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Criteria for componentwise uniform equiconvergence with
trigonometric series of spectral expansions responding to discontinuous
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Abstract. In this paper we consider a discontinuous Dirac operator on the interval (0, 27). It is assumed
that the coefficient (potential) is a complex valued matrix-function summable on(0, 2). In the case of
a potential from L, (0, 27) ® C?*2, p > 2, was established necessary and sufficient conditions of
componentwise equiconvergence on a compact with trigonometric series of expansions in biorthogonal
series of an arbitrary vector-function f € L3 (0, 27) by the system of root vector-functions of the given
operator.

Keywords. eigen vector-function, associated vector-function, componentwise equiconvergence.

Mathematics Subject Classification (2010): 34110, 42A20

1 Main notions and formulation of results.

In this paper we study uniform equiconvergence on a compact with trigonometric series of
spectral expansions in root functions of a discontinuous Dirac operator. The root vector-
functions are understood in the generalized setting, i.e. regardless to boundary conditions
(see [2]). With such a generalized understanding of them, V.A. II’in [2-3] established neces-
sary and sufficient conditions of uniform equiconvergence on a compact with trigonometric
series of expansions in root functions of differential operators with smooth coefficients.
Uniform equiconvergence and uniform equiconvergence rate for differential operators with
non-smooth coefficients were thoroughly studied in [11-15], while equiconvergence in in-
tegral metrics (i.e. in the metrics L,, 1 < p < 0co) was studied in [13-18].

Componentwise uniform equiconvergence on a compact for the Dirac operator was stud-
ied in [10], and a theorem on componentwise uniform equiconvergence for an arbitrary
vector-function f € L3 (a, b) was proved, where (a, b) is an arbitrary interval of a real
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straight line. Componentwise equiconvergence on the metrics L,, 1 < p < oo and compo-
nentwise uniform equiconvergence rate on a compact were studied in [1,7], respectively.

Let the interval (0, 27) be divided by the points {&;};,, 0 = &§ < & < ... <
&m = 2m, into the intervals G; = (§_1,&), | = 1, m. Denote by A; a class of absolutely
continuous two-component vector-functions on the segment G;. Define the class A (0, 2m)
as follows: if f € A (0, 27), then for every [, [ = 1, m there exists such a vector-function
filz) € Aythat f(x) = fi(x) for§1 <z <&

Let us consider the Dirac operator

d m
LyzB%—i—P(m)y, mGHGl:G,

where B = (b)7,_, bi =0, big—i = (1), y(@) = (1 (2), pa(x))", P(x) =
= diag (p(x), q(x)) and p(z), g(x) are summable complex-valued functions on (0, 27).
Following [3] we will understand root (i.e. eigen and associated) vector-functions of
the operator L regardless to the form of boundary conditions and “transmission” condi-
tions namely; under the eigen vector-function of the operator L, responding to the complex

eigenvalue A we will understand any not identically zero complex valued vector-function

0 0 0
Y(x) € A(0,2m) satisfying almost everywhere in G the equation LY = AY. Then, by induc-
tion: under the associated vector-function of order r, » > 1 responding to the same A\ and

0
the eigen-function ¥(z), we will understand any complex valued vector-function 3;(56) €
€ A (0, 27) satisfying almost everywhere on G the equation

T T r—1
Ly=Xy+ y.

Let {uy(z)},—, be an arbitrary system composed of the root (eigen and associated)
vector-functions of the operator L, while {\;}7-, be the corresponding system of eigen-
values. In what follows, we assume that each vector-function ug(x) enters into the system
{ug(z)},e, together with all its lower order associated functions, and the lengths of the

chains of the root vector-functions are uniformly bounded. This means that each vector-
function uy (z) almost everywhere in G satisfies the equation

Luy, = Apuyg + Opug_1,

where 6}, equals either zero (in this case uy(z) is an eigen vector-function), or one (in this
case ug(x) is an associated vector-function A\, = A\g_1).
Let LIQ)(O, 27), p € [1,00] , be a space of two-component vector-functions and f(z) =

(f1(z), fz(:li))T with the norm

2m 1/p
p,[0,27] = (/0 |f(x)|p dCC> ) ,Lf b 7é o0,

while in the case p = oo with the norm

1fllp = 11F

1/ lloc = II.flloo,0,27] = ess sup | f(z)]-
xz€[0,27]

Obviously, the “inner product”

21 2 .
(rho)= [ L 1@ d
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was determined for the vector-functions f € LIQD(O, 27), g € Lg(O, 2r), 1/p+1/q = 1,
p=>1
Let the considered system {uy ()} ; satisfy the condition By:
1) the system {uy(z)}7o, is complete and minimal in L3 (0, 27);
2) the system of eigenvalues {\; } ;- ; satisfies the two inequalities

[Im Ay < Ch, E=1,2,.., (1.1)
do1<Cy, V=0 (1.2)
t<| A | <t+1

3) the system {vg}oe; C L3 (0, 27) biorthogonally conjugate to the system {uy(z)}7e,
consists of root vector-functions of a formally adjoint operator

d _
L* = Bdf + P(ac), i.e., L*vp = \uy + Ok Vky1-
x
Note that the second one of the conditions By allows to assume that all the elements of the
system {uy(z)};, were numbered in non-decreasing order of the value |\;|. For an arbi-
trary vector-function f € L3 (0, 2) we make up n—th order partial sum of biorthogonal
expansion by the system {u ()}, :

On (:E, f) = Z (fa Uk) uk(x)a r €@, (1.3)

We will compare 7, (x, f), j = 1,2, with a modified partial sum of trigonometric Fourier

series corresponding to the j—th component f;(z) of the vector-function f(x)

2T ; _
gy L [Fnr e

™

[ (y) dy (1.4)

of order v = |A,|.
Definition. We say that the j—th component of expansion of the vector-function f €
L(0, 27) in biorthogonal series by the system {uy(x)}re., uniformly equiconverges on

m

any compact of the set G = |J G| with expansion corresponding to the j—th component
=1

fj(x) of the vector-function f(x) in trigonometric Fourier series if on any compact K C G

dim [lof () =S G0 D) gy =0 (1.5)

The following results are proved in the present paper.

Theorem 1.1. Let the potential P(x) belong to the class L, (0, 21) ® C?*2, p > 2,
and the system of root vector-functions {uy(x)} -, satisfy the condition By. Then for (1.5)
to be fulfilled for an arbitrary vector-function f € L3 (0, 27) on any compact K C G, it
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is necessary and sufficient that for any compact Ky C G there exist a constant C (Ky),
providing validity for all the numbers k of the inequality

lurll L2 xo) 110k 220,20 < € (Ko) - (1.6)

Theorem 1.2. If the potential P(x) of the operator L and the system of the root vector
functions {uy(z)} -, satisfy the same requirements as in theorem 1.1, then subject to con-
dition (1.6) for biorthogonal expansion of an arbitrary vector-function f € Lg (0, 27) the
component principle of localization in G is valid: convergence or divergence of the j—th
component of the mentioned biorthogonal expansion at the point vy € G depends on the
behavior in small vicinity of the point xo only of the appropriate j—th component f;(x)
of the decomposable vector-function f(x) (and is independent of the behavior of another
component).

2 Auxiliary statements.

Here are some necessary statements that will be used when proving the theorems formulated
above.

Statement 2.1 [6]. If the functions p (x) and q () belong to the class L' (G}) and the
points © — t, x, x + t belong to the interval G|, then for the root vector-functions uy(x) we
have the mean value formula:

ug (x —t) ;—Uk (z+1¢) — :;Zko (_1)i j cos ()\kt + gl) u—i()
A5 [ e (nn+ D)

X[P(x—71)up—i(x—1)+P(x+7) ug— (x+71)]

+ B cos ()\k(t—r) + gz) [P(zx+7) up—i(x+71)— Pz —7) up—; (x—r)]} dr,
2.1

where ny, is the order of the root vector-function uy(z).

We fix an arbitrary segment K = [a, b] C G; and such a segment Kp = [a + R, b — R)
contained in it that R = dist (Kg, 0K) < (mesK)/2, 0K = {a,b}.

Statement 2.2 [9]. If the functions p (z) and q (x) belong to the class L° (G)), then for
K and K i and there exist such positive constants C; (K, ng) , 1 =1,3; C; (K, Kg, ng)
4,5, independent of A, that the following estimations hold:

1, 1
1wl e < (14 Tm ]S Plluglly e < Collunll, o, 1<p<s<oo; (22)

[Okur—1ll, x < Cs[L+ [Im M) lukll, i, p=1; (2.3)
Ca [L+ Im Ap|] 7™ Nully, i < ully, g, exp (B [Tm Ag])
< Cs [+ [ImMe|]™ fugll, 5 » P> 1, (2.4)
where |||, e = [l 2 x0)-

Provided p, ¢ € L; (G;) in the estimates (2.2)-(2.4) the segment K can be replaced
by G;.
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Note that for p,q € Li(G;), | = 1,m, there exist the limits ug (0+),
ug (27 —0), ur(§+£0), I = 1, m—1. Under ug (§), | = 0, m—1, and ug (27)

we will understand unilateral limits uy (§; +0), [ =0,m — 1, and ui (27 —0).
Statement 2.3. Let the potential P(x) belong to the class Ly (0, 2m) @ C?*2, the system

of the root vector-functions {uy ()}, satisfy the condition By. Then if inequality (1.6) is

fulfilled for all the numbers k, then each of the systems {uy(x)}—, and {v(z)},—, form

an unconditional basis in L3 (0, 2). Herewith, the systems { ug(z) || ug(z) H;l}k ) and

o
{ up(z) || ve(z) 15" }kZI are Riesz bases in this space.

Proof. By theorem 2 and remark 1 of the paper [8], it is enough for us to prove that under
the conditions of statement 2.3 the inequality

lurlly | vklly < const (2.5)

is fulfilled for all the numbers %.
Let KO = [a;, )] € G, 1 =1,m, 0 < RV = dist (K(l), 8Gl) < (mesGp)/2
and K = |J;"; K. Then

lurll 2oy lloell, < C(K°) . k=1,2,.. (2.6)

is fulfilled due to inequality (1.6).
Estimate from the below the factor ||uy|| L3(KO):

m m
2 2 2 9
[urllzz(xo0y = / lug(z)|” dx = Z/ lug(z)|” dx = Z luells, g -
KO =1 /KO =1

Here we apply the left hand side of the estimate (2.4) forp = 2, K = G;, Kp = K o),

R =RW, ! =T, m, and take into account the ratio sup n; = Ny < oo, that follows from
k
(1.2). As a result we get

k7250 > D CF <§l, KO, nk) [1+ [Tm A [] 2" -exp (—23(“ [Im )\k\) lurll 72
=1

o2 (T 1
>> i (G KV, ny) - 2 '
o i(@ ) (L4 1 Tm )™ exp (2RO [Tm M) el z3 )

Taking into account conditions (1.1), and denoting

2 ( -0\ _ : > (A () exp (—2m C1)
Cy (K ) T m%nm {04 (le K, nk)} (1+ 01)2N°
0<ng 0

l
ne < N,

INIA

we arrive at the inequality
m
2 2 2
HukHLg(KO) > Cf (KO) Z ”Uk”Lg(Gl) =C} (KO) Jukll3 -
=1

Consequently, the following estimation is fulfilled

lurll 30y = Ca (K°) Nlurlly,  k=1,2,....
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The validity of the relation (2.5) for any number ¢ follows from the last inequality and from
(2.6). Statement 2.3 is proved.
Denote

0 =0 ([Anl, M) = 5 [L+sign (Al = lokl)] s o = Re Xy

1
2
R —_—
B; (|Anls Ak, R) :/ tLsin (|\,] t) cos ()\kt—i— 5 ) dt, i=1,ng.
0
Under conditions (1.1) and (1.2) we have the following relations (see [2-3], [10]).
2 (B C(R
‘/ t~Lsin |\, | t cos M\t dt — oF| < (R)
™ Jo L+ [[An| = [pll’

C(R)
Bi )\n 7)‘kaR < 5
Bi (1Anl - A B < X T Tl

where C' (R) is some positive constant, p, = Re \g, i =1,n.

2.7

(2.8)

3 Proof of the main results.

Proof of Theorem 1.1. Necessity of condition (1.6) for componentwise uniform equicon-
vergence is justified by the same scheme as in the paper [5], where this scheme was shown
for a Schrodinger operator with a matrix potential. In our case, condition (1.6) is necessary
even for the operator L with the potential P(x) from the class L; (0, 27) @ C?*2. There-
fore it remains for us to prove the sufficiency part of theorem 1.1. Without loss of generality
we fix an arbitrary connected compact K C G = Uﬁl G|. Then for some [y, 1 < [y <

m, K C Gj,. Choose the number R > 0 satisfying the condition R < % dist (K, 0Gy,) .

. . N T
We will compare partial sum oy, (z, f) with S|y | (z, f) = <S|,\n‘ (z, f1) 5 S, (7, fg)) ,
where f(x) = (fi(z), fa(x))" € L3 (0, 27) ,

Siaal (@, f5) = ! / sin (An (@ = 9)) fily)dy, zekK, j=1,2.

le—y|<R r—=y

From the theory of trigonometric series it is known that the difference Sy, (z, fi) —
§| An| (T, f;) tends to zero with respect to ¥ € K as n — oo. Therefore it suffices to
set up relation (1.5) for S\Anl (x, fj), 1=1,2, ie.

nh—>rgo HJ%(" 1) - glk” SRR HC(K =0 G-

By virtue of statement 2.3 we can expand the arbitrary vector-function f € L3 (0, 27) into
a biorthogonal series by the system {u(x)},-

[e.9]

flx) =) (f, vi) up(x).

k=1

With allowance for this expansion, represent the vector-function S M| (2, f) in the form

SIA (o f) = EZ (F, o) Ry (x —t) +up (x4 1) ' sin [\, | tdt. 32)
g k=1

2 t
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Using the mean value formula (2.1) and introducing the notation
AT (Pyup—iy x, 1) =Pz +71) up—y (x+7) £ P2 — 1) upy (x —7)

we transform the integral in the representation (3.2)

2 (R (z—t B sin [Aa|t 2 " sin [\t
/ up (x —t) +ug (x +1) sin |\ dt:uk(x)/ SmL'cos)\ktdt
. 0

T 2 t T

R T
uk i / t"Lsin [\t cos ()\kt + 51) dt
0

+Z

1 (=)' [Fsin |\, |t [ ;
+- ( _') / sin 2| / (t —r)"sin ()\k (t—r)+ Ki) AT (P, g, x, 1) drdt
(A t 2
1 & t :
+— * sin |)\ | / (t —r)" cos ()\k (t—r)+ gz> A (P, ug—;, x, r) drdt.
T
=0

Having changed the order of integration in the repeated integrals, in the last two sums we
get

9 (R —t t) sin [\,| ¢ 2 [fsin |\,|t
/ up (@ —t) fug (@ +1) sin Aa| t Sk () +up(z) [ / SmL' cos Agt dt — &,
0 0

T 5 -
2 s (-1 13 (—1)f (R i
+- 2 ug—i(z) Bi (|Anl, Ak, R)JFWZZ; ' {/0 AT (P, wjpq, 2, 7) By (r, R, [Anl) dr
+B / (P sy, 7) @ 1 s Pl 53
where

s sin [\, | t

R ™
b B = [y sin (Ne 0= 1)+ 5) de,

R .
; An| t . .
o (ry Ry [An]) —/ (t—r)lsm‘t| cos </\k (t—r)+ gz) dt, i=0, ng.

Considering representatlon (3.3) in the equality (3.2) and taking into account definition of
the number 6% for S| A (@, f), € K, we get the equality:

S\)\n| (.%, f) —On (.%', f)

R .
:_% Z (f, vr) u(z +Z £ uk) {[ /0 Sm‘t)\nucos)\ktdt—dﬁ]uk(x)

lpr|=|An]

1
T 4 7!
1=0

B; (|An], Ak R) up—i(z)+

R
[/ AT (P up_gyz, ) Dhy (v, R, |An]) dr
0

R .
+ B/ A (P, ug—i, x, 7) Pty (1, R, |Anl) dr] } .
0
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Hence, with allowance for inequality (2.7) we arrive at the inequality

- 1 _
S @ ) =@ N <5 D 1o lunl)] @)l
|pk|:|>‘n|
R) S 1(F o lunllo)] uwly Jur(@)] (14 [1An] = osl )"

k=1
RS IC ve )l (S0 1B (0], A, Ry it
2 2] el

/ AT (P, up_g, x, 7) iy (1, R, | \p]) d

1 o 3
= 201G o el <Z il uglly,

k=1

)

= Si(z) + Sa2(x) + Ss3(z) + Sa(z) + S5(2) -

Prove that the series Si(z), I = 1,5, = € K, uniformly converge and their sum does not
exceed the value C(K) HfHQ
At first we note that by statement 2.3, the system { vy (z) [Jug||y} - is also the Riesz

basis in L3 (0, 2). Consequently, this system is a Bessel system in this space, i.e. for the
arbitrary vector-functionf € L2 (0, 27) the following Bessel inequality holds

oo 1/2
(Z [(f, vk Huklb)\2> < M|fl2, (3.4)
k=1

where the constant M > 0 is independent of f(x).
We also note that the estimation

1 o
+— D (5 vk llukl)]
a 2 Z' HUkH2

=1

/ A (P, up_s, x, 1) Bhg (1, R, |An|) dr

> 1<const, Vt>0 (3.5)
t<|pg| <t+1

follows from conditions (1.1) and (1.2)
To estimate the sum S;(z) we apply the Bessel inequality (3.4), estimation (2.2) for
s =00, p =2, |Im M| < C1, and inequality (3.5)

1

Si@)=5 D 1 vellulo) | fu(@)] luly”
ok l=An]
1/2 1/2
1 —
<o | 2 1 oluly) > lun(@)? gy
I |=[An] P |=[An]
1/2

< M|fll2Ca(K) | D HUk(Hf)H%,GlO [

e |=[An]



120 Criteria for componentwise uniform equiconvergence ...

1/2
SMCK)|fla| > 1 < C(K) I f]l2,
lpk|=[An]

where C'(K') > 0 is some constant.
To estimate the series S2(x), x € K, we also apply the Bessel inequality (3.4), estima-

tion (2.2) for s = 0, p = 2, |Im A;| < C} and inequality (3.5). As a result we have:

Sa(x) < C(R) (Z |(f5 vr chHg)\Q> (Z (@) iy (1 4+ [[An] - !pkll)_2>
k=1

k=1

1/2
< C(R)M|[fllz - Co(K <Z|u;c|!2 a, lunlly (1+||)\n_|Pk||)_2>

~ 1/2
K)|If[l2 (Z (1+[[An] = kall)_2>
k=1

- 1/2
<CHE)|fll2 [ D+~ > 1
Jj=0 F<]Anl=lpr|I<i+1
o 1/2
< C(E)| fl2 (Zi‘2> < CE)|fl2-
i=1

Inequalities (2.2), (2.3), (1.1) and (1.2) for z € K yield

[ug—i(z)] -1 -1 1/2
7”1”:” < kil oo, 1 Nuelly < Collur—illy g luelly (1 + [Tm M)V
2

1 _ 1
< CoCp (14 [Tm )™ % [fuglly e lunlly ' < G20 (14 C1)N¥2 = O(K)
i.e. it is fulfilled the estimation

[uk—illoo, & < CUK) Jlurlly (3.6)

where C'(K') > 0 is some constant.
We now estimate the series S3(x), = € K. By inequalities (3.6) and (2.8)

ad CE1 _
ZI [y vk luglly)] (Zu 1Bi ([Anls Mes R Munllog, ¢ llukllz
k=2 =1

[e%s) No
R) > (S, vk llully)l <Z;,Cz (R)> (14 [[An] = o)
k=1 i=1

K) Y 10 ok lugll)] (L4 1Al = okl D™
k=1

Hence, by virtue of the Bessel inequality and estimate (3.5) we get (see estimation for

SQ(J}))
Sz(z) < C(K) [ £]2-
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We now estimate the series S4(x) and Ss(x). Since they are estimated by a unique
scheme, we estimate only the series Sy(z). The expression A™ (P, up—;, ¢, 7), © €
K, 0 <r < R and estimation (2.2), (2.3) imply the inequality

AT (P, up—i, z, 7)| < C(Giy) Az, r): L SC(Gy) Az, ) Jluglly < const A(a,r) [uglly ,

where
Az,r) =[p@—n)+lg@—r)+Ipl@+r)+lg@+7).
The estimation

R 1/p
4Gy = ([ 4y ar) < const (1 + ) )

is fulfilled at each fixed x € K for A (z, 7).
Therefore, by the Holder inequality we get

R . R .
/ AT (P, up_g,x, 1) Dy (r, R, [Anl) dr| < const ||ug|y / Alz,r) |§Z521 (r, R, ])\n|)’ dr
0 0

< const HA(.%’, ')Hp7 [0,R] H@}'ﬂ ('a Ra |An‘)Hq7 [0,R] HukHQ :

Taking into account the obtained inequalities in the series S4(x) we get

Nk

2) = =31, vk ) (Z
k=1 i

/ AT (P, up_y, z, 1) D4y (1, R, |\a]) d

)

il Jlull

[ee) Nk
< const (IIpll, + llall,) S 1CF o el D 195 G By 1) [l oy
k=1 =0

Hence, by the Bessel property it follows

9y 1/2
S(w) < const | fll> Z(ZH@ R, \Annuq,[o,m)
k=1
) Ny 2 1/2
< const||f|l2 Z(ZH%(»R, |An|>||q,[o,m> : 37
k=1 \=1

Prove that the series in curly brackets converges, and estimate its sum. For the integrals
Dy (r, R, |\n]), 7 = 1,2 the following estimation is valid (see [10])

H>‘n’_|/)k‘|_ar_a for H)‘n|_‘PkH >1, 1=0,
max {|ln 7|, |[In R|} for ||| —|pkl| <1, i=0,
Anl = okl ™" for ||Aal = lprll = 1, i #0,
(R—r) for Al = lpkll <1, i #0,

‘@};j‘ S CZ (R, Oé)

where a € (0,1] .
Apply these estimations forp > 2, o € (%, %) ,

o0

> (S, ¢, [O,R})Q

k=1
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< C(Np, R, a) > </OR (max {|ln 7|, |In R|})qdr>2/q

H>\n|_|pk||<1

+ > Pl =l o
[[An|—lprl|>1

2/q

=, m o) { ([ mas ol mpar)

[An]=lpkll<1

—_

+HT_QH .0, R] Z ||)‘n|_‘pk|’_2a 11/p+1/q:1'
[[An|=lpx|[>1

Since ga < 1, then by the condition (1.2) we get

2
Z(ZH@ R,wnuq,mﬁ]) <C(No Boa) 1+ 30l =l ™

k=1 Anl—loxl>1

< Cy(Ny, R, o) { 1+ iz—%‘ Z 1

I<[[An]=lpr|I<I+1

< (9 (No, R, Oé) Cy {1+Zl_2a} < 0.
=1

Consequently, the last relation and (3.7) imply the inequality
Sa(x) < C(K) [ f]l2- (3.8)

The series S5 (x) is estimated in the same way, and estimation (3.8) for it is fulfilled as
well.

From the estimations obtained for S;(x), j = 1,5, it follows that for an arbitrary
vector-function f € L3 (0, 27) the following estimation is valid:

|5 D =autn), . < CUE)IS (3.9)

C(K)

where C1(K) > 0 is a constant independent of f.
Now from estimation (3.9) we derive relation (3.1). From the completeness of the system
{ug(z)}32, in the space L3 (G) it follows that for an arbitrary f € L3 (G) and for any

e > 0 there exist such constants o, [ =1, n (g, f) that
n(e.f)

_c

(2C1(K)) —

where C(K) is a constant from the inequality (3.9).
Obviously, for sufficiently large n we have the equality o, (z, g) = g(x). Therefore, for
large n

[ ¢ 1) =0n €D ey < [t € =) = 0n (7 =0)]| o o = 50 ¢ 0)

If —gll; <

alul

O(K)
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The estimation (3.9) and the last relation imply that for sufficiently large n

|Spa o =on 1)

C(K)

< CU(E) I = glly + || Sia,i 1 9) _QHC(K) <5 ]S o0 - gHC(K)'

The value |5}, (-, 9;) — gj(x)HC(K), where g(z) = (g1(2), ga(x))”, tends to zero as

n — oo, because g;(x) € W) (Gy,) , p > 2.
Consequently for sufficiently large n

Relation (3.1) is proved. Theorem 1.1 is proved.
The statement of Theorem 1.2 follows from the statement of Theorem 1.1 and localiza-
tion principle for trigonometric series.
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