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Abstract. In this paper, we introduce the vertical rescaled berger deformation metric on the tangent
bundle TM over an anti-paraKdhler manifold (M 2m ©,g) as a new natural metric with respect to g
non-rigid on T M. Firstly, we investigate the Levi-Civita connection of this metric, Secondly we study the
curvature tensor and also we characterize the scalar curvature.
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1 Introduction

The tangent bundle equipped with the Sasaki metric has been studied by many authors
such as Sasaki, S. [[10], Yano, K., Ishihara S. [14], Dombrowski, P. [4], Salimov A., Gezer
A. [[7]. The rigidity of Sasaki metric has incited some geometers to construct and study
other metrics on T'M. Musso, E., Tricerri, F. has introced the notion of Cheeger-Gromoll
metric [6]], this metric has been studied also by many authors (see [S,9,/11]]). There are other
metrics on the tangent bundle studied by [3./15/[16].

The main idea in this note consists in the deformation (in the vertical bundle) of the
Berger type deformed Sasaki metric on the tangent bundle [2]]. Firstly, we introduce the ver-
tical rescaled berger deformation metric on the tangent bundle 7'M over an anti-paraKéhler
manifold (M?™, ¢, g). Secondly, we investigate the Levi-Civita connection (Theorem
and Proposition[3.1]) and we establish the curvature tensor (Theorem [4.1)). Finally we char-
acterize the sectional curvature (Theorem and Proposition and the scalar curvature
(Theorem .3 and Proposition [4.3).

2 Preliminaries

Let 7'M be the tangent bundle over an m-dimensional Riemannian manifold (M™, g)
and the natural projection 7 : TM — M. A local chart (U, 2"),_1-~ on M induces a local

i=1m

chart (7~ 1(U), 2", y");_1,; on TM. Denote by I the Christoffel symbols of g and by V

i=1,m
the Levi-Civita connection of g. Let C°°(M) be the ring of real-valued C'*° functions on
M and 3§ (M) be the module over C*° (M) of C° vector fields on M.
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The Levi Civita connection V defines a direct sum decomposition
T@u)TM = Vip yTM @® Hy ) TM. 2.1

of the tangent bundle to "M at any (z,u) € T'M into vertical subspace
and the horizontal subspace

1 9 7 1

Ja k|

Note that the map X — X is an 1somorphlsm between the vector spaces 1, M and
H ;. T'M. Similarly, the map X — X V' is an isomorphism between the vector spaces
Ty M and Vi, ) TM. Obviously, each tangent vector Z € T, ,yT'M can be written in the
form Z = XH + YV, where X,Y € T, M are uniquely determined vectors.

Let X = X* 8% be a local vector field on M. The vertical and the horizontal lifts of X
are defined by

XV =x a" (2.4)
oyt
) .0

XH = xi — = X~ — 2.
5$Z {8331 y Z]a k} ( 5)

,ﬂ)H =29 and(

vV _
Sxt ) -

For consequences, we have (

adapted frame on TT'M.
In particular if U be a local vector field constant on each fiber 73, M such that (U = w),

the vertical lift UV is called the canonical vertical vector field or Liouville vector field on
TM.

) o)
(5zi > Oyt )z’:l m

Lemma 2.1 [4,[]4] Let (M, g) be a Riemannian manifold. The bracket operation of vertical
and horizontal vector fields is given by the formulas
] X7 VH] = (X, Y] — (R(X,Y)u)",
2 [XH,YV] = (VxY)V,
3 [XV, YV] =0,
for all vector fields X,Y € I{(M), where ¥V and R denotes respectively the Levi-Civita
connection and the curvature tensor of (M, g).

3 Vertical rescaled berger deformation metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An
almost paracomplex manifold is an almost product manifold (M?™, ¢), p? = id, such that
the two eigenbundles 7" M and T~ M associated to the two eigenvalues +1 and —1 of ¢,
respectively, have the same rank.

A Riemannian metric g is said to be an anti-paraHermitian metric if

9(pX,¢Y) = g(X,Y), 3.1
or equivalently (purity condition), (B-metric)[8]]

9(pX,Y) = g(X,9Y) (3.2)
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forall X,Y € S{(M).

If (M?™, ) is an almost paracomplex manifold with an anti-paraHermitian metric g,
then the triple (M?™, ¢, g) is said to be an almost anti-paraHermitian manifold (an al-
most B-manifold)[8]. Moreover, (M?™, ¢, g) is said to be anti-paraKihler manifold (B-
manifold)[8] if o is parallel with respect to the Levi-Civita connection V of g i.e. (Vi = 0).

As is well known, the anti-paraKihler condition (V¢ = 0) is equivalent to paraholomor-
phicity of the anti-paraHermitian metric g, that is, (¢,g) = 0, where ¢, is the Tachibana
operator [13].

It is well known that if (M?2™, ¢, g) is a anti-paraKihler manifold, the Riemannian cur-
vature tensor is pure [8]], and

{ R(¢Y,Z) =R(Y,pZ)=R(Y,Z)p = pR(Y, Z), (33)
R(Y, Z), :

forall Y, Z € 3§ (M).

Definition 3.1 Let (M?™, ¢, q) be an almost anti-paraHermitian manifold and f be a

strictly positive smooth function on M. Define a vertical rescaled berger deformation metric
noted g on T M, by

g(XH’YH) = g(X, Y)v
(XHaYV) = 07
GXV YY) = fla(X,Y) + 6°g(X, pu)g (Y, pu)],

N}

forall X,Y € %(1)(M), where 6 is some constant [2l[I2)] and f is called twisting function.

Remark 3.1 1. If f = 1and § = 0, g is the Sasaki metric[[10],

2. If f =1, g is the Berger-type deformed Sasaki metric[2]],

3. If § = 0, g is the vertical rescaled metric [3]],

4. G(XV,oUV) = (14 6%r2) fg(X, pu) and % = g(u, u), for any X € I}(M).

In the following, we consider A = 1+ %r% and 2 = g(u, u) = ||u||?, where |.|| denote the
norm with respect to (M, g).

Lemma 3.1 []]] Let (M, g) be a Riemannian manifold and p : R — R a smooth function.
Then we have

1 X" (p(r*)) =0,

2 XV(p(r?) = 2p'(r*)g(X, w),
3 xH g(Y,u) = g(VXYu)

4 XVg(Y,u) = g(X,Y),

forany X, Y € S{(M).

Lemma 3.2 Let (M?™ ¢, g) be an anti-paraKdihler manifold, we have the following:

1 X7g(Y, pu) = g(VxY, pu),
2 XVg(Y,pu) = g(Y,pX),

forall X,Y € S§(M).

Proof. The results come immediately from Lemma
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Lemma 3.3 Let (M?™, p, g) be an anti-paraKdhler manifold, we have the following:

X(HGY, 2Y%) +5(VxY)Y, 2Y) + 5V, (Vx2)"),
YV, 2Y) = 8 f[9(X. 9Y)g(Z, pu) + (Y, pu)g(X, 9 Z)],

where XY, Z € S§(M).

Proof. The results comes directly from Lemma [3.1]and Lemma|[3.2]

We shall calculate the Levi-Civita connection V of TM with vertical rescaled berger
deformation metric g. This connection is characterized by the Koszul formula:

forall X,Y,Z € SY(TM).

Theorem 3.1 Let (M?™, ¢, g) be an anti-paraKdhler manifold and (T M, §) its tangent
bundle equipped with the vertical rescaled berger deformation metric , then we have the
following formulas.

1

2.V Y = (VxV) + 21fX(f)YV + g(R(u, V)X,
o H __ 1 |4 f H
3.V V! = 2V (XY 4 5 (Rl X)),
~ _ 2
4Vxv Y = 2}§(XV, YY) (grad £)" + %g(X, PY)(eU)",

for all vector fields X,Y € S{(M), where ¥V and R denotes respectively the Levi-Civita
connection and the curvature tensor of (M>™, ¢, g).

Proof. The proof of Theorem follows directly from Kozul formula ((3.4)), Lemma
Lemma[3.2]and Lemma[3.3]

(1) Direct calculations give,

(i) 20(Vxn YH, 2H)y = xHgvH zH) ¢ yHg(z" xH) - zHg(xH v H)
+§(ZH7 [XHvyH]) + g(YHa [ZHvXH]) - g(XHv [YHv ZH])
= X.g()/a Z) + Y.g(Za X) - Zg(X> Y) +g(Z7 [Xv Y])
+9(Y7 [Zv X]) - g(X, [Y7 Z])
=29(VxY, Z)
— 25((VxY)", 21),
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and
(i1) 2§(Vxu Y, 2V) = XUy 2V + YHg(zV, xT) — 2V g(x ",y
—|—§(ZV, [XH7YH]) +§(yH’ [ZV,XH]) —g(XH, [YH,ZV])
=g(z¥, [x", Y1)
= —g((R(X,Y)u)", Z2").

we have:

~ 1

VnY = (V)7 — S (R(X, Yu).
(2) By straightforward calculations,

(iii) 2§(V Y, Z") = XMy, z™) + YVg(z" X™) - M g(x" YY)
+g(Z7 XYV +g(vY (2 X)) - g(x Py, 2

= g<YV7 [ZH7XH]>
= —§((R(Z, X)u)",Y")
= _f[g(R(Z7 X)u7 Y) + 529(K @u)g(R(Zv X)ua <pu)]
= fg((R(u, Y)X)H, ZH)'
Where
—g(R(Z, X)“’? Y)= g(R(u, Y)X7 Z) - g((R(u7 Y)X)H7 ZH)?
and from we have

9(R(Z, X)u, pu) = g(pR(Z, X)u,u) = g(R(¢Z, X)u,u) = 0.
It follows from.
(iv) 29(Vxu YV, 2y = XHg(vV, 2"y +YVg(zV, X" - zVg(x",vy")
+§(ZV7 [XHv YV]) + g(yvv [ZvaH]) - g(XHﬂ [va ZV])
= x"gyV,z2") + g2V, X" Y ) +a(v"Y, (27, X"
= X (g, 2 + (V). 2Y) 1YY (x2)Y)

f
+9(2Y,(VxY)") = g(v",(Vx2)")

— 25(VxY), 2V) + }X(f)g(Yv, 7v)

(V) + 21fX<f>YV, 7v).

we have:

TV = (Vi)Y 4+ 21fX< nYY + g(R(u, Y)x)H.

The other formulas are obtained by a similar calculation.
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Lemma 3.4 Let (M*™, ¢, g) be an anti-paraKihler manifold and (T M, §) its tangent bun-
dle equipped with the vertical rescaled berger deformation metric, then we have

1. xu () = ;fX(f)(soU)V,
~ 2
2. Vv (pU)" = (¢X)V - gg(X, pu)(grad f)7 + %Q(X, u)(eU)Y,

for all vector fields X € S§(M).

Definition 3.2 Let (M, g) be a Riemannian manifold and and F' : TM — T' M be a smooth

bundle endomorphism of T M. Then the vertical and horizontal vector fields FV and F'"
respectively are defined on T M by

FV:TM — TTM
(z,u) = (Fe(u),

FH: TM — TTM
(z, u) = (Fp (),
Locally we have

i 0 ; 0
FV = y'F/ — =/ (F(=—))V ,
v S, v (E(E5)" 3.5
H _ i) — ot kI s — H

Proposition 3.1 Let (M>™, ¢, g) be an anti-paraKihler manifold and (T M, §) its tangent
bundle equipped with the vertical rescaled berger deformation metric, then we have the
following formulas

LV P = (V) — L (ROX, F(u))u)”

2. Vs BV = (VxP) 4 e X(NFY 4 5 (R, F) X",
3. Ve P = (POO) + 529(Pla), grad /)XY + 5(R(u, X)P(w)",

~ 2
1V Y = (FO0)Y = 20X ) grad /Y7 + ol X F@)(o0)

for all vector fields X € %(l)(M ), where V and R denotes respectively the Levi-Civita
connection and the curvature tensor of (M*™, ¢, g).

Proof. The results comes directly from Theorem (3.1

4 Curvatures of vertical rescaled berger deformation metric

We shall calculate the Riemannian curvature tensor ]5; of T'M with the vertical rescaled
berger deformation metric g. This curvature tensor is characterized by the formula

R(X,Y)Z =V 4V

=N
N

|
<

=4
<

4
N

|
<

2% (4.1)
forall X,Y,Z € S (TM).
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Theorem 4.1 Let (M*™, ¢, g) be an anti-paraKdhler manifold and (T M, §) its tangent
bundle equipped with the vertical rescaled berger deformation metric, then we have the
following formulas

X, Y)2)" + g(R(u, R(X,Y)u)Z)!

(R(u, R(X, Z)u)Y)H — g(R(u, R(Y, Z)u) X))

R(X" yMyzH = (R

—

+

DO | = s

(V2R V)0 + 52NV )

1 1
TV (DR, Z)u)" — FXNEY, Z)u)", (4.2)
SX(D) (R Y)2) + L Z(F) (RO, Y)X)"
(VxR )2)" — Lg(R(X, Z)u, Y (grad )"
+%(R(X, 2)Y)V — %(R(X, R(u,Y)Z)u)V

+[570(Vxarad £.2) = X (NZ()]Y"

52
+o39(R(X, Z)u, Y )(U)", 43)

L(@xr) 2"~ Ly R)w, 2)x)"
FEX () (R, )YV — Y (D)(R(w, 2)X)"

L (R Y, Z)(grad ) + (R(X,Y)2)Y

2
—%(R(X, R(u, Z)Y)u)" + %(R(Y, R(u, Z)X)u)V

2
+%9(R(X,Y)u, 0Z)(pU)", 4.4)
1
X
—5[0(¥, 2) + 89(Y, ou)g(Z, ou))(V xgrad /)"

_f w_f? "
LRy, 2)30)" — L (B, V) R(w, 2)X)
+410(Y, 2) + 2907, pu)g(Z, u)] (R(X, grad fyu)"

—9(R(w, 2)X, grad /)Y, @5)

_l’_

R(xH yVyzH =

_l’_

R(XH yMzV =

RXH yV)zV = (Nlg(Y, Z) + 8*g(Y, pu)g(Z, pu))(grad )

RXV,YyV\z" = f(R(X,Y)2)"

2
+f—[(R(u,X)R(u, Y)Z)H — (R(u,Y)R(u, X)Z)H]

S

+-[9(R(u,Y)Z, grad f)XV — g(R(u, X)Z, grad f)Y"], (4.6)

S
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_ 2
R(XY,YV)ZV = %[Q(X, 0Z)g(Y,pu) — g(Y,0Z)g(X, pu)] (grad )"

800V, 2Y) (R, X)grad )Y — (X", 2Y)(R(u, YV )grad /)"
—4}2|gmdfu2 YV, 21X~ g(xV, 2V )]
2
+5 [o(y, 0Z)(pX)V — g(X,0Z)(pY)V]
4
+1z 9V, w)g(X, 92) = 9(X, u)g(Y, ¢ 2)] (pU)Y, (4.7)

forall XY, Z € S(l) (M), where V and R denotes respectively the Levi-Civita connection
and the curvature tensor of (M?>™, ¢, g).

Proof. Let X,Y,Z € 3}(M), by applying Theorem and Lemma Proposition
we have

1)E(XH,YH)ZH — %XHﬁyHZH - %YH%XHZH - %[XH,YH]ZH

i) Let F' : TM — T M be the bundle endomorphism given by F'(u) = R(Y, Z)u and
FY = (R(Y, Z)u)V, from direct calculation we get:

i7) With permutation of X by Y in the formula of \Y XH 6}/H ZH we get

Vya V27 = (VyVx2)T — %(R(Y, VxZ)u) — Z (R(u, R(X, Z)u)Y)"
—%(Vy(R(X, Zyu) - R(X, Z)(VyU))" - 41fY(f)(R(X, Z)u)".

i41) From direct calculation we get

%[XH’YH}ZH - %[XA/]HZH - %(R(X,Y)U)VZH

= (Ve 2)" — S(R(X.Y), Z2)0)" — L (R(u, BOC YY) 2)"

1
*gz(f)(R(XvY)U)V-

Using the second Bianchi identity, we obtain the formula (4.2)).
RXHT YV =V xnVyv ZH — VvV yn ZH =V xn yv 21
i) Let ' : TM — T M be the bundle endomorphism given by F'(u) = R(u,Y)Z and
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F? = (R(u,Y)Z)H, from direct calculation we get

Ve 2 = V[ (Y + L)
-1 1 1
= [rng(f)Z(f) + ﬁX(Z(f))]YV + ﬁz(f)(VXY)V
+%Z(f)(R(u, Y)X)H + %X(f)(R(u, Y)Z)H

+£(VX(R(u,Y)Z) —R(VxU,Y)2Z)H — %(R(X, R(u,Y)Z)u)V.

ii) Let F' : TM — T'M be the bundle endomorphism given by F(u) = R(X, Z)u, and
FV = (R(X, Z)u)V, from direct calculation we get

6yv6XHZH - 6yv [(VXZ)H - %FV]

S (VX Z)NYY + LR Y)Y 2)" - L(R(X, 2))"

-4
2
+30(R(X, 2)u, V) (grad ) = S g(ROX, Z)u, 07 ) (00)".

i41) From direct calculation we get:

~ 1
vV _
V[XHA/V]Z — ﬁ

which gives the formula (4.3)).
3) Applying formula (4.3) and 1% Bianchi identity.

R(X" yMzV = RxM, zVyy!" — Riy", zV)x !,

Z(FNVxY) + L (RO V37 2)7,

we get

ROC, 2YYH = LX) (R 2)Y) + 1Y (D)(R(u, 2)X)"
(xR, 20" — Lg(R(X, Y )u, Z)(grad )"

+-(R(X,Y)2)V — g(R(X, R(u, Z)Y)u)V

&h

+

DN =

+[579(Vxgrad £.) = X (DY ()] 2
2
S 0(RX V), 0 2) (00
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and
ROYH, 27)XH = JY (F) (R, 2)X)" + L X(F)(Rlu, Z)Y)"
L (v R, 2)X)" — So(ROY X, 2)(grad )"

3
(RO X)2)Y — 2 (R, R, 2) X))

_l’_

N —

+[570(Vrarad £.) = Y (X ()] 2

2
+%9(R(Y,X)u, 0Z)(2U)" .

which gives the formula (4.4]).
The other formulas are obtained by a similar calculation.

Now, we consider the sectional curvature K on (T'M, g) for P is given by

K(X,Y)=—

(4.8)

where P = P()Z' , 37) denotes the plane spanned by {)~( , 37}, for all, linearly independent
vector fields X,Y € S4(TM).

Let K(XH vH), K(X® YY) and K(XV,Y") denote the sectional curvature of the
plane spanned by { X, Y71 {XH# YV} and {XV YV} on (T'M, g) respectively, where
X, Y are orthonormal vector fields on M.

Proposition 4.1 Let (M>™, ¢, g) be an anti-paraKihler manifold and (T M, §) its tangent

bundle equipped with the vertical rescaled berger deformation metric. Then we have the
following

) BRI XH) = g(ROX, V)Y, X) — 2 ROCY yul?,

i) gRXT, Y)YV, xH) = (14 0%g(Y, @u)Q)(Xi§)2 — %g(vxgmdf,X))
2
+Z|!R(u, Y)X|J?,
i) GR(XV, YV) YV, xV) = —M(l +6%(9(X, pu)® + g(Y, pu)?))

4
fo? :
+5- (9(X, 9 X)g(Y,pY) - g(X, 01 )?).

Proof. i) From the formula (4.2)), we have

GRXT YIyYH xH) = g(R(X, Y)Y, X) + gg(R(u, R(X,Y)u)Y,X)

+£g(R(u, R(Y, X)u)Y, X)

= g(ROX VY X) = 2 ROC Yl
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i7) From the formula (4.5]), we have

g(‘é(XH7 YV)YV7 XH) -

}(1 + 52g(Y, gou)2)g(vxgrad £, X)

2 2
MUE (4 92vup?) + T v x|

+57
2
- (1 + 6%g(Y, cpu)2) (Xiuj;) — %g(vxgrad f, X))

2
LR )X P,

i7i) The result follows immediately from the formula (|4.7))
grad f||?
lorad I 1 1 52y x, pu)? + 9(¥: o)

JRY. Y)YV, XY) = -
I 1
+5-0(X e X)g(Y, 9Y) = (X, oY )?
_ _HQT‘GZfH(l + 6% (g9(X, gou)2 +9(Y, pu)?))
— g(X,pY)?).

f 2
(90X, e X)g(Y,9Y)
Theorem 4.2 Let (M*™, ¢, g) be an anti-paraKdhler manifold and (T M, §) its tangent
bundle equipped with the vertical rescaled berger deformation metric, then the sectional

curvature K satisfy the following equations
3f
LR Y yul?,

= Ru,Y)X|*  X(f)* 1
o) R(xH yvy = IR Vxgrad
( ) ( ? ) 4(1+529(Y,Q0U)2) 4f2 2f ( Xg?"a f? )7
2 (g(X,0X)g(Y,0Y) — g(X, Y d fl?
3 Ry = (9(X,X)g(Y,0Y) = g(X,9Y)?) |igra 2fH '
FAA+ 0% (g(X, pu)? + g(Y, pu)?)) Af
where K denote the sectional curvature of (M>*™, ¢, g)
Proof. Using the Proposition and direct calculations, we have
gRX! Y)Y H XH)
_ Q(XH, YH)Z

gXM, XH)g(YH, Y )
= g(R(x", YH)YH XM
H R(X, Y.

(1) KXy ) =

= K(X,Y) -

K _ GRXT yVyyV xH)
(2) K(XH7YV) - GXH XHg(YV,YV)—g(XH YV)
fIRw,Y)X|* | X(f)? 1
S A (v, T ap 2pdtVrered s )
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GRXV, Y)YV, XV)
g(XV’XV)?](YV,YV) - g(XV,YV)2
_ P (g(X,pX)g(Y,0Y) — g(X,9Y)?) |lgrad f||?
A1+ 82(g(X, pu)? + g(Y, pu)?)) a2

Proposition 4.2 Let (M?™, p, g) be an anti-paraKihler manifold of constant sectional
curvature k and (T'M, g) its tangent bundle equipped with the vertical rescaled berger

deformation metric, then the sectional curvature K satisfy the following equations

HQ
= g )2 4 gV, w?),

~ k2g(X,u)? X (f)?
QRO YY) = gl oy + i — o (Txorad £.),
0°(9(X,9X)g(Y.0Y) = g(X,9Y)?) |lgrad f||?
AL+ 02 (9(X, pu)? + g(Y, pu)?)) a2
Proof. M has constant curvature « then for all U, V, W € S§(M),

R(U, V)W = ( (V,W)HU — g(U, W)V),
direct calculations we get

IR(X, Y )ul|® = k2 (g(X,u)* + g(Y,u)?),

IR(u, Y)X|? = x?g(X,u)?,

(B) K(xV. YY) =

(1) KX,y =

B)K(XV,YY) =

then the result.
Remark 4.1 Let (z,u) € TM with v # 0 and {E;},
on M, such that £, = Y ——, then

i=T2m be a local orthonormal frame

{F; =Bl Foppi1 = (4.9)

1 Vv 1 Vv
\/fj((pEl) 7F2m+j - W(QDEJ) }i:m,j:m
is a local orthonormal frame on T'M.

Lemma 4.1 Let (M*™, ¢, g) be an anti-paraKdihler manifold and (T M, §) its tangent bun-

dle equipped with the vertical rescaled berger deformation metric and (Fg,),_1 7. am be alocal

orthonormal frame on (T'M, g) defined by 1} then the sectional curvatures K satisfy the
following equations

~ 3f
R (F;, Fy) = K(Ei, Ey) — "L | R(E;, Ey )l

K(F;, Famy1) = E;;J;V 27 9(Vg,grad f, E;),

R (R Fans) = 110 B0 BN + BT L o(Ongrads. 2,
R (Fymor, Famar) = 5 (Q(Ekv‘PEk)g(El}ffl) — 9(Ep, pE1)?) !gr:?2f|f2,
R (Fomer, Fomeed) = 52(9(Ek7¢Ek)g(Ez}s§Ez) — 9(Bi, 9E)*) ‘QTZijHQ’

fori,j =1,2m and k,l = 2,2m, where K is a sectional curvature of (M>™, ¢, g).
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Proof. The results comes directly from Theorem [4.2]and formula (4.9).

We now consider the scalar curvature o of (7'M, ), with standard calculations we have
the following result.

Theorem 4.3 Let (M*™, ¢, g) be an anti-paraKdhler manifold and (T M, §) its tangent
bundle equipped with the vertical rescaled berger deformation metric. If o (resp., o) denote
the scalar curvature of (M?™, p, g) (resp., (T'M, §)), then we have

~ 2m 2m(2m — 3 2
_ ﬁz R(E:, Byl - (;}“)||gmdf||2—}”4\<f>

2
f)\2

2

5
(9(B1 0B A — 1+ g(Br, 0E)?) + ﬂ(A? —2m+2 - g(Br, 0E1)?).

2m

where A = Zg(Ei, ©E;), (Ei);—13m be a local orthonormal frame on M and A(f) is
=2
the Laplacian of f.

Proof. Let (1,),_17; be a local orthonormal frame on (7'M, §) defined by (4.9 . Using
Theorem (4.2 and definition of scalar curvature, we have.

2m 2m 2m
o= Z K(F;, Fj) +2 Z K(F;, Fomj) + Z K(Fomtis Fomtj)
i,j=1 i,j=1 i,j=1
i#] 1#]
2m B 2m » 2m _
=Y K(F F))+2) K(F; Famy1) +2 ) K(F;, Famyj)
i,j=1 i=1 i1=1,j=2
i#j
2m _ 2m _
+2) K (Fomtis Fami1) + Y K(Fomtis Fome)
=2 i,j=2
Z )
2m 3f
= > (K(Bi Bj) = I R(Es Ey)ul?)
i,j=1
i#i
2m
E(f)? 1
+2 ( : 9(Vg,grad f, E ))
2 i oy

2m E 2
+2“Z]:2(HR( BB+ 2L - oV grads. 5)

2 6% (g(EiyEi)g(Br, 9 Br) — g(Es, 9Er)? d f|?
+z§;< ( 1”21 i )_||grzf2 H)

8% (g(Bi, 0Ei)g(Bj, ¢Ej) — 9(Ei,9E;)?)  ||lgrad f||?
+@;( ( Jf)\] J )_ QTZP )

i#]
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3f & df> A
— Zf Z HR(EZ,E])U‘P + nga f” o L(ff)

- 22
i,7=1
(e
2m
2f (2m = Dllgrad fIP  (2m— DA(f)
+=2 3 || R(u, B B + 5 -
4 £ 2f f
i,7=1
252 2m
——9(E1, pEr) E;) Ey)
9B By ;g i fAQZg E;, ¢Ey)
2m 2m
_2(2m — 1)Hg7"adf|!2 62
5 Zzg Ei, oEi)g(Ej, oE;)
4f =2 j=2
2 AR _@m—1)(@m—2)|grad f||?
S WIRTH, s =Dl 1
=2 j=2
2m
In order to simplify this last expression, we put A = Z 9(E;, pE;),
=2

and we have Z |R(p, E;)E; ||2 Z |R(E;, E;)p||*, see [Sl15]], then

4,j=1

t.j=1
~ o m(2m — 3
—o -5 3 IR Bl - 2= fgraa 112 - 22 A1)

2

f)\z < (E1, pE1)A =1+ g(En, <PE1)2>

52

A% = 2m +2 - g(Ey, o Br)?).
7 )\( m+ 2 — g(Ey, pEr)
Proposition 4.3 Let (M?™, . g) be an anti-paraKdhler manifold of constant sectional

curvature k and (T'M, ) its tangent bundle equipped with the vertical rescaled berger
deformation metric. If & denote the scalar curvature of (T M, g), then we have

Kfr? 2m(2m — 3)
2 ) 4

( (B, pE1)A =1+ g(Ey, ¢E1)2>

2;”A<f>

= (2m — 1)%(2m - |grad f||* —
252

e
2

f A
Proof. Taking account that ¢ = 2m(2m — 1)k and for all X, Y, Z € S§(M),

(A2 —9m+2 — g(Ey, E1) )

then we obtain
> IR(E;, Ejul® = 26*(2m — 1)r?
i,j=1

This completes the proof.
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