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1 Introduction

Let Mn be an n−dimensional differentiable manifold of class C∞ and finite dimension
n, and T ∗ (Mn) the cotangent bundle determined by a natural projection (submersion) π1 :
T ∗ (Mn)→Mn. We use the notation (xi) = (xα, xα), where the indices i, j, ... have range
in {1, 2, ..., 2n}, the indices α, β, ... have range in {1, 2, ..., n} and the indices α, β, ...have
range in {n+ 1, n+ 2, ..., 2n}, xα are coordinates in Mn, xα = pα are fiber coordinates
of the cotangent bundle T ∗(Mn). If (xi

′
) = (xα

′
, xα

′
) is another system of local adapted

coordinates in the cotangent bundle T ∗(Mn), then we have{
xα

′
= ∂xβ

∂xα′
pβ,

xα
′
= xα

′ (
xβ
)
.

(1.1)

The Jacobian of (1.1) has components

(Ai
′
j ) =

(
∂xi

′

∂xj

)
=

(
Aβα′ pσA

β′

β A
σ
β′α′

0 Aα
′
β

)
,

where Aβα′ =
∂xβ

∂xα
′ , Aσβ′α′ = ∂2xσ

∂xβ
′
∂xα

′ . Let Tp(Mn) be the tangent space at a point p of Mn

(p= π1(p̃), p̃ = (xα, xα) ∈ T ∗ (Mn)). If xα = dxα(xβ) are components of x in tangent
space Tp(Mn) with respect to the natural base {∂α} (∂α = ∂

∂xα ), then by definition the
set t(Mn) of all points (xI) = (xα, xα, xα), xα = yα; I, J, ... = 1, ..., 3n with projection
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π2 : t(Mn) → T ∗(Mn) (i.e. π2 : (xα, xα, xα) → (xα, xα)) is a semi-tangent [1], [7],
[9] (pullback) bundle of the tangent bundle by submersion π1 : T ∗ (Mn) → Mn (for the
pullback bundle, see [2], [3], [5], [8]). It is clear that the pullback bundle t(Mn) of the
tangent bundle T (Mn) also has the natural bundle structure over Mn, its bundle projection
π : t(Mn)→Mn being defined by π : (xα, xα, xα)→ (xα), and hence π = π1 ◦ π2. Thus
(t(Mn), π1 ◦ π2) is the step-like bundle [4] or composite bundle [[6], p.9]. The main aim of
this paper is to study complete and horizontal lifts of vector fields and tensor fields of type
(1,1) from cotangent bundle T ∗(Mn) to semi-tangent (pullback) bundle (t(Mn), π2).

We denote by =pq(T ∗ (Mn)) and =pq(Mn) the modules over F (T ∗ (Mn)) and F (Mn)
of all tensor fields of type (p, q) on T ∗(Mn) and Mn respectively, where F (T ∗ (Mn)) and
F (Mn) denote the rings of real-valued C

∞ −functions on T ∗(Mn) and Mn, respectively
To a transformation (1.1) of local coordinates of T ∗(Mn), there corresponds on t(Mn)

the coordinate transformation 
xα

′
= ∂xβ

∂xα′
pβ,

xα
′
= xα

′ (
xβ
)
,

xα
′
= ∂xα

′

∂xβ
yβ.

(1.2)

The Jacobian of (1.2) is given by

A = (AI
′
J ) =

A
β
α′ pσA

β′

β A
σ
β′α′ 0

0 Aα
′
β 0

0 Aα
′
βεy

ε Aα
′
β

 , (1.3)

where

Aα
′
β =

∂xα
′

∂xβ
, Aβα′ =

∂xβ

∂xα′ , Aα
′
βε =

∂2xα
′

∂xβ∂xε
, Aαβ′α′ =

∂2xα

∂xβ′∂xα′ .

From Det(Aα
′
β ) 6= 0, we see that

Det A 6= 0.

2 Vertical Lifts

Let X ∈ =1
0(T
∗(Mn)), i.e. X = Xα∂α. On putting

vvX = (vvXα) =

(
0
0
Xα

)
, (2.1)

from (1.3), we easily see that vvX ′ = A(vvX). The vector field vvX is called the vertical
lift of X to t(Mn).

Let ω be an 1-form with local components ωα on Mn, so that ω is a 1-form with local
expression ω = ωαdx

α. On putting
vvω = (0, ωα, 0) , (2.2)

we have a vector field vvω on t(Mn). In fact, from (1.3) we easily see that (vvω)′ =(
A
)−1

(vvω), where (A)−1 = (AIJ ′) is the inverse matrix of A.
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The covector field thus introduced is called the vertical lift of the 1-form ω to t(Mn).
For the natural coframe {dxα} in each U , from (2.2) we have in π−1(U)

vv(dxα) = dxα

with respect to the coordinates (xα, xα, xα).

3 γ− Operator

For anyF ∈ =1
1(T
∗(Mn)), if we take account of (1.3), we can prove that (γF )′ = A(γF ),

where γF is a vector field defined by

γF = (γFA) =

(−pσF σα
0

yεFαε

)
(3.1)

with respect to the coordinates (xα, xα, xα).
If ω ∈ =0

1(Mn) and F ∈ =1
1(T
∗(Mn)) then

vvω(γF ) = 0.

Let T ∈ =1
2(Mn). On putting

γT = (γTAB ) =

0 −pσT σβ α 0
0 0 0
0 yεTαε β 0

 ,

from (1.3), we easily see that γTA
′

B′ = AA
′

A A
B
B′γTAB , where (A)−1 = (ABB′) is the

inverse matrix of A.
If X ∈ =1

0(T
∗(Mn)) and T ∈ =1

2(Mn), then

(γT )vvX = 0.

4 Complete Lift of Vector Fields

Let X ∈ =1
0(T
∗(Mn)), i.e. X = Xα∂α. The complete lift cX of X to cotangent bundle is

defined by cX = Xα∂α − pβ(∂αXβ)∂α [[10], p.236]. On putting

ccX = (ccXα) =

(−pε(∂αXε)
Xα

yε∂εX
α

)
, (4.1)

from (1.3), we easily see that ccX ′ = A (ccX). The vector field ccX is called the com-
plete lift of cX ∈ =1

0(T
∗(Mn)) to t(Mn).

Theorem 4.1 Let X,Y ∈ =1
0(T
∗(Mn)). For the Lie product, we have

(i) [ccX,cc Y ] =cc [X,Y ] (i.e. L
cc
ccX

Y =
cc
(LXY )),

(ii) [ccX,vv Y ] =vv [X,Y ],
(iii) [vvX,vv Y ] = 0,
(iv) [ccX, γF ] = γ(LXF )

for any F ∈ =1
1(T
∗(Mn)), where LX the operator of Lie derivation with respect to X.
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Proof. (i) IfX,Y ∈ =1
0(T
∗(Mn)) and

 [ccX,cc Y ]β

[ccX,cc Y ]β

[ccX,cc Y ]β

 are components of [ccX,cc Y ] with

respect to the coordinates (xβ, xβ, xβ) on t(Mn), then we have

[ccX,cc Y ]J = (ccX)I∂I(
ccY )J − (ccY )I∂I(

ccX)J .

As the first coordinate, if J = β, we obtain

[ccX,cc Y ]β = (ccX)I∂I(
ccY )β − (ccY )I∂I(

ccX)β

= (ccX)α∂α(
ccY )β + (ccX)α∂α(

ccY )β + (ccX)α∂α(
ccY )β

−(ccY )α∂α(
ccX)β − (ccY )α∂α(

ccX)β − (ccY )α∂α(
ccX)β

= pε∂αX
ε(∂βY

α)−Xα∂αpε(∂βY
ε)− pε∂αY ε(∂βX

α) + Y α∂αpε(∂βX
ε)

= pε(∂βY
α∂αX

ε −Xα∂α∂βY
ε − ∂βXα∂αY

ε + Y α∂α∂βX
ε)

= −pε(∂β(Xα∂αY
ε − Y α∂αX

ε))

= −pε(∂β[X,Y ]ε)

by virtue of (4.1). As the second coordinate, if J = β, we obtain

[ccX,cc Y ]β = (ccX)I∂I(
ccY )β − (ccY )I∂I(

ccX)β

= (ccX)α∂α(
ccY )β + (ccX)α∂α(

ccY )β + (ccX)α∂α(
ccY )β

−(ccY )α∂α(
ccX)β − (ccY )α∂α(

ccX)β − (ccY )α∂α(
ccX)β

= (ccX)α∂α(
ccY )β − (ccY )α∂α(

ccX)β

= Xα∂αY
β − Y α∂αX

β

= [X,Y ]β

by virtue of (4.1). As the third coordinate, if J = β, then we obtain

[ccX,cc Y ]β = (ccX)I∂I(
ccY )β − (ccY )I∂I(

ccX)β

= (ccX)α∂α(
ccY )β + (ccX)α∂α(

ccY )β + (ccX)α∂α(
ccY )β

−(ccY )α∂α(
ccX)β − (ccY )α∂α(

ccX)β − (ccY )α∂α(
ccX)β

= Xα∂α(y
ε∂εY

β) + yε∂εX
α∂αy

σ∂σY
β

−Y α∂α(y
ε∂εX

β)− yε∂εY α∂αy
σ∂σX

β

= yεXα∂α∂εY
β + yε (∂εX

σ)
(
∂σY

β
)
− yεY α∂α∂εX

β − yε (∂εY σ)
(
∂σX

β
)

= yε∂ε[X,Y ]β

by virtue of (4.1). On the other hand, we know that cc[X,Y ] have components

cc[X,Y ] =

−pε(∂β[X,Y ]ε)
[X,Y ]β

yε∂ε[X,Y ]β


with respect to the coordinates (xβ, xβ, xβ) on t(Mn). Thus, we have (i) of Theorem 4.1.
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(ii) If X,Y ∈ =1
0(T
∗(Mn)) and

 [ccX,vv Y ]β

[ccX,vv Y ]β

[ccX,vv Y ]β

 are components of [ccX,vv Y ] with

respect to the coordinates (xβ, xβ, xβ) on t(Mn), then we have

[ccX,vv Y ]J = (ccX)I∂I(
vvY )J − (vvY )I∂I(

ccX)J .

As the first coordinate, if J = β, we obtain

[ccX,vv Y ]β = (ccX)I∂I(
vvY )β − (vvY )I∂I(

ccX)β

= −(vvY )α∂α(
ccX)β − (vvY )α∂α(

ccX)β − (vvY )α∂α(
ccX)β

= (vvY )α∂αpε(∂αX
ε)

= 0

by virtue of (2.1) and (4.1). As the second coordinate, if J = β, we obtain

[ccX,vv Y ]β = (ccX)I∂I(
vvY )β − (vvY )I∂I(

ccX)β

= −(vvY )α∂α(
ccX)β − (vvY )α∂α(

ccX)β − (vvY )α∂α(
ccX)β

= −(vvY )α∂αX
β

= 0

by virtue of (2.1) and (4.1). As the third coordinate, if J = β, then we obtain

[ccX,vv Y ]β = (ccX)I∂I(
vvY )β − (vvY )I∂I(

ccX)β

= (ccX)α∂α(
vvY )β + (ccX)α∂α(

vvY )β + (ccX)α∂α(
vvY )β

−(vvY )α∂α(
ccX)β − (vvY )α∂α(

ccX)β − (vvY )α∂α(
ccX)β

= (ccX)α∂α(
vvY )β − (vvY )α∂α(

ccX)β

= Xα∂αY
β + Y α∂αy

ε∂εX
β

= Xα∂αY
β + Y α∂αX

β

= [X,Y ]β

by virtue of (2.1) and (4.1). On the other hand, we know that the vertical lift vv[X,Y ] of
[X,Y ] has components of the form

vv[X,Y ] =

 0
0

[X,Y ]β


with respect to the coordinates (xβ, xβ, xβ) on t(Mn). Thus, we have (ii) of Theorem 4.1.

(iii) If X,Y ∈ =1
0(T
∗(Mn)) and

 [vvX,vv Y ]β

[vvX,vv Y ]β

[vvX,vv Y ]β

 are components of [vvX,vv Y ] with

respect to the coordinates (xβ, xβ, xβ) on t(Mn), then we have

[vvX,vv Y ]J = (vvX)I∂I(
vvY )J − (vvY )I∂I(

vvX)J .
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As the first coordinate, if J = β, we obtain

[vvX,vv Y ]β = (vvX)I∂I(
vvY )β − (vvY )I∂I(

vvX)β

= 0

by virtue of (2.1). As the second coordinate, if J = β, we obtain

[vvX,vv Y ]β = (vvX)I∂I(
vvY )β − (vvY )I∂I(

vvX)β

= 0

by virtue of (2.1). As the third coordinate, if J = β, then we obtain

[vvX,vv Y ]β = (vvX)I∂I(
vvY )β − (vvY )I∂I(

vvX)β

= (vvX)α∂α(
vvY )β + (vvX)α∂α(

vvY )β + (vvX)α∂α(
vvY )β

−(vvY )α∂α(
vvX)β − (vvY )α∂α(

vvX)β − (vvY )α∂α(
vvX)β

= 0

by virtue of (2.1). Thus, we have (iii) of Theorem 4.1.

(iv) If F ∈ =1
1(T
∗(Mn)), X ∈ =1

0(T
∗(Mn)) and

 [ccX, γF ]β

[ccX, γF ]β

[ccX, γF ]β

 are components of

[ccX, γF ] with respect to the coordinates (xβ, xβ, xβ) on t(Mn), then we have

[ccX, γF ]J = (ccX)I∂I(γF )
J − (γF )I∂I(

ccX)J .

As the first coordinate, if J = β, we obtain

[ccX, γF ]β = (ccX)I∂I(γF )
β − (γF )I∂I(

ccX)β

= (ccX)α∂α(γF )
β + (ccX)α∂α(γF )

β + (ccX)α∂α(γF )
β

−(γF )α∂α(ccX)β − (γF )α∂α(
ccX)β − (γF )α∂α(

ccX)β

= (ccX)α∂α(γF )
β + (ccX)α∂α(γF )

β − (γF )α∂α(
ccX)β

= pσ(∂αX
σ)∂αpσF

σ
β −Xα∂αpσF

σ
β − pσF σα∂αpσ(∂βXσ)

= pσ(∂αX
σ)Fαβ −Xα∂αpσF

σ
β − pσF σα (∂βXα)

= −pσ(Xα∂αF
σ
β − ∂αXσFαβ + ∂βX

αF σα )

= −pσ(LXF )σβ

by virtue of (3.1) and (4.1). As the second coordinate, if J = β, we obtain

[ccX, γF ]β = (ccX)I∂I(γF )
β − (γF )I∂I(

ccX)β

= (ccX)α∂α(γF )
β + (ccX)α∂α(γF )

β + (ccX)α∂α(γF )
β

−(γF )α∂α(ccX)β − (γF )α∂α(
ccX)β − (γF )α∂α(

ccX)β

= 0

by virtue of (3.1) and (4.1). As the third coordinate, if J = β, then we obtain
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[ccX, γF ]β = (ccX)I∂I(γF )
β − (γF )I∂I(

ccX)β

= (ccX)α∂α(γF )
β + (ccX)α∂α(γF )

β + (ccX)α∂α(γF )
β

−(γF )α∂α(ccX)β − (γF )α∂α(
ccX)β − (γF )α∂α(

ccX)β

= Xα∂αy
εF βε + yε∂εX

α∂αy
εF βε − yεFαε ∂αy

ε∂εX
β

= yεXα∂αF
β
ε + yε∂εX

αF βα − yεFαε ∂αXβ

= yε
(
∂εX

αF βα +Xα∂αF
β
ε − Fαε ∂αXβ

)
= yε (LXF )

β
ε

by virtue of (3.1) and (4.1). We know that γ(LXF ) have components

γ(LXF ) =

−pσ(LXF )σβ0

yε (LXF )
β
ε


with respect to the coordinates (xβ, xβ, xβ) on t(Mn). Thus, we have (iv) of Theorem 4.1.

5 Complete Lift of Tensor Fields of Type (1,1)

Suppose now that F ∈ =1
1(T
∗(Mn)) and F has local components Fαβ in a neighborhood

U of Mn, F = Fαβ ∂α ⊗ dxβ . If we take account of (1.3), we can prove that ccF I
′

J ′ =

AI
′
I A

J
J ′
ccF IJ , where ccF is an affinor field defined by

ccF = ( ccF IJ ) =

F βα pσ(∂βF σα − ∂αF σβ ) 0
0 Fαβ 0
0 yε∂εF

α
β Fαβ

 , (5.1)

with respect to the coordinates (xα, xα, xα) on t(Mn). We call ccF the complete lift of
the tensor field F of type (1,1) to t(Mn).

Proof. For simplicity we take only ccFα
′

β
′ . In fact,

ccFα
′

β
′ = Aα

′
α A

β

β
′
ccFα

β
+Aα

′
α A

β

β
′
ccFαβ +Aα

′
α A

β

β
′
ccFα

β

+Aα
′
α A

β

β
′
ccFα

β
+Aα

′
α A

β

β
′
ccFαβ +Aα

′
α A

β

β
′
ccFα

β

+Aα
′

α
Aβ
β
′
ccFα

β
+Aα

′

α
Aβ
β
′
ccFαβ +Aα

′

α
Aβ
β
′
ccFα

β

= Aα
′
α A

β

β
′
ccFα

β

= Aαα′A
β′

β F
β
α

= F β
′

α′ .

Thus we have ccFα
′

β
′ = F β

′

α′ . Similarly, we can easily find another components of
cc
F I

′
J ′ .
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Theorem 5.1 If F and G are affinor fields on T ∗(Mn), and X ∈ =1
0(T
∗(Mn)), then

(i) ccF ( ccX) = cc(FX)− γ(LXF ) +vv (γ(LXF )) ,
(ii) ccF ( vvX) = vv(F ◦X),
(iii) ccF (γG) = γ(F ◦G).

Proof. (i) IfX ∈ =1
0(T
∗(Mn)) and F ∈ =1

1(T
∗(Mn)), from (2.1), (4.1) and (5.1), we have

ccF ccX =

F βα pσ(∂βF σα − ∂αF σβ ) 0
0 Fαβ 0
0 yε∂εF

α
β Fαβ

−pε(∂βXε)
Xβ

yε∂εX
β


=

−pε(∂βXε)F βα + pσ(∂βF
σ
α − ∂αF σβ )Xβ

FαβX
β

yε∂εF
α
βX

β + Fαβ y
ε∂εX

β


=

−pε(∂βXε)F βα + pσ(∂βF
σ
α − ∂αF σβ )Xβ

(FX)α

Fαβ y
ε∂εX

β + yε∂εF
α
βX

β


=

(−pσ∂α (FX)σ

(FX)α

yε∂ε (FX)α

)
+

pσ(Xβ∂βF
σ
α − (∂αX

β)F σβ − (∂βX
σ)F βα )

0
0


=

(−pσ∂α (FX)σ

(FX)α

yε∂ε (FX)α

)
−

(−pσ(LXF )σα
0

yε (LXF )
α
ε

)
+

(
0
0

yε (LXF )
α
ε

)
= cc(FX)− γ(LXF ) +vv (γ(LXF )) ,

which prove (i) of Theorem 5.1.
(ii) If X ∈ =1

0(T
∗(Mn)) and F ∈ =1

1(T
∗(Mn)), from (2.1) and (5.1), we have

ccF vvX =

F βα pσ(∂βF σα − ∂αF σβ ) 0
0 Fαβ 0
0 yε∂εF

α
β Fαβ

 0
0
Xβ


=

 0
0

FαβX
β

 =

(
0
0

(F ◦X)α

)
=vv (F ◦X),

which gives equation (ii) of Theorem 5.1.
(iii) If F,G ∈ =1

1(T
∗(Mn)), then, by (3.1) and (5.1), we find

ccF (γG) =

F βα pσ(∂βF σα − ∂αF σβ ) 0
0 Fαβ 0
0 yε∂εF

α
β Fαβ

−pσGσβ0

yεGβε


=

−pσF βαGσβ0

yεFαβ G
β
ε

 =

(−pσ (F ◦G)σα
0

yε (F ◦G)αε

)
= γ(F ◦G).
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6 Horizontal Lifts of Vector Fields

Let X ∈ =1
0(T
∗(Mn)), i.e. X = Xα∂α. Then we define the horizontal lift HHX of X by

HHX = ccX − γ(∇X)

on t(Mn). Where∇ is a symmetric affine connection in a differentiable manifoldMn. Then,
remembering that ccX and γ(∇X) have, respectively, local componenets

ccX =
(
ccXA

)
=

(−pε(∂αXε)
Xα

yε∂εX
α

)
, γ(∇X) =

(
γ(∇X)A

)
=

(−pε(∇αXε)
0

yε∇εXα

)

with respect to the coordinates (xα, xα, xα) on t(Mn).∇αXε being the covariant derivative
of Xε, i.e.,

(∇αXε) = ∂αX
ε +XβΓ εβα.

We find that the horizontal lift HHX of X has the components

HHX =
(
HHXA

)
=

 XβΓβα
Xα

−ΓαβXβ

 (6.1)

with respect to the coordinates (xα, xα, xα) on t(Mn). Where

Γαβ = yεΓαε β, Γβα = pεΓ
ε
βα. (6.2)

Theorem 6.1 If X,Y ∈ =1
0(T
∗(Mn)) then

(i) [ HHX, HHY ] = HH [X,Y ]− γR(X,Y ),
(ii) [ HHX,vv Y ] =vv (∇XY ),

where R is the curvature tensor of the affine connection ∇ is given by (LX∇)Y =
∇Y∇X +R(X,Y ).

Proof. (i) If X and Y are vector fields on T ∗(Mn), and

 [ HHX, HHY ]β

[ HHX, HHY ]β

[ HHX, HHY ]β

 are com-

ponents of [ HHX, HHY ] with respect to the coordinates (xβ, xβ, xβ) on t(Mn), then by
(6.1), we have

[ HHX, HHY ]J = HHXI∂I(
HHY )J − HHY I∂I(

HHX)J

= HHXα∂α
HHY J + HHXα∂α

HHY J + HHXα∂α
HHY J

− HHY α∂α
HHXJ − HHY α∂α

HHXJ − HHY α∂α
HHXJ

= pεX
βΓ εβα∂α

HHY J +Xα∂α
HHY J − yεΓαε βXβ∂α

HHY J

−pεY βΓ εβα∂α
HHXJ − Y α∂α

HHXJ + yεΓαε βY
β∂α

HHXJ
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As the first coordinate, if J = β, we obtain

[ HHX, HHY ]β = pεX
βΓ εβα∂α

HHY β +Xα∂α
HHY β − yεΓαε βXβ∂α

HHY β

−pεY βΓ εβα∂α
HHXβ − Y α∂α

HHXβ + yεΓαε βY
β∂α

HHXβ

= pεX
βΓ εβα∂αpεY

αΓ εαβ +Xα∂α (pεY
αΓ εαβ)− yεΓαε βXβ∂αpεY

αΓ εαβ

−pεY βΓ εβα∂αpεX
αΓ εαβ − Y α∂α (pεX

αΓ εαβ) + yεΓαε βY
β∂αpεX

αΓ εαβ

= pεX
βΓ εβαY

θΓαθ β +Xα∂α(pεY
αΓ εαβ)− pεY βΓ εβαX

θΓαθ β − Y α∂α(pεX
αΓ εαβ)

= pεX
αY θΓ εασΓ

σ
θ β + pεX

αY θ∂αΓ
ε
θ β + pεX

α(∂αY
α)Γ εαβ

−pεXαY θΓ εθ σΓ
σ
α β − pεY αXθ∂αΓ

ε
θ β − pεY α(∂αX

α)Γ εαβ
= [pε(X

α(∂αY
α)− Y α(∂αX

α))Γ εαβ]

+pε[X
αY θ(∂αΓ

ε
θ β − ∂θΓ εαβ + Γ εασΓ

σ
θ β − Γ εθ σΓ σα β)]

= pε[X,Y ]αΓ εαβ + pε(R(X,Y ))εβ

by virtue of (6.1). As the second coordinate, if J = β, we obtain

[ HHX, HHY ]β = pεX
βΓ εβα∂α

HHY β +Xα∂α
HHY β − yεΓαε βXβ∂α

HHY β

−pεY βΓ εβα∂α
HHXβ − Y α∂α

HHXβ + yεΓαε βY
β∂α

HHXβ

= pεX
βΓ εβα∂αY

β +Xα∂αY
β − yεΓαε βXβ∂αY

β

−pεY βΓ εβα∂αX
β − Y α∂αX

β + yεΓαε βY
β∂αX

β

= Xα∂αY
β − Y α∂αX

β

= [X,Y ]β

by virtue of (6.1). As the third coordinate, if J = β, then we obtain

[ HHX, HHY ]β = yεΓαε βX
β∂αy

εΓ βε αY
α −Xα∂α

(
yεΓ βε αY

α
)
− pεXβΓ εβα∂αy

εΓ βε αY
α

−yεΓαε βY β∂αy
εΓ βε αX

α + Y α∂α

(
yεΓ βε αX

α
)
+ pεY

βΓ εβα∂αy
εΓ βε αX

α

= yεΓαε βX
β∂αy

εΓ βε αY
α −Xα∂α

(
yεΓ βε αY

α
)

−yεΓαε βY β∂αy
εΓ βε αX

α + Y α∂α

(
yεΓ βε αX

α
)

= −Xα∂α

(
yεΓ βε αY

α
)
+ yεXβΓαε βY

θΓ βα θ + Y α∂α

(
yεΓ βε αX

α
)
− yεY βΓαε βX

θΓ βα θ

= −yεΓ βε αXα (∂αY
α)− yεXαY θ∂αΓ

β
θ ε − y

εXαY θΓ βα γΓ
γ
θ ε

+yεΓ βε αY
α (∂αX

α) + yεXαY θ∂θΓ
β
α ε − yεXαY θΓ βθ γΓ

γ
α ε

= −
[
yεΓ βε α (X

α (∂αY
α)− Y α (∂αX

α))
]

−yε
[
XαY θ

(
∂αΓ

β
θ ε − ∂θΓ

β
α ε − Γ βα γΓ

γ
θ ε + Γ βθ γΓ

γ
α ε

)]
= −

[
yεΓ βε α[X,Y ]α

]
− yε(R(X,Y ))βε
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by virtue of (6.1). We know that HH [X,Y ]− γR(X,Y ) have components

HH [X,Y ]− γR(X,Y ) =

 pε[X,Y ]αΓ εαβ
[X,Y ]β

−yεΓ βε α[X,Y ]α

−
−pε(R(X,Y ))εβ

0

yε(R(X,Y ))βε


=

 pε[X,Y ]αΓ εαβ + pε(R(X,Y ))εβ
[X,Y ]β

−yεΓ βε α[X,Y ]α − yε(R(X,Y ))βε


with respect to the coordinates (xβ, xβ, xβ) on t(Mn). Thus, we have [ HHX, HHY ] =
HH [X,Y ]− γR(X,Y ).

(ii) If X,Y ∈ =1
0(T
∗(Mn)), and

 [ HHX,vv Y ]β

[ HHX,vv Y ]β

[ HHX,vv Y ]β

 are components of [ HHX,vv Y ]

with respect to the coordinates (xβ, xβ, xβ) on t(Mn), then by (2.1) and (6.1), we have

[ HHX,vv Y ]J = HHXI∂I(
vvY J)−vv Y I∂I

HHXJ

= HHXα∂α(
vvY J) + HHXα∂α(

vvY J) + HHXα∂α(
vvY J)

−vvY α∂α
HHXJ −vv Y α∂α

HHXJ −vv Y α∂α
HHXJ

= pεX
βΓ εβα∂α(

vvY J) +Xα∂α(
vvY J)− yεΓαε βXβ∂α(

vvY J)− Y α∂α
HHXJ .

As the first coordinate, if J = β, we obtain

[ HHX,vv Y ]β = pεX
βΓ εβα∂

vv
α Y

β +Xα∂vvα Y
β − yεΓαε βXβ∂vv

α
Y β − Y α∂α

HHXβ

= −Y α∂αpεX
βΓ εβα

= 0

by virtue of (2.1) and (6.1). As the second coordinate, if J = β we obtain

[ HHX,vv Y ]β = pεX
βΓ εβα∂α(

vvY β) +Xα∂α(
vvY β)− yεΓαε βXβ∂α(

vvY β)− Y α∂α
HHXβ

= −Y α∂αX
β

= 0

by virtue of (2.1) and (6.1). As the third coordinate, if J = β, then we obtain

[ HHX,vv Y ]β = pεX
βΓ εβα∂α(

vvY β) +Xα∂α(
vvY β)− yεΓαε βXβ∂α(

vvY β)− Y α∂α
HHXβ

= pεX
βΓ εβα∂α(

vvY β) +Xα∂α(
vvY β)− yεΓαε βXβ∂α(

vvY β)− Y α∂α
HHXβ

= Xα∂αY
β + Y α∂αy

εΓ βε θX
θ

= Xθ∂θY
β + Y αXθΓ βα θ

= Xθ(∂θY
β + Γ βθ αY

α) = (∇XY )β

by virtue of (2.1) and (6.1). On the other hand the vertical lift vv(∇XY ) of (∇XY ) has
components of the form

vv(∇XY ) =

 0
0

(∇XY )β


with respect to the coordinates (xβ, xβ, xβ) on t(Mn). Thus we have (ii) of Theorem 6.1.
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7 Horizontal Lifts of Tensor Fields of Type (1,1)

Suppose now that F ∈ =1
1(T
∗(Mn)) and F has local components Fαβ in a neighborhood U

of Mn, F = Fαβ ∂α ⊗ dxβ . Then we define the horizontal lift HHF of F by

HHF = ccF − γ[∇F ] (7.1)

on t(Mn). Where [∇F ] is a tensor field of type (1,2) defined by

[∇F ](X,Y ) = −∇X(FY ) +∇Y (FX), (7.2)

X and Y being arbitrary elements of =1
0(T
∗(Mn)). From (5.1), (7.1) and (7.2), we see that

the horizontal lift HHF has components of the form

HHF = ( HHF IJ ) =

F βα −ΓβσF σα + ΓασF
σ
β 0

0 Fαβ 0
0 −Γαε F εβ + Γ εβF

α
ε Fαβ

 (7.3)

with respect to the coordinates (xα, xα, xα) on t(Mn), where Fαβ are local components of
F , Γ εβα componenets of∇ on t(Mn) and Γβα, Γαβ are defined by (6.2).

Proof. From (5.1), (7.1) and (7.2), we have

HHF =

F βα −ΓβσF σα + ΓασF
σ
β 0

0 Fαβ 0
0 −Γαε F εβ + Γ εβF

α
ε Fαβ


=

F βα pσ(∂βF σα − ∂αF σβ ) 0
0 Fαβ 0
0 yε∂εF

α
β Fαβ


−

0 −pσ(∂αF σβ + Γ σα γF
γ
β − ∂βF

σ
α − Γ σβ γF

γ
α ) 0

0 0 0

0 yε
(
∂εF

α
β + Γαε γF

γ
β − Γ

γ
ε βF

α
γ

)
0


=

F βα pσ(∂βF σα − ∂αF σβ ) 0
0 Fαβ 0
0 yε∂εF

α
β Fαβ

−
0 −pσ([∇F ](X,Y ))σβα 0

0 0 0

0 yε
(
∇εFαβ

)
0


= ccF − γ[∇F ].

Thus we have (7.3).

Theorem 7.1 If F and X are affinor and vector fields on T ∗(Mn) then

(i) HHF (vvX) =vv (F ◦X),
(ii) HHF ( HHX) = HH(FX).
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Proof. (i) If X ∈ =1
0(T
∗(Mn)), F ∈ =1

1(T
∗(Mn)), then, by (2.1) and (7.3), we find

HHF (vvX) =

F βα −ΓβσF σα + ΓασF
σ
β 0

0 Fαβ 0
0 −Γαε F εβ + Γ εβF

α
ε Fαβ

 0
0
Xβ


=

 0
0

FαβX
β

 =

(
0
0

(F ◦X)α

)
=vv (F ◦X),

which implies (i) of the Theorem 7.1.
(ii) If F and X are affinor and vector fields on T ∗(Mn), then, by (6.1) and (7.3), we

have

HHF ( HHX) =

F βα −ΓβσF σα + ΓασF
σ
β 0

0 Fαβ 0
0 −Γαε F εβ + Γ εβF

α
ε Fαβ

 pσX
αΓ σα β
Xβ

−yεΓ βε αXα


=

 pεX
αΓ εαβF

β
α + pθΓ

θ
αεF

ε
βX

β − pθΓ θβ εF εαXβ

FαβX
β

−yγΓαγ εF εβXβ + yγΓ εγ βF
α
ε X

β − yεΓ βε θXθFαβ


=

 pσ(FX)βΓ σβ α
(FX)α

−yεΓαε β (FX)β

 =

 (FX)βΓβα
(FX)α

−Γαβ (FX)β

 = HH(FX).

Thus we have (ii) of the Theorem 7.1.
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