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Abstract. For a connected graph G, a connected outer connected monophonic set of a
graph G is an outer connected monophonic set S such that the subgraph induced by S is
connected. The minimum cardinality of a connected outer connected monophonic set of G
is the connected outer connected monophonic number of G and is denoted by cm,(G). We
determine bounds for it and characterize graphs which realize these bounds. Some realization
results on the connected outer connected monophonic number of a graph are studied.
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1 Introduction

By a graph G = (V, FE) we mean a finite simple undirected connected graph. The
order and size of GG are denoted by p and ¢, respectively. For basic graph theoretic
terminology we refer to Harary [1,7]. The distance d(x,y) between two vertices z
and y in a connected graph G is the length of a shortest z — y path in G. A z —y
path of length d(x,y) is called x — y geodesic. The neighborhood of a vertex v is
the set N(v) consisting of all vertices u which are adjacent with v. A vertex v of G
is called an end-vertexr of GG if its degree is 1. A vertex v of a connected graph G
is called a support vertex of G if it is adjacent to an end-vertex of G. A vertex v
is an extreme vertex if the subgraph induced by its neighbors is complete. A chord
of a path P is an edge joining two non-adjacent vertices of P. A path P is called a
monophonic path if it is a chordless path. A set .S of vertices of G is a monophonic
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set of G if each vertex v of G lies on a x — y monophonic path for some z and y in
S. The minimum cardinality of a monophonic set of G is the monophonic number
of G and is denoted by m(G). The monophonic number of a graph, algorithmic
aspects of monophonic concepts were studied by several authors in [2-4,8,11]. A set
S of vertices in a graph G is said to be an outer connected monophonic set if S
is a monophonic set of G and either S = V or the subgraph induced by V' — §' is
connected. The minimum cardinality of an outer connected monophonic set of G is
the outer connected monophonic number of G and is denoted by m.(G). The outer
connected monophonic number of a graph was introduced and further studied in [5,
6].

For any two vertices u and v in a connected graph G, the monophonic distance
dp,(u,v) from u to v is defined as the length of a longest ©—v monophonic path in G.
The monophonic eccentricity e, (v) of a vertex v in G is e, (v) = max {d,(v,u) :
u € V(G)}. The monophonic radius, rad,(G) of G is rad,,(G) = min {e;,(v) :
v € V(G)} and the monophonic diameter, diam,,(G) of G is diam,,(G) = max
{em(v) : v € V(G)}. The monophonic distance was introduced in [9] and further
studied in [10].

The following theorems will be used in the sequel.

Theorem 1 [11] Each extreme vertex of a connected graph G belongs to every
monophonic set of G.

Theorem 2 [11] For the complete graph K,(p > 2), m(K,) = p.
Theorem 3 [11] If T is a tree with k end-vertices, then m(T) = k.

Theorem 4 [5] Each extreme vertex of a connected graph G belongs to every outer
connected monophonic set of G.

Theorem 5 [5] For the complete graph K,(p > 2), moc(K,) = p.

Theorem 6 [5] Let G be a connected graph with a cut-vertex v and let S be an
outer connected monophonic set of G. Then every component of G — v contains an
element of S.

Theorem 7 [5] If T is a tree with k end-vertices, then mq.(T") = k.

Throughout this paper G denotes a connected graph with at least two vertices.

2 Main Results

Definition 1 A connected outer connected monophonic set of a graph G is an outer
connected monophonic set S such that the subgraph induced by S is connected.
The minimum cardinality of a connected outer connected monophonic set of G is

the connected outer connected monophonic number of G and is denoted by cm.,(G).
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Figure 2.1: G
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Ezample 1 For the graph G given in Figure 2.1, it is clear that no 2-element subset
of V(G) is a monophonic set of G. It is easily observed that S = {uq,us,us} is a
minimum monophonic set of G and so m(G) = 3. Since the subgraph induced by
V — S is not connected, S is not an outer connected monophonic set. It is clear
that no 2-element or 3-element subset of V(@) is an outer connected monophonic
set of G. It is easily verified that the set S1 = {u4,us,ug, ug} is a minimum outer
connected monophonic set of G and so m.(G) = 4. Since the subgraph induced
by Sp is not connected, S7 is not a connected outer connected monophonic set of
G. Also, it is easy to verify that no 2-element, 3-element or 4-element subset of
V(G) is a connected outer connected monophonic set of G. It is clear that the
set Sy = {ug, us, ug,u7,ug} is a minimum connected outer connected monophonic
set of G and so ¢meo(G) = 5. Thus the monophonic number, the outer connected
monophonic number and the connected outer connected monophonic number of a
graph are different.

The next theorem follows from the fact that every connected outer connected
monophonic set is an outer connected monophonic set of G and by Theorem 4.

Theorem 8 Fach extreme vertex of a connected graph G belongs to every connected
outer connected monophonic set of G.

Observation 1 For the complete graph G = K,(p > 2), cmeo(G) = p.

Theorem 9 For any connected graph G of order p > 2, 2 < m(G) < my(G) <
cmeo(G) < p.

Proof. Any monophonic set needs at least two vertices and so m(G) > 2. Since every
outer connected monophonic set of G is a monophonic set, m(G) < me.(G). Also,
since every connected outer connected monophonic set of G is an outer connected
monophonic set, my.(G) < cmeo(G). Note that V' (G) is a connected outer connected
monophonic set of G and so ¢me,(G) < p. Hence the theorem.

Remark 1 The bounds in Theorem 9 are sharp. For the complete graph G =
K,(p > 2), m(G) = moc(G) = cmeo(G) = p. Also, all the inequalities in Theorem 9
can be strict. For the graph G given in Figure 2.1 of order 8, the monophonic number
of GG is 3, the outer connected monophonic number of G is 4 and the connected outer
connected monophonic number of G is 5. Thus, we have 2 < m(G) < me(G) <
cmeo(G) < p.

Corollary 1 If G is any connected graph such that cme,(G) = 2, then my.(G) = 2.

The converse of Corollary 1 need not be true. For the graph G given in Figure
2.2, mye(G) = 2 and em,(G) = 3.
Uus U6
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Figure 2.2: G
Corollary 2 If G is any connected graph of order p such that m..(G) = p, then
cmeo(G) = p.

The converse of Corollary 2 need not be true. For a path P,(n > 4), cm¢,(P,) =n
and me.(Pp) = 2.
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Theorem 10 Let G be a connected graph with cut-vertices and let S be a connected
outer connected monophonic set of G. If v is a cut-vertex of G, then every component
of G — v contains an element of S.

Proof. The result follows from Theorem 6.

Theorem 11 Fach cut-vertex of a connected graph G belongs to every connected
outer connected monophonic set of G.

Proof. Let S be a connected outer connected monophonic set of G and let v be a
cut-vertex of G. Let G1,Ga,...,G,(r > 2) be the components of G —v. By Theorem
10, S contains atleast one vertex from each G;(1 < i < r). Since the subgraph
induced by S is connected, it follows that v € S.

The following results are the consequences of Theorems 8 and 11.

Corollary 3 For any connected graph G with k extreme vertices and | cut-vertices,
cMeo(G) > max{2,k +1}.

Corollary 4 For any non-trivial tree T of order p, ecmqo(T) = p.

Now we proceed to characterize graphs G which realize the bounds in Theorem
9 are attained.

Theorem 12 Let G be a connected graph. Then every vertex of G is either a cut-
vertex or an extreme vertex if and only if cmeo(G) = p.

Proof. Let G be a connected graph with every vertex of G is either a cut-vertex
or an extreme vertex. Then the result follows from Theorems 8 and 11. Conversely,
let emeo(G) = p. Suppose that there is a vertex z in G which is neither a cut-vertex
nor an extreme vertex.
Case (i): If = is not an extreme vertex then the subgraph induced by N(z) is not
complete. Then there exists u,v € N(z) such that d(u,v) = 2. Clearly z lies on a
u — v monophonic path in G.
Case(ii): If x is not a cut-vertex of G then G — x is connected.

Hence in both cases V' — {z} is a connected outer connected monophonic set of
G and so cme,(G) < |V — {x}| = p — 1, which is a contradiction.

Theorem 13 For any connected graph G, cme,(G) = 2 if and only if G = Ks.

Proof. If G = K, then cm,(G) = 2. Conversely, let cmq,(G) = 2. Let S = {u,v}
be a minimum connected outer connected monophonic set of G. Then uv is an edge.
It is clear that a vertex different from u and v cannot lie on a v — v monophonic
path and so G = Ko.

Observation 2 The connected outer connected monophonic number of some stan-
dard graphs:

— For the cycle Cp(n > 4), ecme(Cy) = 3.
— For the wheel W, (n > 5), cmeo(Wy,) = 3.
— For the star G = K ,—1 of p vertices cmeo(G) = p.

— For the complement of the cycle Cy,(n > 5), emq,(Cy) = 3.
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3 Some realization results on the connected outer connected
monophonic number

For any connected graph G, rad,,(G) < diam,(G). It is shown in [9] that every
two positive integers a and b with a < b are realizable as the monophonic radius
and monophonic diameter, respectively, of some connected graph. This theorem can
also be extended so that the connected outer connected monophonic number can be
prescribed when rad,,(G) < diam,(G).

Theorem 14 For any three positive integers v, d and k > 5 with r < d, there exists
a connected graph G such that rad,,(G) = r, diam,(G) = d and cm(G) = k.

Proof. Let r =1 and d > 2. Let W = K 4+ C4.2 be a wheel of order d + 3 with
the vertex set V(Cgyy2) = {v1,v2...v412} and V(K7) = z. The graph G is obtained
from the wheel W by adding k — 4 new vertices ui,us,...,ur_4 and joining each
u;i(1 < i < k —4) to the vertex z of W. The graph G is shown in Figure 3.1. It is
clear that ep,(2) = 1,en(v;)) =d (1 <i <d+2)and ep(uj) <d (1 <5< k—4).
Then rad,,(G) = r and diam,,,(G) = d. Let S = {uy,ua,...,ux_4,2} be the set of
all extreme vertices and cut-vertex of G.
Vd+1

Vd+

U1

V2 U3
Figure 3.1: G

By Theorems 8 and 11, every connected outer connected monophonic set of G
contains S. It is clear that S is not an outer connected monophonic set of G. Also
for any two vertices z,y € V — 5,5 U {z,y} is not a connected outer connected
monophonic set of G. It is easy to verify that SU{v1,v2,v3} is a minimum connected
outer connected monophonic set of G and so cme,(G) = k.

W41

Or+1 w2 w3
Figure 3.2: G
Now, let » > 2 and r < d. Let H be the graph obtained from the cycle C; 45 :
V1,V2, " ,Upya, v Of order r + 2 by adding k — 5 new vertices u,usg,- - ,ur_5 and

joining each vertex x € {uq,ug, - ,Uk_5,v3,04, -+ ,Up11} to the vertex vy of Cpo.
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The graph G is obtained from H and the wheel W = K; + Cy41 of order d + 2
with the vertex set V(Cyy1) = {wy,we, - ,wgr1} and V(K1) = z, by identifying
the vertex v; of H and the vertex w; of W; and also joining the vertex vy of H
to the vertex z of W. The graph G is shown in Figure 3.2. It is easily verified
that r < ep,(u) < d for any vertex u in G with e, (z) = r and e,,(v2) = d. Then
rady,(G) = r and diam,,,(G) = d. Let S = {uy,ug, -+ ,uk_5,v2, Vy42,v1} be the set
of all extreme vertices and cut-vertex of G. By Theorems 8 and 11, every connected
outer connected monophonic set of G contains S. It is clear that S is not a connected
outer connected monophonic set of G. Also for any vertex z € V — S, S U {z} is
not a connected outer connected monophonic set of G. It is easy to verify that
S1 = S U{ws,ws} is a minimum connected outer connected monophonic set of G
and so cmo(G) = k.

We leave the following problem as an open question.

Problem 1 For any three positive integers r, d and k > 5 with r = d, does there
exist a connected graph G with rad,,(G) = r, diam,,(G) = d and cm,(G) = k?

Theorem 15 If p,d and k are positive integers such that 2 <d<p—2,3<k<p
and p—d—k—+2 >0, then there exists a connected graph G of order p, monophonic
diameter diamp,(G) = d and cmqo(G) = k.

Proof. We prove this theorem by considering two cases.

Case 1. Let d = 2and k > 3. Add p—3 new vertices wy, wa, ..., Wk_3, U1, U2, ..., Up_k
to the path Ps : z,y,z of order 3 and join each vertex w;(1 < i < k — 3) to the
vertex y of Ps; and join each vertex u;(1 < i < p—k) to the vertices z,y and z of Ps;
and also join each vertex u;(1 <i < p—k —1) to the vertex u;(i+1 < j <p—k),
thereby producing the graph G of order p is shown in Figure 3.3. It is easily verified
that 1 < e, (u) < 2 for any vertex u in G with e,,(x) = 2 and e,,(y) = 1. Then the
monophonic diameter of G is diam,,(G) = 2. For k = 3, let S = {z, 2z} be the set of
all extreme vertices of G. Clearly, S is not a connected outer connected monophonic
set of G. Tt is easy to verify that for any vertex u € V — S, S U {u} is a minimum
connected outer connected monophonic set of G and so ¢me(G) = 3. For k > 4,
let S = {wi,ws,...,wg_3,2,2,y} be the set of all extreme vertices and cut-vertex
of G. By Theorems 8 and 11, every connected outer connected monophonic set of
G contains S. It is clear that S is the unique minimum connected outer connected
monophonic set of G and so e¢m,(G) = k.

W3
Figure 3.3: G

Case 2. d > 3 and k > 3. First, let k = 3. Let Cyyo : v1,v2,...,v412,v1 be the

cycle of order d + 2. Add p — d — 2 new vertices wi, ws, ..., wy_q—2 to Cqo and

join each vertex w;(1 < i < p—d — 2) to both v; and vz, thereby producing the
graph G of order p. It is easily verified that 3 < e,,(u) < d for any vertex u in G,
em(v;) =d(1 <i < d+ 2) and hence the monophonic diameter of G is d. It is clear
that, the set S = {v3, v4, v5} is a minimum connected outer connected monophonic
set of G and so cm,(G) = 3 = k. Now, let k > 4. The required graph G, is obtained
from the cycle Cyyq : v1,v2,...,v411,v1 of order d41 by adding p—d—1 new vertices
UL, U, . s U3, W1, W2, - . ., Wp—d—k+2 and joining each vertex u;(1 <i < k —3) to
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the vertex vy of Cgyq; and joining each vertex w;(1 < j < p—d — k + 2) to the
vertices vg, v3 and v4 of Cyyq1. The graph G of order p is shown in Figure 3.4.

up Uz o Ug-3

Vd+1

Figure 3.4: G

It is easily verified that 3 < e, (u) < d for any vertex u in Gy with e,,(u;) =
d(1 < i < k—3) and hence the monophonic diameter of Gy is d. Let S = {uq, ua,. ..,
ug—3,v1} be the set of all extreme vertices and cut-vertex of Gi. By Theorems 8
and 11, every connected outer connected monophonic set of G; contains S. It is
clear that S is not a connected outer connected monophonic set of G;. Also, for any
vertex x € V — S, SU {x} is not a connected outer connected monophonic set of
G1. Tt is easily seen that S U {vg,v441} is @ minimum connected outer connected
monophonic set of G; and so cme,(G1) = k.

Theorem 16 For any integer k with 3 < k < p there is a connected graph G of
order p such that ecmq,(G) = k.

Proof. For the graph G of order p given in Figure 3.3 of Theorem 15, it is proved
that cme,(G) = k.

In view of Theorem 9, we have the following realization result.

Theorem 17 For any three positive integers a,b and c such that 2 < a < b < ¢,
there exists a connected graph G with m(G) = a, me.(G) = b and cm,(G) = c.

Proof. We prove this theorem by considering four cases.

Case 1. 2 < a = b = c. Its follows from Theorems 2, 5 and Observation 1, the
complete graph G' = K, has the desired property.

Case 2. 2 < a =10 < c. Its follows from Theorems 3, 7 and Corollary 4, any tree of
order ¢ with a end-vertices has the desired property.

z
Figure 3.5 : G

Case 3. 2 < a < b = c Let P3 : x,y,2 be a path of order 3 and P, 4.4 :

V1,2, .., Up_qrq be a path of order b — a + 4. Let H be the graph obtained from

P; and P,_,44 by joining each vertex v; (1 <i <b—a+4) of P,_,14 to both the

vertices x and z of Ps; and also joining each v;(1 < i < b — a + 3) to the vertex
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vj(i+1<j<b—a+4). Let G be the graph obtained from H by adding b — 3 new
vertices uy, ug, . .., Ug—2, W1, W3, ..., Wp_q_1 and joining each u;(1 < i < a—2) to the
vertex y of H; and joining each w;(1 <i < b—a—1) to the vertices z,y and z of H;
and also joining each w;(1 <i <b—a —2) to the vertex w;j(i +1<j<b—a—1).
The graph G is shown in Figure 3.5. Let S = {uy,ug,...,uqs—2} be the set of all
extreme vertices of G. By Theorems 1, 4 and 8, every monophonic set, every outer
connected monophonic set and every connected outer connected monophonic set of
G contain S. It is clear that S is not a monophonic set of G. Also, for any vertex
u eV —5,SU{u} is not a monophonic set of G. Clearly, S = S U {x,z} is a
minimum monophonic set of G and so m(G) = a. Since the subgraph induced by
V — S1 is not connected, S7 is not an outer connected monophonic set of G. The
subgraph induced by V — 57 is disconnected, it has two components say By and Bs.
Note that V(B1) = {y, w1, wa, ..., wp—q—1} and V(Bz) = {vi,ve,...,0p—qta}. It is
easy to observe that any minimum outer connected monophonic set of G contains
all the vertices of Bj. It is clear that the set Sy = S; U V/(Bj) is a minimum outer
connected monophonic set of G and so m.(G) = b. Since the subgraph induced by
Sy is connected, Sy is a minimum connected outer connected monophonic set of G
and so emo(G) = b.

Case 4. Subcase (i) 2 <a<b< cand ¢ =b+ 1. Let Ps : uj,us,us be a path
of order 3. Let H be the graph obtained from P; by adding b — 2 new vertices
V1, V2, ..y Vg9, W1, Wa, ..., Wp_, and joining each v;(1 < i < a—2) to the vertex uy;
and joining each w;(1 < i < b—a) to the vertices u; and uz. The graph G is obtained
from the graph H and the complete graph K with the vertex set V(K2) = {x,y}
by joining the vertices z and y to all the vertices of P3 of H. The graph G is shown
in Figure 3.6. Let S = {v1,v9,...,v,—2} be the set of all extreme vertices of G.
By Theorems 1, 4 and 8, every monophonic set, every outer connected monophonic
set and every connected outer connected monophonic set of G contain S. It is clear
that S is not a monophonic set of G. Also, for any vertex u € V — 5,5 U {u} is
not a monophonic set of G. Clearly, S; = S U {uj,u3} is a minimum monophonic
set of G and so m(G) = a. Since the subgraph induced by V' — S is not connected,
S1 is not an outer connected monophonic set of G. It is easy to observe that every
outer connected monophonic set of G contains {wy,ws, ..., wp_q}, the set Sy =
S1 U {w1,ws,...,wp_q} is a minimum outer connected monophonic set of G, and
S0 Mec(G) = b. Since the subgraph induced by Ss is not connected, Sy is not a
connected outer connected monophonic set of G. Since the vertex us is a cut-vertex
of G, it follows from Theorems 8 and 11 that S3 = SyU{uz} is a minimum connected
outer connected monophonic set of G and so cme,(G) =b+ 1 =c.

S
X

Figure 3.6 : G

Subcase ii) 2 < a <b<cand ¢ > b+ 2. Let P53 : x,y,z be a path of order 3 and
P._y_1:v1,09,...,0._p_1 be a path of order c— b — 1. Let H be the graph obtained
from P3 and P._;,_1 by adding a — 2 new vertices u1,u2,...,uqs—2 and joining each
u; (1 <1i<a—2) to the vertex v._p—1; and also identifying the vertex y of P; and
v1 of P._y_1. The graph G is obtained from H by adding b — a 4+ 2 new vertices
W1, Wa, ..., Wh—_qro and joining each w;(1 < i < b— a+ 2) to the vertices x and z.
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The graph G is shown in Figure 3.7. Let S = {uj,u2,...,uq—2} be the set of all
extreme vertices of G. By Theorems 1, 4 and 8, every monophonic set, every outer
connected monophonic set and every connected outer connected monophonic set of
G contain S. It is clear that S is not a monophonic set of G. Also, for any vertex
ueV —25,SU{u} is not a monophonic set of G. It is clear that S} = S U {z, 2z} is
a minimum monophonic set of G and so m(G) = a.

X

Figure 3.7: G

Since the subgraph induced by V — S7 is not connected, S is not an outer con-
nected monophonic set of G. It is easy to observe that every outer connected mono-
phonic set of G contains {wq, wa, ..., wp_qi2}. The set Sy = SU{wq, wa, ..., wp_qio}
is a minimum outer connected monophonic set of G and so m,.(G) = b. Since the
subgraph induced by S5 is not connected, Sy is not a connected outer connected
monophonic set of G. Let 8" = SU{v1,v2,...,0._p_1} be the set of all extreme ver-
tices and cut-vertices of G. By Theorems 8 and 11, every connected outer connected
monophonic set of G contains S’. Clearly, S’ is not a connected outer connected
monophonic set of G. It is easily verified that S5 = 5" U{z, w1, ws,..., wp_qi12} is a
minimum connected outer connected monophonic set of G and so cm,(G) = c.
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