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1 Introduction

The study of the g-Littlewood-Paley theory enjoys a naturel motivation and arises a great
interest. Many works and topic have been studied. For Euclidian analysis it is investigated
by Stein. In his study of these operators, Stein uses two approaches. The first is the theory
of singular integrals in the context of Hilbert space-valued functions, and the second in the
theory of harmonics functions. Next, these operators play an important role in questions
related to multipliers, Sobelev spaces and Hardy spaces.

The classical Morrey spaces were originally introduced by Morrey in [24] to study
the local behavior of solutions of second-order elliptic partial differential equations. For
the properties and applications of classical Morrey spaces, we refer the readers to [1,24].
Guliyev, Mizuhara and Nakai [8,25,26] introduced generalized Morrey spaces Mp,ϕ(Rn)
(see also [9,10,28]).

Over the past 20 years considerable effort has been made to extend the classical opera-
tors of harmonic analysis on the Bessel-Kingman hypergroups, the Laguerre hypergroups,
the Chebli-Trimeche hypergroups, and complete Riemannian manifolds.
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In this paper we consider harmonic analysis associated with the following system of
partial differential operators{

Dj = ∂
∂xj

, 1 ≤ j ≤ n,
∆n,α = ∂2

∂r2
+ 2α+1

r
∂
∂r +

∑n
j=1

∂2

∂xj
2 , (r, x) ∈]0,∞[×Rn. (1.1)

Some problems of harmonic analysis that are associated with Laplace-Bessel operator
∆n,α are investigated [5,7,3,12–14,19]. In [7] was proved the (Lp, Lq)-boundedness of the
B-potentials and in [13] the author proved the (Lp, Lq)-boundedness of the B-fractional
maximal operators, and proved Sobolev theorem in a limit case. The maximal operator,
fractional integral operator and related topics associated with the Laplace-Bessel differential
operator ∆n,α have been investigated by many researchers, see B. Muckenhoupt and E.
Stein [23], I. Kipriyanov [21], K. Trimeche [31], L. Lyakhov [19], K. Stempak [30], A.D.
Gadjiev and I.A. Aliev [3,7], I.A. Aliev and S. Bayrakci [2], V.S. Guliyev [12,13], V.S.
Guliyev and J.J. Hasanov [15], V.S. Guliyev, A. Serbetci and I. Ekincioglu [16], A. Serbetci
and I. Ekincioglu [27] and others.

In this paper we consider the generalized shift operator, generated by the LaplaceBessel
differential operator ∆n,α in terms of which the B-maximal operator and the B-Riesz po-
tential are investigated in the generalized B-Morrey space. We obtain sufficient conditions
for the operator Iβα to be bounded from B-Morrey space Mp,ϕ,α to Mq,ϕ,α and from B-
Morrey space M1,ϕ,α to weak B-Morrey space WMq,ϕ,α. Also, using the boundedness of
the B-maximal operator on generalized B-Morrey spaces and the same techniques as [13]
we have defined and studty the boundedness of the g-function on generalized B-Morrey
spaces.

The article is organized as follows: In section 2 we include definitions and auxiliary
results of harmonic analysis associated with the Laplace-Bessel differential operator. In
section 3 we define the generalized B-Morrey spaces and the B-maximal function we give
also some results linked with B-Morrey spaces. In section 4 the boundedness of the B-
maximal operator on B-Morrey spaces Mp,ϕ,α is proved. The main result of the paper is
the inequality of Sobolev-Morrey type for the B-Riesz potentials, established in Section
5. Section 6 deals with the boundedness of the g-function in generalized B-Morrey spaces.
Throughout the paper C denotes a positive constant whose value may vary from line to line.

2 Harmonic analysis related with∆n,α

In this section we recall first basic definition and some facts. We consider the system of
partial differential operators {

Dj = ∂
∂xj

, 1 ≤ j ≤ n,
∆n,α = lα +∆.

(2.1)

Where lα is the Bessel operator with respect to the first variable r given by

lα =
∂2

∂r2
+

2α+ 1

r

∂

∂r

and ∆ is the Laplacian operator on Rn, ∆ =
∑n

j=1
∂2

∂xj
2 . On the other hand if λ =

(λ1, λ2, ..., λn) ∈ Cn and x = (x1, x2, ..., xn) ∈ Rn,we put< λ, x >=
∑n

i=1 λixi, ‖λ‖ =√
〈λ, λ〉.

By [ 13, 14 ] we have
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Proposition 2.1 For (µ, λ) ∈ R× Rn, the following system of equations

Djv(r, x) = −iλjv(r, x),

∆n,αv(r, x) = −(µ2 + λ2)v(r, x),

v(0, 0) = 1;
∂v

∂r
(0, x) = 0. (2.2)

has a unique infinitely differentiable solution on R×Rn even with respect to the first variable
given by

ϕµ,λ(r, x) = jα(rµ)e
−i<λ,x>, (2.3)

where

jα(s) =
2αΓ (α+ 1)Jα(s)

sα
, if s 6= 0, 1, if s = 0

with Jα is the Bessel function of first kind and order α.
We have for all (µ, λ) ∈ R× Rn,

sup
(r,x)∈R×Rn

|ϕµ,λ(r, x)| = 1.

The shift operator T(r,x) associated with Laplace Bessel operator ∆n,α is defined on the
space of continuous functions even with respect to the first variable by

T(r,x)f(s, y) =
Γ (α+ 1)
√
πΓ (α+ 1

2)

∫ π

0
f(
√
r2 + s2 + 2rs cos θ, x+ y) sin2α θdθ. (2.4)

Denote by
• dνα(r, x) the measure defined on [0,∞[×Rn by

dνα(r, x) = r2α+1dr ⊗ dx. (2.5)

• Lp,α(Rn+1
+ ), 1 ≤ p ≤ ∞, the space of measurable functions f on [0,∞[×Rn satisfying

‖f‖p,α =
(∫

Rn

∫ ∞
0
|f(r, x)|pdνα(r, x))

) 1
p
<∞, for 1 ≤ p <∞

and
‖f‖∞,α = ‖f‖∞ = esssup(r,x)∈[0,∞[×Rn |f(r, x)| <∞ for p =∞.

It is naturel to define the convolution product generated by the shift operator.

Definition 2.1 The convolution product associated with ∆n,α of f, g in L1,α(Rn+1
+ ) is de-

fined by the following ∀(r, x) ∈ [0,+∞[×Rn ,

(
f ∗α g

)
(r, x) =

∫
Rn

∫ ∞
0
T(r,x)f(s, y)g(s, y)dνα(s, y)
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Note that, the following properties is valid:
i) For all (r, x), (s, y) ∈ [0,∞[×Rn, (µ, λ) ∈ R× Rn, we have

ϕ(µ,λ)(r, x)ϕ(µ,λ)(s, y) = T(r,x)ϕµ,λ(s, y).

ii) Let f be in L1,α(Rn+1
+ ), then for all (s, y) ∈ [0,∞[×Rn, we have∫

Rn

∫ ∞
0
T(s,y)f(r, x)dνα(r, x) =

∫
Rn

∫ ∞
0

f(r, x)dνα(r, x).

iii) If f ∈ Lp,α(Rn+1
+ ), 1 ≤ p ≤ ∞, then for all (s, y) ∈ [0,∞[×Rn, the function T(s,y)f

belongs to Lp,α(Rn+1
+ ) and we have

‖T(s,y)f‖Lp,α ≤ ‖f‖Lp,α .

iv) lim(r,x)→(0,0 ‖T(r,x)f − f‖p,α = 0.

v) For f ∈ L1,α(Rn+1
+ ) and g ∈ L1,α(Rn+1

+ ), Then f ∗α g belongs to L∞(Rn+1
+ ) and the

convolution product is commutative and associative
vi) For p, q, r ∈ [0,∞] such that 1

p +
1
q − 1 = 1

r , the map

(f, g)→ f ∗α g

extends to a continuous map from Lp,α(Rn+1
+ )× Lq,α(Rn+1

+ ) to Lr,α(Rn+1
+ ) and we have,

‖f ∗α g‖Lr,α ≤ ‖f‖Lp,α‖g‖Lq,α . (2.7)

Definition 2.2 The Fourier transform associated with the partial differential operators Dj

and Ln,α is defined on L1,α(Rn+1
+ ) by the following , for all (µ, λ) ∈ [0,∞[×Rn,

Fα(f)(µ, λ) =
∫
Rn

∫ ∞
0

f(r, x)ϕ(µ,λ)(r, x)dνα(r, x).

We have the following properties.
i) Let f ∈ L1,α(Rn+1

+ ). Then for all (r, x) ∈ [0,+∞[×Rn , we have, ∀(µ, λ) ∈
[0,∞[×Rn;

Fα(T(r,x)(f))(µ, λ) = ϕ(µ,λ)(r, x)Fα(f)(µ, λ).

ii) For f, g ∈ L1,α(Rn+1
+ )

Fα(f ∗α g)(µ, λ) = Fα(f)(µ, λ) · Fα(g)(µ, λ).

Proposition 2.2 Let f ∈ Lp,α(Rn+1
+ ) with p ∈ [1, 2]. Then Fα(f) belongs to Lp′,α(Rn+1

+ )

with 1
p +

1
p′ = 1 and we have

‖Fα(f)‖Lp′,α ≤ ‖f‖Lp,α .



12 Maximal function and fractional integral associated with . . .

Proposition 2.3 The fourier transform Fα is a topological isomorphism from S∗(R× Rn)
(the space of infinitely differentiable functions on R×Rn, even with respect to the first vari-
able, rapidly decreasing together with all their derivatives) onto itself. The inverse mapping
is given by

F−1α (f)(r, x) =

∫
Rn

∫ ∞
0

f(µ, λ)ϕ(µ,λ)dγα(µ, λ),

where

dγ(µ, λ) =
µ2α+1

(2π)n22α(Γ (α+ 1))2
dµdλ.

Lemma 2.1 The following equality is valid∫
Rn+1
+

g(s, y)s2α+1dsdy =

√
πΓ (α+ 1

2)

Γ (α+ 1)

∫
Rn+2
+

g
(√

r2 + r2, x
)
r2α+1drdrdx.

Lemma 2.2 The following equality is valid∫
B((r,x),t)

g(s, y)s2α+1dsdy =

√
πΓ (α+ 1

2)

Γ (α+ 1)

∫
B(((r,x),0),t)

g
(√

τ2 + τ2, z
)
τ2α+1dτdτdz,

where

B(((r, x), 0), t) =
{
(τ , (τ, z)) ∈ Rn+2

+ : |r −
√
τ2 + τ2|2 + |x− z|2 < t2

}
.

Lemma 2.3 For all (r, x) ∈ Rn+1
+ the following equality is valid∫

B((0,0),t)
T(r,x)g(s, y)s2α+1dsdy =

∫
B(((r,x),0),t)

g
(√

τ2 + τ2, z
)
τ2α+1dτdτdz,

where B(((r, x), 0), t) = {(τ , τ, z) ∈ Rn+2
+ : |(τ , (r − τ, x− z))| < t}.

Lemma 2.4 For all (r, x) ∈ Rn+1
+ the following equality is valid

∫
B((0,0),t)

T(r,x)g(s, y)MαχB((0,0),t)
(y)s2α+1dsdy

=

∫
B(((r,x),0),t)

g
(√

τ2 + τ2, z
)
MνχB((r,x),0),t)

(τ , (τ, z))τ2α+1dτdτdz,

where B((r, x, 0), t) = {(τ , τ, z) ∈ Rn+2
+ : |(τ , r − τ, x− z)| < t}.

Lemmas 2.3, 2.4 is straightforward via the following substitutions

z = y, τ = s cos θ, τ = s sin θ, 0 ≤ α < π,
(s, y) ∈ Rn+1

+ , (τ , (τ, x)) ∈ Rn+2
+ .
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3 Definitions, notation and preliminaries

Definition 3.1 [12,13] Let 1 ≤ p < ∞, 0 ≤ λ ≤ 2α+ 2. We denote by Mp,λ,α(Rn+1
+ )

Morrey space (≡B-Morrey space), associated with the Laplace-Bessel differential operator
as the set of locally integrable functions f(r, x), (r, x) ∈ Rn+1

+ , with the finite norm

‖f‖Mp,λ,α
= sup

t>0, (r,x)∈Rn+1
+

(
t−λ

∫
B((0,0),t)

(
T(r,x)|f(s, y)|

)p
s2α+1dsdy

)1/p

.

We will make use the Laplace-Bessel maximal function associated with the differential
operators ∆n,α. The Laplace-Bessel maximal function was introdused by Guliyev in [11],
see also [12,13]

Mαf(r, x) = sup
ε>0
|B((0, 0), ε)|−1α

∫
B((0,0),ε)

T(s,y)(|f(r, x)|)dνα(s, y),

where
B((0, 0), ε) = {(s, y) ∈ Rn+1

+ : s2 + |y|2 ≤ ε2}
and

|B((0, 0), ε)|α =
π1/2

2n
Γ (α+ 1)

Γ (α+ 1/2)
εn+2α+2.

Also consider the fractional maximal function

Mβ
αf(r, x) = sup

ε>0
|B((0, 0), ε)|

β
2α+n+2

−1
α

∫
B((0,0),ε)

T(s,y)(|f(r, x)|)dνα(s, y),

with
0 ≤ β < 2α+ n+ 2.

Note that for β = 0 we haveM0
αf(r, x) =Mαf(r, x).

We consider the B-Riesz potential

Iβαf(r, x) =

∫
Rn+1
+

T(r,x)|f(s, y)| |(s, y)|β−2α−2s2α+1dsdy, 0 < β < 2α+ 2.

Theorem 3.1 [15] 1) If f ∈M1,λ,α(Rn+1
+ ), 0 ≤ λ < 2α+2+n, thenMαf ∈WM1,λ,α(Rn+1

+ )
and

‖Mαf‖WM1,λ,α
≤ C1,λ,α‖f‖M1,λ,α

,

where C1,λ,α depends only on λ, α and n.
2) If f ∈Mp,λ,α(Rn+1

+ ), 1 < p <∞, 0 ≤ λ < 2α+2+n, thenMαf ∈Mp,λ,α(Rn+1
+ )

and
‖Mαf‖Mp,λ,α

≤ Cp,λ,α‖f‖Mp,λ,α
,

where Cp,λ,α depends only on p, λ, α and n.

Theorem 3.2 [15] Let 0 < α < Q, 0 ≤ λ < 2α+ 2 + n− β and 1 ≤ p < 2α+2+n−λ
β .

1) If 1 < p < 2α+2−λ
β , then condition 1

p −
1
q = β

2α+2+n−λ is necessary and sufficient

for the boundedness Iβα fromMp,λ,α(Rn+1
+ ) toMq,λ,α(Rn+1

+ ).
2) If p = 1, then condition 1 − 1

q = β
2α+2+n−λ is necessary and sufficient for the

boundedness Iβα fromM1,λ,α(Rn+1
+ ) to WMq,λ,α(Rn+1

+ ).



14 Maximal function and fractional integral associated with . . .

Definition 3.2 Let ω(r, x) positive measurable weight function on Rn+1
+ . We denote by

Mp,ω,α(Rn+1
+ ) the generalized Morrey spaces, the spaces of all functions f ∈ Llocp (Rn+1

+ )
with finite quasinorm

‖f‖Mp,ω,α = sup
(r,x)∈Rn+1

+ , t>0

t
− 2α+n+2

p

ω((r, x), t)
‖T(r,x)|f(·)|‖Lp,α(B((0,0),t)).

If ω((r, x), t) ≡ t−
2α+2+n

p , thenMp,ω,α(Rn+1
+ ) ≡ Lp,α(Rn+1

+ ), if ω((r, x), t) ≡ t
λ−2α+2

p ,
0 ≤ λ < 2α+ n+ 2, thenMp,ω,α(Rn+1

+ ) ≡Mp,λ,α(Rn+1
+ ).

4 Maximal function associated with Laplace-Bessel differential operators on
generalizedB-Morrey spaces

In this section we study the boundedness of the maximal operator associated with Laplace-
Bessel differential operators on generalized B-Morrey spaces.

Theorem 4.1 Let 1 ≤ p < ∞ and the ω(r, x) positive measurable weight function on
Rn+1
+ × (0,∞) satisfying the condition∫ ∞

t
ω((r, x), τ)

dτ

τ
≤ Cω((r, x), t), (4.1)

where C does not depend on (r, x) and t.
Then for p > 1 the maximal operatorMα is bounded fromMp,ω,α(Rn+1

+ ) toMp,ω,α(Rn+1
+ )

and for p = 1 the maximal operatorMα is bounded fromM1,ω,α(Rn+1
+ ) toWM1,ω,α(Rn+1

+ ).

Proof. We need to introduce the maximal operator defined on a space of homogeneous
type (Y, d, σ). By this we mean a topological space Y = Rn+1

+ × (0,∞) equipped with a
continuous pseudometric d and a positive measure σ satisfying

σ(B((r, r, x), 2t)) ≤ C1σ(B((r, r, x), t)) (4.2)

with a constant C1 independent of (r, r, x) and r > 0. Here B((r, r, x), t) = {(s, s, y) ∈
Y : d(((r, r, x), (s, s, y)) < r}, dσ(s, s, y) = (s)2α+1ds ds dy, d((r, r, x), (s, s, y)) =

|(r, r, x)− (s, s, y)| ≡ ((r − s)2 + |r − s|2 + |x− y|2)
1
2 .

Let (Y, d, σ) be a space of homogeneous type. Define

Mσf(r, r, x) = sup
r>0

σ(B((r, r, x), t))−1
∫
B((r,r,x),t)

∣∣f(s, s, y)∣∣ dσ(s, s, y),
where f(r, r, x) = f

(√
r2 + r2, x

)
.

It is well known that the maximal operator Mσ is of weak type (1, 1) and is bounded
on Lp(Y, dσ) for 1 < p < ∞ (see [6]). Here we are concerned with the maximal operator
defined by dσ(s, s, y) = (s)2α+1ds ds dy. It is clear that this measure satisfies the doubling
condition (4.2).

It can be proved that

Mαf
(√

τ2 + τ2, z
)
=Mσf

(√
τ2 + τ2, z, 0

)
(4.3)

and
Mαf(r, x) =Mσf(r, x, 0). (4.4)
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Indeed, from Lemma 2.3∫
B((0,0),t)

T(s,y)
∣∣∣f (√τ2 + τ2, z

)∣∣∣ τ2α+1dτdτdz

=

∫
B
((√

τ2+τ2,z,0
)
,t
)
∣∣f(s, s, y)∣∣ dσ(s, s, y)

and
|B((0, 0), t)|α = σB

((√
τ2 + τ2, z, 0

)
, t
)

imply (4.3). Furthermore, taking τ = 0 in (4.3) we get (4.4).
Using Lemma 2.3 and equality (4.3) we have(∫

B((0,0),t)
[T(r,x) (Mαf(y)) ]

pdν(s, y)

)1/p

=

(∫
Rn+1
+

[T(r,x) (Mαf(y)) ]
pχB((0,0),t)(s, y)dν(s, y)

)1/p

=

(∫
Rn+1
+ ×(0,∞)

(
Mαf

(√
τ2 + τ2, z

))p
χE(((r,x),0),t)(τ , τ, z) dσ(τ , τ, z)

)1/p

=

(∫
B(((r,x),0),t)

(
Mσf

(√
τ2 + τ2, z, 0

))p
dσ(τ , τ, z)

)1/p

.

In [17] there was proved that the analogue of the Fefferman-Stein theorem for the maxi-
mal operator defined on a space of homogeneous type is valid, if condition (4.2) is satisfied.
Therefore ∫

Y
(Mσϕ(s, s, y))

p ψ(s, s, y)dσ(s, s, y)

≤ C2

∫
Y
|ϕ(s, s, y)|pMσψ(s, s, y) dσ(s, s, y). (4.5)

Then taking ϕ(s, s, y) = f
(√

s2 + s2, y, 0
)

and ψ(s, s, y) ≡ χB((r,r,x),t)(s, s, y) we
obtain from inequality (4.5) and Lemma 2.3 that(∫

B((0,0),r)
[T(r,x) (Mαf(s, y)) ]

pdν(s, y)

)1/p

=

(∫
Y

(
Mσf

(√
s2 + s2, y, 0

))p
χB((x,0),t)(s, s, y) dσ(s, s, y)

)1/p

≤ C2

(∫
Y

∣∣∣f (√s2 + s2, y, 0
)∣∣∣pMσχB((x,0),t)(s, s, y) dσ(s, s, y)

)1/p

= C2

(∫
Y

∣∣∣f (√s2 + s2, y
)∣∣∣pMσχB((x,0),t)(s, s, y) dσ(s, s, y)

)1/p
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= C2

(∫
Rn+1
+

[T(r,x)|f(s, y)| ]pMαχB((0,0),r)(s, y)dν(s, y)

)1/p

≤ C2

(∫
B((0,0),r)

[T(r,x)|f(s, y)| ]pdν(s, y)

+C2

∞∑
j=1

∫
B

2j+1r
\B

2jr

[T(r,x)|f(s, y)| ]pMαχB((0,0),r)(s, y)dν(s, y)
)1/p

≤ C2

(∫
B((0,0),r)

[T(r,x)|f(s, y)| ]pdν(s, y)

)1/p

+C2

 ∞∑
j=1

∫
B

2j+1r
\B

2jr

[T(r,x)|f(s, y)| ]p
rQ

(|y|+ r)Q
dν(s, y)

1/p

≤ C3 ‖f‖Mp,ω,αr
2α+2+n

p

ω(x, r) + ∞∑
j=1

1

(2j + 1)Q
(2j+1r)

2α+2
p ω(x, 2j+1r)


≤ C3 ‖f‖Mp,ω,αr

2α+2+n
p

(
ω((r, x), t) + C

∫ ∞
t

ω((r, x), τ)
dτ

τ

)
≤ C4 r

2α+2+n
p ω((r, x), t)‖f‖Mp,ω,α .

5 Fractional integral associated with Laplace-Bessel differential operators on
generalizedB-Morrey spaces

In this section we study the boundedness of the fractional integral operator associated with
Laplace-Bessel differential operators on generalized B-Morrey spaces.

Theorem 5.1 [3,13] Let 0 < β < 2α+ 2 + n and 1 ≤ p < 2α+2+n
β .

1) If 1 < p < 2α+2+n
β , then condition 1

p −
1
q = β

2α+2+n is necessary and sufficient for

the boundedness of Iβα from Lp,α(Rn+1
+ ) to Lq,α(Rn+1

+ ).
2) If p = 1, then condition 1− 1

q = β
2α+2+n is necessary and sufficient for the bounded-

ness of Iβα from L1,α(Rn+1
+ ) to WLq,α(Rn+1

+ ).

Theorem 5.2 Let 0 < β < 2α + n + 2, 1 ≤ p < 2α+2+n
β and the ω(r, x) positive

measurable weight function on Rn+1
+ × (0,∞) satisfying the condition (4.1) and∫ ∞

t
ω((r, x), τ)

dτ

τ1−β
≤ C tβ ω((r, x), t), (5.1)

where C does not depend on (r, x) and t.
1) If 1 < p < 2α+2+n

β and 1
p −

1
q = β

2α+2+n , then Iβα is bounded fromMp,ω,α(Rn+1
+ )

toMq,ω,α(Rn+1
+ ).

2) If p = 1 and 1−1
q = β

2α+2+n , then Iβα is bounded fromM1,ω,α(Rn+1
+ ) toWMq,ω,α(Rn+1

+ ).
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Proof. Let 1 < p < 2α+2+n
β , 1

p −
1
q = β

2α+2+n and f ∈Mp,ω,α(Rn+1
+ ). Then

Iβαf(r, x) =

(∫
B((0,0),t)

+

∫
Rn+1
+ \B((0,0),t)

)
T(r,x)f(s, y)|(s, y)|β−2α−2dν(s, y)

= A1(r, x, t) +A2(r, x, t). (5.2)

Let Iα,νf be the fractional integral operator on the space of homogeneous type (Y, d, σ):

Iβσ f(r, r, x) =

∫
Y
f(s, y)d((r, r, x), (s, s, y))β−1 dσ(s, s, y).

Also, in the work [20], [22] it was proved:
Proposition 1. Let 0 < α < 1, 1 ≤ p < 1

α , 1
p −

1
q = α. Then the following two

conditions are equivalent:
1) There is a constant C > 0 such that for any f ∈ Lp,ϕ(Y ) the inequality

‖Iβσ (fϕα)‖Lq,ϕ ≤ C‖f‖Lp,ϕ

holds.
2) ϕ ∈ A1+ q

p′
(Y ), 1

p +
1
p′ = 1.

By the Proposition 1 and ϕ(s, s, y) =
(
MχE((0,r,x),t)(s, s, y)

)θ ∈ Ap(Y ), 0 < θ < 1,
we have (∫

B((0,0),t)
T(r,x) |F1(s, y)|q dν(s, y)

)1/q

≤

(∫
Rn+1
+

T(r,x) |F1(s, y)|q (MαχB((0,0),t)(s, y))
θdν(s, y)

)1/q

=

(∫
Y

∣∣∣Iβσ (fϕα)(√s2 + s2, y, 0
)∣∣∣q ϕ(s, s, y) dσ(s, s, y))1/q

≤ C2

(∫
Y

∣∣∣f (√s2 + s2, y, 0
)∣∣∣p (MσχB(((r,x),0),t)(s, s, y)

)θ
dσ(s, s, y)

)1/p

= C2

(∫
Y

∣∣∣f (√s2 + s2, y
)∣∣∣p (MσχB(((r,x),0),t)(s, s, y))

θ dσ(s, s, y)

)1/p

= C2

(∫
Rn+1
+

T(r,x)|f(s, y)|p(MαχB((0,0),t)(s, y))
θdν(s, y)

)1/p

≤ C2

(∫
B((0,0),t)

T(r,x)|f(s, y)|pdν(s, y)

)1/p

+C2

 ∞∑
j=1

∫
B((0,0),2j+1t)\B((0,0),2jt)

T(r,x)|f(s, y)|p(MαχEr(s, y))
θdν(s, y)

1/p
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≤ C2

(∫
B((0,0),t)

T(r,x)|f(s, y)|pdν(s, y)

)1/p

+C2

 ∞∑
j=1

∫
B((0,0),2j+1t)\B((0,0),2jt)

T(r,x)|f(s, y)|p
t(2α+2+n)θ

(|(s, y)|+ r)(2α+2+n)θ
dν(s, y)

1/p

≤ C3 ‖f‖Mp,ω,α

(
r

2α+2+n
p ω((r, x), t)

+
∞∑
j=1

1

(2j + 1)(2α+2+n)θ
(2j+1t)

2α+2+n
p ω((r, x), 2j+1t)

)1/p

≤ C3 ‖f‖Mp,ω,αt
2α+2+n

p

(
ω((r, x), t) + C

∫ ∞
t

ω((r, x), τ)
dτ

τ

)
≤ C4 t

2α+2+n
p ω((r, x), t)‖f‖Mp,ω,α .

Hence

‖A1‖Mq,ω,α = sup
(r,x)∈Rn+1

+ , t>0

t
− 2α+2+n

q ω−1((r, x), t)

×

(∫
B((0,0),t)

T(r,x) |A(s, y, t)|q dν(s, y)

) 1
q

≤ C4‖f‖Mp,ω,α .

Now we estimate |A2(r, x, t)|. By the Hölder’s inequality we have

|A2(r, x, t)| ≤
∫
Rn+1
+ \B((0,0),t)

|(s, y)|β−2α−2dν(s, y)

=
∞∑
j=1

∫
B((0,0),2j+1t)\B((0,0),2jt)

|(s, y)|β−2α−2T(r,x)|f(s, y)|dν(s, y)

≤
∞∑
j=1

(∫
B((0,0),2j+1t)\B((0,0),2jt)

|(s, y)|(β−(2α+2)p′dν(s, y)

) 1
p′

×

(∫
B((0,0),2j+1t)\B((0,0),2jt)

T(r,x)|f(s, y)|pdν(s, y)

) 1
p

≤ C ‖f‖Mp,ω,α

∞∑
j=1

(2jt)αω((r, x), 2jt)

≤ C ‖f‖Mp,ω,α

∫ ∞
t

ω((r, x), τ)τβ−1dτ

≤ Ctβω((r, x), t) ‖f‖Mp,ω,α
.
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Hence

‖A2‖Mq,ω,α = sup
(r,x)∈Rn+1

+ , t>0

t
− 2α+2+n

q ω−1((r, x), t)

(∫
B((0,0),t)

T(r,x) |F2(s, y)|q
) 1

q

≤ C sup
(r,x)∈Rn+1

+ , t>0

ω−1((r, x), t)tα ‖f‖Mp,ω,α
ω((r, x), t)‖χB((0,0),t)‖Lq,α

≤ C‖f‖Mp,ω,α .

Therefore Iβαf ∈Mq,ωq/p,α(R
n+1
+ ) and∥∥∥Iβαf∥∥∥M

q,ωq/p,α

≤ C‖f‖Mp,ω,α .

2) Let f ∈M1,ω,α(Rn+1
+ ). By the (5.2), we get

|F1| ≤
∫
B((0,0),t)

T(r,x)|f(s, y)||(s, y)|β−2α−2−ndν(s, y)

≤
−1∑

k=−∞

(
2kt
)β−2α−2−n ∫

E
2k+1t

\E
2kt

T x |f(y)| dν(s, y).

Hence
|F1(r, x)| ≤ CtβMαf(r, x). (5.3)

Then ∣∣∣{(s, y) ∈ B((0, 0), t) : T(r,x)
∣∣∣Iβαf(s, y)∣∣∣ > 2β

}∣∣∣
α

≤ |
{
(s, y) ∈ B((0, 0), t) : T(r,x)|F1(s, y)| > β

}
|α

+ |
{
(s, y) ∈ B((0, 0), t) : T(r,x)|F2(s, y)| > β

}
|α.

Taking into account inequality (5.3) and Theorem 3.1 we have

|
{
(s, y) ∈ B((0, 0), t) : T(r,x)|F1(s, y)| > β

}
|α

≤
∣∣∣∣{(s, y) ∈ B((0, 0), t) : T(r,x)(Mαf(s, y)) >

β

Ctβ

}∣∣∣∣
α

≤ Ctβ

β
· ω((r, x), t) ‖f‖M1,ω,α

,

and thus if Ct−
2α+2+n

q ω((r, x), t) ‖f‖M1,ω,α
= β, then |F2(r, x)| ≤ β and consequently,

|
{
(s, y) ∈ B((0, 0), t) : T(r,x)|F2(s, y)| > β

}
|α = 0.

Finally ∣∣∣ {(s, y) ∈ B((0, 0), t) : T(r,x)|Iβαf(y)| > 2β
} ∣∣∣

α

≤ C

β
ω((r, x), t)tβ ‖f‖M1,ω,α

= Cωq((r, x), t)

(
‖f‖M1,ω,α

β

)q
.

The Theorem 3.2 is proved.
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6 The Littlewood-Paley g-function

In this section we define and study the g-littlewood function associated with Laplace differ-
ential operator inthe generalized Morrey spaceMp,w,α(Rn+1).

In the following we recall some facts and definitions. The Poisson integrals ut(f), t > 0
and f ∈ S∗(Rn+1) is defined by

ut(f)(r, x) = pt ∗ f(r, x), (r, x) ∈ Rn+1,

where pt is the Poisson kernel given by

pt(r, x) = F−1(e−t|(µ,λ)|)(r, x) =
2α+1Γ (α+ n+3

2

π
n+1
2 Γ (α+ 1)(t2 + r2 + ‖x‖2)

,

see [4], Proposition 3.1.

Proposition 6.1 Let f ∈ S∗(Rn+1) be a positive function and p > 1, then we have

i) For |(r, x)| =
√
r2 + x2 large we have

ut(r, x) ≤ C(t2 + r2 + |x|2)(−α+
n+2
2

),

ii)
∂u

∂t
(r, x) ≤ Ct−2α+n+3,

iii)
∂u

∂r
(r, x) ≤ C(t2 + r2 + |x|2)(−α+

n+3
2

),

iv)
∂u

∂xi
(r, x) ≤ C(t2 + r2 + |x|2)(−α+

n+3
2

), 1 ≤ i ≤ n.

Proposition 6.2 Let Φ a positive, non increasing in L1(dνα) locally integrable function on
Rn+1, we have

sup
t>0

Φt ∗α f(r, x) ≤ ‖Φt‖1,αMα(f)(r, x),

where Φt is the dilation of Φ given by

Φt(r, x) = t−(2α+n+2 Φ
(r
t
,
x

t

)
.

Definition 6.1 We define the g-functions associated with Laplace-Bessel differential oper-
ators for f ∈ S∗(Rn+1) by the following

∀ (r, x) ∈ Rn+1, g(f)(r, x) =
(∫ ∞

0
|∇ut(r, x)|2tdt

)1/2
,

where ut is the Poisson integral and

∣∣∇ut(r, x)∣∣2 = ∣∣∂u
∂t

(r, x)
∣∣2 + ∣∣∂u

∂r
(r, x)

∣∣2 + n∑
i=1

∣∣ ∂u
∂xi

(r, x)
∣∣2.
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Theorem 6.1 Let p ∈]1, 2] and w(r, x) positive measurable weight function on Rn+1 ×
[0,∞[ satsfying ∫ ∞

ε
w(r, x, τ)

dτ

τ
≤ Cw(r, x, ε),

where C does not depend on (r, x) and ε then there exists a positive constant Cp,α such that
for all f ∈Mp,w,α(Rn+1) we have

‖g(f)‖Mp,w,α ≤ Cp,α‖f‖Mp,w,α .

Proof. Since the operator g is semi-linear operator then it suffices to proof theorem for all
positive function.

case 1 < p < 2.

By the same way as [4], we obtain

|g(f)(r, x)|p ≤
( 1

p(p− 1)

) p
2
(
M̃α(f)(r, x)

) p(2−p)
2
(
Iα(f)(r, x)

) p
2
, (6.1)

where

M̃α(f)(r, x) = sup
t>0
|ut(r, x)|

and

Iα(f)(r, x) =

∫ ∞
0
|∆αu

p
t (r, x)|tdt,

with

∆α =
∂2ut
∂t2

+∆n,α.

Lemma 3 allows us to get ∫
B(0,0),ε

|T(r,x)g(f)(s, y)|pdνα(s, y)

=

∫
E((r,x),0,ε)

|T(r,x)g(f)(
√
τ2 + τ2, z)|pτ2α+1dτdτdz.

Thus, using relation (6.1) we obtain∫
B(0,0),ε

|T(r,x)g(f)(s, y)|pdνα(s, y)

≤
( 1

p(p− 1)

) p
2

∫
E((r,x),0,ε)

(
M̃α(f)(

√
τ2 + τ2, z)

) p(2−p)
2

×
(
Iα(f)(

√
τ2 + τ2, z)

) p
2
τ2α+1dτdτdz.

Applying Hölder inequality we get∫
B(0,0),ε

|T(r,x)g(f)(s, y)|pdνα(s, y)
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≤
( 1

p(p− 1)

) p
2
(∫

E((r,x),0,ε)

(
M̃α(f)(

√
τ2 + τ2, z)

)p
τ2α+1dτdτdz

) 2−p
2

×
(∫

E((r,x),0,ε)
|Iα(f)(

√
τ2 + τ2, z)|τ2α+1dτdτdz

) p
2
. (6.2)

In the first hand using the same method as [4] we have∫
E((r,x),0,ε)

|Iα(f)(
√
τ2 + τ2, z)|τ2α+1dτdτdz

=

∫
E((r,x),0,ε)

(∫ ∞
0

∆αu
p
t ((
√
τ2 + τ2, z)tdt

)
τ2α+1dτdτdz

≤
∫
E((r,x),0,ε)

|f(
√
τ2 + τ2, z))|pτ2α+1dτdτdz

=

∫
B((0,0),ε)

|T(r,x)f(s, y)|pdνα(s, y) ≤ ε2α+n+2(w((r, x), ε))p‖f‖pMp,w,α
.

Therefore (∫
E((r,x),0,ε)

|Iα(f)(
√
τ2 + τ2, z)|τ2α+1dτdτdz

) p
2

≤ ε(α+n+2)p/2(w((r, x), ε))p
2/2‖f‖p

2/2
Mp,w,α

. (6.3)

On the other hand using Proposition 2.6 and the fact that ‖pt‖1,α = 1 (see [4]) we deduce∫
E((r,x),0,ε)

(
M̃α(f)(

√
τ2 + τ2, z)

)p
τ2α+1dτdτdz

≤ ‖pt‖p1,α
(∫

E((r,x),0,ε)
Mα(f)(

√
τ2 + τ2, z)

)p
τ2α+1dτdτdz

≤
∫
B((0,0),ε)

|T(r,x)Mα(f)(s, y)|pdνα(s, y)

≤ ε2α+n+2(w((r, x), ε))p‖Mα(f)‖pMp,w,α
.

From Theorem 4.1.we deduce(∫
E((r,x),0,ε)

(
M̃α(f)(

√
τ2 + τ2, z)

)p
τ2α+1dτdτdz

) 2−p
2

≤ ε(2α+n+2)p(2−p)/2(w((r, x), ε))p(2−p)/2‖f‖p(2−p)/2Mp,w,α
. (6.4)

Relations (6.2), (6.3) and (6.4) involve that∫
B(0,0),ε

|T(r,x)g(f)(s, y)|pdνα(s, y) ≤ ε2α+n+2(w(r, x), ε)p‖f‖pMp,w,α

which gives that
‖g(f)‖Mp,w,α ≤ C‖f‖Mp,w,α .
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Note that, in the case p = 2 we have∫
B(0,0),ε

|T(r,x)g(f)(s, y)|2dνα(s, y)

=

∫
E((r,x),0,ε)

|T(r,x)g(f)(
√
τ2 + τ2, z)|2τ2α+1dτdτdz

=
1

2

∫
E((r,x),0,ε)

(∫ ∞
0

∆αu
2
t (
√
τ2 + τ2, z)tdt

)
τ2α+1dτdτdz,

see [4], relation (5.1).
Using also ([4], Proposition 3.7) we obtain∫

B(0,0),ε
|T(r,x)g(f)(s, y)|2dνα(s, y)

≤ 1

2

∫
E((r,x),0,ε)

|f(
√
τ2 + τ2, z)|2τ2α+1dτdτdz

≤ 1

2

∫
B(0,0),ε

|T(r,x)f(s, y)|2dνα(s, y).

This implies that

‖g(f)‖Mp,w,α ≤
1√
2
‖f‖Mp,w,α .

The theorem is proved.
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