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Cantor functions associated with generalized expansions
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Abstract. The goal of this note is to propose an expansion of real numbers, which generalizes the binary
and ternary expansions. As an application of this expansion, the ternary Cantor function is generalized
to the one adapted to the expansion. This generalized Cantor function can be adjusted to have the set of
discontinuity of any Hausdorff dimension.
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1 Introduction

The aim of this paper is to show that the following expansion theorem is useful to construct
various Holder continuous functions, where -] denotes the Gauss function.

Theorem 1.1 Let {hy,}5° | be a sequence of positive integers such that h, > 2 for all
n € N. Then for any x € [0, 1], there exists a sequence {ay }o° | of integers such that

0 o
=N g<a,<h,—1 (n=1.2..).
: ;hlhm“hn’ 0= ans (n )

More precisely, we have the following algorithm to find each a,: If x = 1, then simply set
an = hy, — Lforalln € N. If x € [0,1) instead, define

ar = [hiz],  apt1 = [hha- - hphpg |2 — ; hihg---h;

o0
a
Thenoganghn—lforallnENandmznzz:lhlhz.n..hn'
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A direct consequence of Theorem 1.1 is that any = € [0, 1) has an expansion

() tn
x:;h1h2-~-hn

for some sequence {a,}>2; of integers satisfying 0 < a,, < h,, — 1 forall n € N. As an
application, we generalize the ternary Cantor function f.

Theorem 1.2 Let {h,, }5° | be a sequence of positive integers such that hy, > 2. There exists
uniquely a non-decreasing continuous function f : [0,1] — [0, 1] such that

N an B N 1 ay,
! ;hthhg---hn _Z%[hn—l]’

n=1

if N € Nand a,, € {0,h,, — 1} foralln =1,2,..., N.

Ikeda considered the case of h,, = n,2n,2n — 1 in [2].

Note that the Cantor function can be obtained as a special case of h,, = 3 for each n. We
refer to [1] for a detailed account of the Cantor function. The Cantor function, named after
Georg Cantor, is an example of a function which has a remarkable property: Its derivative
vanishes almost everywhere. This applies to the function f above. To this end, we specify
the points where f is not differentiable.

Theorem 1.3 Assume that
2]\7
lim ——— =0 1.1
Nsoo hihy -+ by (D

Then the set C' of all points where f is not differentiable takes the form:

[e%e] a,
= — " a, Jhy — 1 =1,2,...) .
C {;hth---hn an € {0 }o(n )}

We recall the notion of the Hausdorff dimension according to [1]. First for an interval
I, we write ¢(I) to denote its length. Let A C R be an arbitrary set. Its d-covering is the
collection of open intervals having radius less than § whose union covers A. Let s > 0.
Then define

H5(A) = inf Zwsﬁ(Ij)s : {I;}32, is a 0-covering of A
j=1

s+2\7!
2
tion. Let s > 0 again. Then define H*(A) = léiﬁ]l H3(A). Finally its Hausdorff dimension

is given by dimy (A) = inf{s > 0 : H*(A) = 0}. Thanks to the result in the book [1, p.
72], we see that the Hausdorff dimension is

. . S
Here w; is a constant given by ws = w21’

, Where I' denotes the Gamma func-

N
di C) = liminf
lmH( ) }\Ifglo% logg(hlhz'“h]\[)’
as long as {hn }3_; is a sequence in N N [3, 0o) satisfying (1.1).
Let o € [0, n] be arbitrary. In view of this formula, we see that if we choose /s suitably,
then we can arrange dimy(C') = a. The rest of the paper is devoted to the proof of these
theorems.
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2 Proofs

2.1 Proof of Theorem 1.1

If z = 1, then the conclusion is trivial; assume otherwise. We induct on N to show that
an, whose definition is as in Theorem 1.1, fulfills ay € {0,1,...,hx — 1}. In the base
case of NV = 1, the conclusion follows from the fact that 0 < hiz < h;. Suppose that the
conclusion holds for some N = Ny > 1. We observe that

No—1
Qan
0<hihy---h — — | = 1
~ 1112 No (ﬂf ngl h1h2hn> an, <

from the definition of ay,. Hence,

No
Gn
0 < hihy - hyghng+1 (:c = ) < hgt1,
— hihs - hy,

implying that ay,+1 € {0,1,2,..., hny41 — 1}.
It remains to establish that x can be expanded as above. But this is a direct consequence
of the inequality:

No a 1
0<x— n < .
= T;hlf@"'hn hihsg - - - hy,

2.2 Proof of Theorem 1.2
Fix N first. Let fx be a non-decreasing piecewise linear function interpolating linearly

between the points
N a N a
_m — n 1.1
(S Sl ) oo

1
where each a,, moves over the set {0, h,, — 1
following observation:

Lemma 2.1 Forall N € Nand x € [0, 1],

2
}. For the proof of Theorem 1.2, we need the

fn@@) = fys(@)] <27

Proof. We may assume 0 < z < 1; otherwise the conclusion is trivial. Let [2VV f(x)] = k.
Then k < 2V, since f(z) < 1. With this in mind, let 2y = fy'(k-27") and 2}y =
Fat((k 4+ 1)27N). We claim that 27; takes the form

N +
+ ap +
= [ [ — h, —1 =1,2,...,N).
T n§:1 e he a; €0, b o(n )

In fact, there exists a subset A of {1,2,...,n} such that
1
N _
k2N =3 o
neA
If we set

G;ZXA(TL)(hn—].) (n:172>"'7N)7
then we have the desired sequence. We can go through the same argument as z; for x}
Since
_ _ k _ 4 E+1
In(zy) = fvnley) = 5x < n(@), fyvn(@) < funley) = fvney) = 55

we obtain the desired result.
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We prove Theorem 1.2.
We start with the existence. Thanks to Lemma 2.1, the limit f = ]\}im fn exists in
—00

L*([0,1]). Since each fy is continuous, so is f. Since

N a N 1 a
Jar (;hlhghg...hn> :nzzn [hn—J’

if M\, N € N satisfies M > N and a,, € {0,h,_1} foralln = 1,2,... N, letting
M — oo, we obtain the desired function f.
We prove the uniqueness. Choose any continuous function ¢ : [0,1] — [0, 1] with the

same property as g. Let z € [0,1) and define 2, = fy'(27NV[2N f(z) + 1]) and zy =
fxt(27N[2N f(x)]) as in the proof of Lemma 2.1. Then since we know the value of f(z3)

and g(ay), we have f(zy) = g(zy) < f(2),9(2) < f(a}) = g(z}) = flay) +277.
Letting N — oo, we obtain g(x) = A}gnoog(x]_v) = A}gnoof(xj_v) = f(z). Thus f = g.

3 Non-differentiablilty points of f in Theorem 1.2
0
Here and below it is understood that ) z,, = 0 for any sequnce {z,}>2 ;. We start with
n=1

an additional property of f.

Proposition 3.1 The function f in Theorem 1.2 satisfies

l a 1 Y1 [ a 1
f(;hmh?,--hn+h1h2-~-hN+1) :;%[hn—J TN

if N € Nand a,, € {0,h,, — 1} foralln =1,2,..., N.

Proof. Let M > N. Simply observe that

N a 1 N a = hy, —1
n 4 — n 4 _m -
nz::l hihohs---hy — hiho -+ hyiq nz::l hihahs -+ hy n§+2 hiha - hy
and that
N M N M
an, h, —1 B 1 an, 1
f<zh1h2h3---hn+ 2 hlhz---hn> =2 [hn—l} t 2
n=1 N+2 n=1 n=N+42

If we let M — oo, we obtain the desired result.

Corollary 3.1
I)IfN e NU{0} and ap, € {0, hp—1}, t € [1,hnyy1 — 1] foralln =1,2,...,N,
then

f<r; h1h2h3"‘hn +h1h2”'hN+1> 2227 |:hn_1:| +2N+1

n=1

for all.
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2)IfN e NU{0}and ay, € {0,hp_1}, t € (1, hyy1— 1) foralln =1,2,..., N, then

N
, an t _
/ (; hihahs - - hy * h1h2"‘hN+1> =0

3) The function f is almost everywhere differentiable if (1.1) holds.

Since hy > 2 for each N, (1.1) fails if and only if hy = 2 with a finite number of
exceptions. So, (1.1) is a natural assumption.

Proof.

1 Simply observe that

i G n hyyr—1
thahs---hy,  hihg---hnyt

- o | h, —1 IaN+1

&h
3/\
i1]=

>
3
>
[\
e
=
3
_|_
>
3
>
[\
—
>
=
+
—
\/
[l

kh

N

and that f is non-decreasing.
2 Since f is constant on

N N
Z (07%% + 1 Z Qp + hN+1 -1
= hihghsz - - hy h1h2"'hN+1’n:1 hihohs---hy ~ hiho---hyi1 )’

f’ vanishes on this interval.
3 Write

1 h—1
Iy = [ —
o= (3 )
and

I

a1,a2,...,an)
N
n 1 n h -1
(S e S ]
S hihghs---hy = hihy---hniy = hahohg - hn o haha---hy

We remark that

oo
X1, Z Z Xl(ay g, am) < 1

N=1a1€{0,h1—1},a2€{0,h2—1},...,an€{0,hn—1}

since
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for any n € NU {0}. Meanwhile,

[eS)
ol + ) > L (a1,a2,.an)|
N=1a; {0, h1—1} a26{0,ha—1},...,an€{0,hn—1}
)

hl .y Z hNH 2V (i —2)
hihg -+ hni1
_h1_2+i< 2N B 2N+1 )
hi = \hihg---hn  hihy---hyp

=1

thanks to our assumption (1.1).
Thus, f is almost everywhere differentiable.

As we saw above, f is almost everywhere differentiable under (1.1).

Proposition 3.2 Assume that (1.1) holds. If = € (0, 1) has an expansion

00 an
= — (an €{0,hy —1}),
= i, (@€ D

then f is non-differentiable at x.

Proof. In fact, we set

= a 2 b1 N a
+ n n - _ n
N ; haha - hn | nEN:H hihy - hy N ;::1 hihg - T,

for all N € N. Consequently,
k)~ Iy

lim
+ —
Ty — TN

N—oo

Consequently, from Corollary 3.1 and Proposition 3.2, we conclude the proof of Theo-
rem 1.3.
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