote a maximal subcontinuum of Cνσ which lies in Rσ × Sνσ . If Cνσ\Qσ is
bounded, then there exists (λ̃, ũ) ∈ ∂T νσ such that u ∈ Pνσ . By (1.1) (λ̃, ũ) solves the
following nonlinear problem

Lu+
N∑
i=1

bi(x)uxi = λa(x)u+ g1(x, u,∇u, λ)u, x ∈ Ω,

v = 0, x ∈ ∂Ω,
where

bi(x) = − g2, i(x, ũ(x),∇ũ(x), λ̃) ≥ 0, x ∈ Ω.
Then it follows from [6, Corollary 3.2] that u ≡ 0. Now, the assertion of the corollary
follows from Theorem 3.1. The proof of the corollary is complete.
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Corollary 3.2 If g1, g2,i, i = 1, 2, . . . , N , are as in Corollary 3.1 and g1(x, 0, 0, λ) = 0,
g2, i(x, 0, 0, λ) = 0, x ∈ Ω, λ ∈ R, and the set Cνσ meets Rσ = Rσ × {0} for some λ ∈ R,
then λ = λσ1 .
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