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Asymptotic behaviour of solutions of mixed problem for linear
thermoelastic systems with microtemperatures and microstretch
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Abstract. In this paper, we study the mixed problem with dissipative boundary conditions for linear
thermoelastic system with microtemperatures. We investigate the correctness of the mixed problem and
set the exponential decay of the energy norm of solutions.
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1 Introduction

In this paper, we study decay properties of solutions of the initial boundary-value prob-
lem associated with the following thermoelastic system

Ut — ,U,2A’LL + bVe = 0,

o1 — a2 Ap +wVw = 0, (1)
0 — kAO + BVus + gVw = 0, )
wy — yAw + hVyp + mVe = 0,

where i, a, k, 7y, are some positive constants, b, w, 5, g, h and m are some constants,
u=u(x,t), p = @(x,t), 0 = 0(x,t), w = w(z,t), x = (1,22, ..., 2,) € II =[0,1]",
N2
V =div, A = lzl 88:012‘
In the case n = 1, system (1.1) is a one-dimensional model of the theory of thermoelas-
ticity, which is known in the literature as Eringen’s theory of micromorphic
continua. Eringen [3,4] introduced a class of micromorphic solids, called microstatic solids,
simulating porous media filled with gas, non-viscous liquids, or composite materials with
chopped elastic fibers. The material points of these materials can stretch and contract
regardless of their movement and rotation. To date, there is an extensive literature devoted
to the theory of micromorphic continua, in which deformation is described not only by the
usual vector displacement field, but also by other vector or tensor fields (see [3-7, 9-12]).
Within this theory, u represents the mixing stress, ¢— microstress, § = T, — T the absolute
temperature difference, and w microtemperature, respectively.
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2 Formulation of the problem and the main result

Let
‘T’r‘,i - (Jfl, vy Lg—1, Ty Tj41, "‘7xn)7 Ty = (.Tl, vy Li—1, Tj+1, "'7‘,1:71)7
Hi = {Z%Z : i‘l = (:Bl, ...,xi_l,xi_,_l,...,:cn), 0 S T S 1, k= 1, ey Ny k 7'5 Z} .

For system (1.1), we will investigate the mixed problem with boundary and initial con-
ditions

u(xo,ht) = SO(in?t) = 07 (21)
9(:6071',15) = U}(l‘o’i, t) = H(IELZ‘,t) = w(xl,i,t), (22)
19} it
“(;;’i) gz, t) =0, 2.3)
0 it
(p(;;) +i(writ) =0, 2.4)
U(ZL‘, 0) = UO(:E)» Ut(l', O) = ul(x)v (2.5)
QO(.%',O) = @0(1.)7 th(x70) = @1(1’), (26)
0(z,0) = Op(z), w(x,0)=wp(x), (2.7)

where (Z;,t) € II; x [0,+00), i=1,2,...,n, © € II.
Assume that
w>0,a>0,k>0 w>0, (2.8)

and there are constants Ay, A1 and A\ such that

\i>0,i=0,1,2,

m = >\Ogv
XoB = Aub, 29)
)\Qw = h.

We introduce the following notation:
Ly = Ly(IT), Wy = Wy (IT), W5 = W3(II),
Wy ={u:ueWy(Il),u(zo;) =0, & €I, i=1,...,n},
WQI’F ={u:uce Wy (IT), u(zo,;) = u(z1,:) =0, & € IT;, i =1, ~.,n}.

In the space H = W21 X Loy % W21 X Lo x Lo x Lo we introduce the scalar product
as follows:

(w,2)y =M ©? / V1 Vzidr + )\1/ vozodr + )\2042/ Vo3V zzdx +
1 17
11

+/\2/v4z4dx+)\o/v5z5d:r+/ vezgdx,
I

where w = (v, ...,06), 2 = (21, ...,2¢) € H.
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Let Hj be the space defined by
Hy = {w Tw = (1}1, ..., ), V1,V3 € W22 N W21,F17 V9, V4 € W21,F17

81)1 (561’1')
8951-
z; € I;, 1 =1, ,TL}
In the space H, we define a linear operator A by setting
D(A) = H,
Aw = (UQ,,M2 Avy — bVus, o?Avg — wVug, kAvs — BV s,
—gVuvg,yAvg — hVvy — mVus).

Lemma 2.1 A is a maximally dissipative operator in H.

81]3(:B1,7;)

2 1
Vs, Vg € W2 N WQ,F? oL
1

+va(z1,4) = 0, +va(z1,) = 0,

By Lemma 2.1, the operator generates a strongly continuous semigroup U (t) = 4. If
woy € H, then w(t) = ey is a weak solution to problem (1.1), (2.1)-(2.4).
Thus, the following theorems holds.

Theorem 2.1 Let conditions (2.8), (2.9) be satisfied. Then for any (ug, u1, po, ©1, o, wo) €
H problem (1.1), (2.1) - (2.4) has a unique "weak” solution (u, @, 8, w) , where

u,p € C ([(),oo);ng’Fl) NCL([0,00);Ly), 8,w e C([0,00); Lo).

Theorem 2.2 Let conditions (2.8), (2.9) be satisfied. Then for any (ug, u1, po, ©1, 0o, wo) €
Hy problem (1.1), (2.1)-(2.7) has a unique solution (u, p, 0, w) , where

u, ¢ € C([0,00); Win W217['1) nct ([0, 00); WQIII) NC2%([0,00); Ly),
0,w e C([0,00); W5 N Wy p) NC([0,00); La) .
Let us F (t) denote the energy function

B0 = [ [0 + a0 + [Vu(e. o)

+ | V(a, b)) + [0z, t))? +\w(x,t)12} dz. (2.10)
In order to show an exponential decrease of energy, we use the following well-known result.

Lemma 2.2 (see [8]). Let t — y(t) : [0,00) — [0,00) is a monotonically decreasing
function and there is a constant ¢ > 0 such that

T
/ (D)t < ey(S), 0< S <T. @.11)
S
Then there exist constants w > 0 and M > 1 such that
y(t) < Me “y(0), 0 <t < 4 oo0. (2.12)

Here the following main result is obtained on the behavior of the energy function at
infinity.

Theorem 2.3 Let conditions (2.8), (2.9) be satisfied. Then there are numbers M > 1 and
o > 0 such that for any (ug, u1, @o, p1, 00, wo) € H the following inequality holds:

E(t) < Me 'E(0), (2.13)

where

E(O):/H[u1|2+|<p1|2+|vu0|2+|w0|2+|90\2+|w0|2 dz. (2.14)
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3 Proof of Lemma 2.1.

Let w = (v1, ...,vs) € D(A). Then we have

(Aw,w)y = /\1;1,2/ Vg - Vurdx + )\1/ [ugAvl — vad vodx
I )i
+ )\20[2/ Vg - Vugdx + )xg/ [aQAvg — wVvﬁ] vadx
I b

+ )\0/ [kAvs — BV vo] vodx + / [vAvs — hVvg — mVus| vedz.
I Js

Integrating by parts and taking into account (1.1), (2.1)-(2.4), we obtain from this that

Re (Aw,w) ;; = —)\ok/ ]Vv5]2dx—*y/ \Vus|* dz
i i

—)\1[1,2/ ‘1}2(1‘171‘”2 dfz — )\20[2/ |’U4($1ﬂ')|2 d:i‘l S 0 (31)
Thus A dissipative operator.
Now we will show that A is an invertible operator.

Consider the equation
Aw = h, (3.2)

where h = (hq, ..., hg) € H. Eq. (3.2) is equivalent to the boundary-value problem for
the system
ve(x) = ha(z),
p? Avy(x) — bVvs(x) = ha(z),
va(x) = hs(x),
o) ) — ). vell G-
kAvs(z) — 5V02E93§ — gVug(z) = hs(f(lf)
T

yAvg(x) — hVvs(x) — mVus(x) = hg ;,
with boundary conditions
v1(w0,4) =0, va(zo,:) =0, v3(x0,) = 0, va(zo,4) =0, (3.4)
8”18(;“) +v2(z1,4) =0, (3.5)
%3})(;1”') +v4(z1,4) = 0, (3.6)
vs(z0,:) = vs(r1,4) =0, (3.7)
ve(x0,:) = ve(r1,4) =0, (3.8)

where x; € II;, 1 =1, ...,n.
Setting v2 = h; and v4 = h3 in the fifth and sixth equations in (3.3) and in the boundary
conditions (3.4)-(3.8), we get the boundary-value problem

p2 Avy (x) — bVvs(x) = ha(z),
a?Avs(z) — wVvg(z) = ha(z),
kAvs(z) — gVug(z) = hs(z) + BVhi (),
yAvg(z) — mVus(x) = he(z) + hVhs(x).

(3.9
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v1(xo,i) = 0, v3(wo,:) =0, (3.10)
Ovi(21,i) ovs(x1,5)
e = ha(z1,4), o5, = hs(z1,4), (3.11)
vs(z0,i) = vs(z1,5) =0, (3.12)
vg(wo,:) = ve(z1,i) =0, (3.13)
where x; € II;,1 =1, ...,n.

First we solve the system

{kAv;,(:c) — gVug(x) = hs(x) + BVhi(z), (3.14)
yAvg(z) — mVus(x) = he(x) + hVhs(z), .

with boundary conditions (3.12), (3.13).
In the space # = W x W; - consider the bilinear form

Bw'w?] = 5/<:/ val,(x)va(a:)dx—i—(Sg/ Vg (x) Vi (x)dx
big i
41 [ Vi@ i@+ m [ Vol(a)Ve(o)da,
n i

1 2
1 v 2 v m
v :< ?>7w :< g)’(s:'
Vg Ug g

Using the Holder and Poincaré inequalities, we obtain

where

|B [wlijH < ok ‘/ Vi (2) Vo2 (x)dx
I

+dg ‘/ Vg (x) Vo2 (x)dx
I

+ /Vvé(x)va(:v)dx —i—m’/ Vol () Vo (z)dx
i
hag

1

< (5k+m)/H|Vv51)(;p)‘2dx+g(k—kcog)/H}va(x)‘?dx

_|_

o= N

(5g+’y)/’Vvé(x)}2dx—l—;(’y—i—mco)/‘va(x)}de
T I

g ] A 3 e ]

= My [[|* 3+ 03] (3.15)
where

_ Jnlz(@)*de _ 1 5 1 1
Cco) = ZGI&/EYFW, MO — max {5(51{7 + m), 5(]{3 + Cog), 5((59 + ’7), 5(7 + mCO)} .

For w = <05> € H we have
(23

Bw,w] = 516/17|Vv5(az)]2da:+5g/HVv5(x)v6(:c)dm
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—1—7/\va(x)|2da:+m/HVz;6(x)v5(a:)dx
I

— 51<;/ Vs (x)|* dz + 7/ Vg ()| dz > mojw|)3,.- (3.16)
I I
It follows from the definition of H and (3.2) that
h5($) + BVhl(l‘) S LQ(H), hG(.T) + thg(Jj) € LQ(H). (3.17)

Relations (3.15)-(3.17) show that all conditions of the Lax-Milgram theorem are satis-
fied. Therefore, there are unique functions satisfying (3.12)-(3.17) in the weak sense.
By (3.14) we get

Avs(x) = %Vve(:c) + %hg](a:) + %Vhl(az) € Ly(I),
and consequently, vs(x) € W2 VV21 - Inasimilar way, we obtain that vg(x) € WZ VV21 I
Setting v5(x) and vg(x) in the first two equations in system (3.9), we obtain a boundary-
value problem for systems with respect to the functions v;(x) and vs(z) with inhomoge-
neous boundary conditions.
The resulting problem is solved by the standard method. The proof of this lemma is
complete.

4 Proof Theorem 2.3.

We define the following functional
A A 2\
Eot) = [ |5 lute.0F + 2 a0 + 5 Vula, P
I

Xy

3

A 1
IVo(z, b)) + 30 102, )| + 3 |w(x,t)]2} da. @.1)
It is easy to see that there are c; > 0 and ¢z > 0 such that
L E(t) < Eo(t) < eaB(b). “2)

Considering (1.1), (2.1)-(2.4) from (4.1) we get

d n n
—Eo(t) = —k\ 02 dr — 2 d
0 =-wad [ e =23 [ vt

n n
—/\1/1,22/]7 ’ut(l'l’i,t)’deji — )\20&22/]7 ‘(pt(:(}l’i,t)’Qd.%i S 0, (4.3)
=1 i =1 i

whence implies that
Bo(t) < Eo(0), t>0. 4.4)

The following statements directly follow from the inequalities (4.3) and (4.4).
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Lemma 4.1 For weak solutions of problem (1.1), (2.1)-(2.7) the following estimates hold:
(i) é [ 03,de < — 5= G Bo(t), £ > 0;
(ii) é S5 [r02,dwdt < FFo(S), 0< S < T
(iii) i Jws de < 2EE(t), t > 0;

=117
(iv) T;l fe ]{wgidxdt <1B(S), 0<§<T;
W) é Jon el D ds < — 5 S Eo(t), ¢ > 0;
(vi) anl Sz, (v (1,6, 6)* dity < —sop dEo(t), > 0;
(vi) i ffn, (i, ) diadt < —x13 Bo(S), 0 < 5 < T

(viii) foﬂ U, (214, t)? di;dt < 575 Eo (S),0<8<T;
=18

(ix) z; J, o (1.4, )| di; < )\1(12 LEo(t), t > 0;

() 3=, lom(ons O i < =k i Bolt). 2 0

(xi) i_i‘jfm i (1.4, )| didt < sz Fo(S), 0< S < Ty
(xii) é Js Jir lew (@i ) diidt < L5 Eo(S),0< S < T.

n
Multiplying the first equation of system (1.1) by u; + nou + 1 > x;u,, and integrating
i=1

the obtained relation over the domain [S, T’ x {2 we obtain

0_/ /( (z,t) + nou(z,t) —f—T}Zavluxzxt))

=1

x (uge(z,t) — p2Au(z, t) + bVO(z, 1)) dedt

= F(T) —F(S)+/Té@(t)dt+/STLZ/(t)dt+/ST@(t)dt, 4.5)

S

1
F(t)ZQ/ mtda:—i—— / xtdw—l—nZ/xlutxtumlwt)d

10 / w(, u(e, t)da +”°“ Z / (14, 1)d:, “.6)
7
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0= [ eon s 35 [ieon 35 £ [

J#l
n

—770/ uf(m,t)dm—i—no,uQZ/uii(x,t)da;, 4.7
= =17
Z/Ut T1 4, U)ug, (21,4, t)dT; — Z/ u2 (1,5, t)d7;

le

n

SIS [ (i + T z Z [
i=1 71l
J#Z
n n
Y Y [ oot (o) 48
=1 =1 I
.7_ 9
j#i

o) :bZ/Hut(;v,t)Hwi(a:,t)daz+1702/Hu(m,t)9xi(x,t)da:
=1 i=1

n n
+n Z Z / Titg, (,1)0z, (z,t)dx. 4.9)
=tj=1""
JF#i
It follows from (4.5) that
T T T
/ B(t)dt = F(S) — F(T) — / (t)dt — / o(t)dt. 4.10)
S s s
The parameters 77, 1o can be chosen so that the following inequalities are satisfied
n—2
770M2 - ?7( 9 ) > 07
- 1o
———=>0
2 2 ’
1_ nu*n
2
Then it is easy to see that the following inequalities hold:
ClFo(t) < F(t) < CQF()(t), (4.11)
D(t) > c3Fy(t), 4.12)

>@Z/ (@10, t)d, (4.13)

7’117
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where .
Fo(t):/ uf(x,t)d:chZ/ uZ (z,t)dz, (4.14)
I i J 1T

c1, ..., C4, ar€ SOmMe positive constants.
Using the Holder’s and Young’s inequalities, we obtain that for any € > 0 there exists
c¢(e) > 0 such that

|O(t)| < eFp(t) /|@ :Et| dzx. (4.15)

In view of (4.10)-(4.14) we get

T

T
Cg/Fo(t)dt S CQE()(S) —S/Q(t>dt

S
Hence, by irelation (4.15), we obtain

T
(Cg — 6)/ Fo(t)dt S CQF()(S)

S

n

+e(e) Y [ 100 (x, )P do < esFp(S), 0<S<T. (4.16)

le

n
Next, we multiply the second equation of system (1.1) by ¢; + pow + 1 Y zip,, and
=1

integrate resulting relation over the region [S, T x {2. By following the above arguments
we get

Fl(t)dt < CGE()(S), 0<5<T <+ o0, “4.17)

A~ 5

where F1(S fgot xtdm+2fngowl:zt)d
It follows from Lemma 4.1 and estimates (4.10), (4.17) that

T
/ Eo(t)dt < C7E0(S), 0<5<T < +o0.
S

By Lemma 2.2, there exist M > 1 and w > 0 such that Ey(t) < Me “tEy(0), t > 0.
Then by (4.2) from this we get (2.13). The proof of this theorem is complete.
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