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Abstract. In the domain {x € R" : |x| > R} x {y € R™ : |y| > R} the problem of the absence of global
solutions of a semilinear biharmonic equation Ay (|z|* Agu)+ Adu— M_‘Cﬁu— ‘(;—‘iu — |7 y|72 |ul? =
0 with are conditions w > 0, Au < 0 on {|z| = R} x {|y| > R}U{|z| > R} x {|y| = R} is investigated,

2 2
where ¢ > 1,a < 4,n > 4 —a,m > 4,0 < C] < (%) ,0< 0y < (W LA
sufficient condition for the absence of global solutions is obtained. The proof is based on the test function
method.

Keywords. Semilinear biharmonic equation, global solution, singular potential, critical exponent, test
function method.
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1 Introduction

We induduce the following designations:

= (21, .,xn) ER", y=(y1,..., ym) € R, |z| =

By(r) ={z € R" : [z| <r},By(r) ={y e R"™: [y[ <1},
Se(r) ={z e R" : x| =r},Sy(r) ={y e R" : [y| =1},
B(r) = By(r) x By(r), By(r1,72) = {x € R" : ry < |z| <72},
By(ri,m2) ={y € R"™ :ry < |y| < ra},
B(r1,r2) = Bu(r1,12) x By(r1,12), By(R) = R"\B,(R), B,(R) = R™\By(R),
B'(R) = By(R) x By(R), 0B (R) = Sz(R) x B,(R) U B,(R) x Sy(R),
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B,(1)=B,,B,(1)=B,,B'(1)=B.

In B'(R) we consider the equation

¢ C:
Ay (|-T’0‘AxU) + Azu — ‘x"ll—au — ﬁu _ |x’01|y‘02’u‘q —0, (1)
where 2
- -4
a<4,01,02€R,q>1’0§01<((n a)(z—l—a )) 7
m—(m—4)\" S ™ 52
0<Cy < <4> ,Am:;%?,Ay:Ay(ay),Ay:;aﬁ

We will consider the existence of the solution of an equation satisfying the following con-
ditions:

u>0,Au < 0ondB'(R). (1.2)
We will understand the solution of problem (1.1),(1.2) in the classic sense, namely, the
function u(x,y) € C*(By) U C3(By U dB}) satisfying equation (1.1) at each point of
B’'(R) and condition (1.2) on 9B’ ( R) will be called global solutions of problem (1.1),(1.2).

The problem of non- existence of global solutions for a different class of differential
equations and inequalities play an important role in theory and applications; therefore, con-
stantly draw attention of mathematicians and there is a large number of works devoted to
them. A survey of such results was given in the monograph [15]. It is well known such
statements are a direct analogs of the Liouvilles theorem from the theory of functions of a
complex variable.

The issues considered in this paper were earlier studied in the works of Mitidieri and
Pokhozhaev [15], Gidas and Spruck [9], Brezis, Dupaigne and Tesei [6], Bidaut-Veron and
Pohozaev [5], Serrin and Zou [18], Serrin [19], Konkov [10,11,12], Bagirov [1,2], Bagirov,
Guliyev [4], Mamedov [14]. Similar issues for weakly nonlinear equations with a bihar-
monic operator were considered by various authors as Laptev [13], Volodin [20,21], Xu
[22], Ghergu and Taliaferro [8], Carriao, Demarque and Miyagaki [7], Yao,Wang, Shen
[23], Bagirov [3].

In the paper [21] for « = 0,07 = Cy = 0 is considered in B’'(R) with different
boundary conditions on Sy and critical exponents of the absence of the solutions of the
considered problems were found. In the paper [3] for = 0 the problem (1.1), (1,2) is
considered in B’(R) and critical exponent of the absence global solutions are also found.

In this paper the problem (1.1), (1,2) is consider for @« < 4,n > 4 — a,m > 4,

2
0<(Cr < le ,0< 0y < w and exact estimates of the absence

global solutions are obtained. The technique of the test functions developed by Mitidieri
and Pohozhayev in the paper [15,16,17] is used.

2 Main result and its proof

We introduce the following designation:

2
Dlz\/<(n_2)(a_2)> +C1, Dy = (m—2)2—|—02

2

n—2\2 a—2\?
aL = < 5 )—i—( 5 >$D1 for 2 < a <4,
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n—2\2 a—2\2
ar = < 5 > +< 5 )j:Dl for a < 2,

m—2 QF Gy
N i R

a_

m+ 4 1 m+ 4
= . — = —— _ — —1
a 5 +5 " 5 TP oa(q — 1),

4 —
b=7n+2 S tas—aild — 1),

where % + % =1.
Let us consider the following functions

a—4+a 1 n+a—4

1 _nt — —
§(x) = (\x|):f(1+7)|x| 1 ) B
—|m|7 4 for a # 2,
§@) = o= (o720 — o] 720 ) 4 o T — o] T fora =2,
Q4
1 VD2 _6 _m—4
n(y) =n(ly) = 5 (1 5 +> lyl= =
1 Dy — B4\ —m=a_ _mod_
Bl I T St B B- B+
+3 (1= YR oy
We can show that £(x) is the solution of the equation
C
Az Agu) — ’x‘;_a u=0, 2.1)
7(y) is the solution of the equation
C:
Ay — 2y =0, 2.2)
|l
and
29 Az
1=0, = >0, A =0, —= <0,
é(x)||ac|71 87" |x‘:1 x£‘|x\71 87" |:E|:1
on Ayn
n(z)| |:1:0, — >0, Ayl =0, -— <0.
v Orljyi=1 v O ljy=1

We consider the following functions ¢(z), 1 (y) such that p(z) € C*(R"), p(z)

for || < p,p(x) = 0for |z| > 2p, Y(y) € C®(R™), Y(y) = 1 for |y| < p*,¢¥(y)
for |y| > 2p°.

The following theorem is the main result of this paper.

1
0



Sh.G. Bagirov, A.F. Guliyev 75

2
Theorem 2.1 Let o < 4,n >4 —a,m > 4,0 < C < (%) ,0< 0y <
m(m—4) 2

<f> and

. o1
a)oq >O,02>0,1<q§mm{1—|— e , 1+ ’"+4+,8 }

b) 01>0,02>—4,q>max{1,1+m+ffiﬁ} andq<1+W
: _

4o’
o9+ 4 o1 o9+ 4
<14+ ——F0—————orq=1+ —p——, <1+ —F7—,
mTH+5__4 %’“*44—01_ mT+4+5__4
C) O'1>Oé_4,0'2>0, q>maX{1 1+no¢+4+} andq<1—|— m+4+ﬁ,
oc1+4—« o1+4—«
<l4+—F——o0rq=1+ , ¢ <14+ —F
q n+g—4 o q m+4 ey q n+g—4 o

d)4—a+01+4f7a02>0,

o1 09 4d—a+o+%,
max{1,1+—2t 1422 Lo <iy a :
{ nfgz+4 + o m;4 + B— } nfg+4 +oa_ + 4Za (m54 + /8—)

Then if u(x,y) a nontrivial solution of the problem (1.1),(1.2), then u = 0.

Proof. For simplicity of the notation we take R = 1. We multiply equation (1.1) by the
function f(x,y) = &(z)n(y)e(z)1(y) and integrate with respect to the domain B’ . We get
the following equality

Q= / [ lal o1l faody = / [ Aullal* Asu) fdady
//A%fdxdy //‘ = aufdxdy //| |4ufd:vdy

Integrting by parts, we get

=[5

Sz By,

// (o] Agr) . V. (€0) pdedy

/ / 5y (Ay) Enpypdadoy

B!, S,

/ / Vy(n¥))Epdzdy

L) Enprpdo,dy
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//| |4~ auﬁmowdxdy //| ,4“57780¢d$dy—

=L, -+ -+ Ty I+ 1, — Ty +

+ / / uly (2| Ag(E)) mibdady + / / wl () Epdady,  (23)
B’ B’

where I}, I'? i = 1,4 are apporiate surface integrals on S, x B;, B; x Sy and 0,0y are
the elements of the surfaces S, Sy.

Using the properties of the functions &(z),1(y), ¢(x), 1 (y) we show that (—1) =T,
(-1 <0,i=1,4.

Obviously all surface integrals on S;(2p) x B, and B}, x S, (2p°) are equal to zero.

=/ [

S. B,

L) Enpdo,dy =0,

since &[ ;- = 0.

r2 = //\x]aAzua(gw)mpd%dy
vy

Sz B,
= //leaAzu (8 pt&y ) ndody
S» B}, Ve
= [ fle A vy > o
or
Sz B,
by vrite of the condition (1.2) and thaton S, & =0, 885 = —% <0, p=1.

// )npdody
Sz B,
= [ [ omial® (Ast + 27,6, Vo) + EAr sy =,
S» B},

sinceon S, £ =0,A,£ =0,V =0.

ri- [ ua‘? (] Au(0€)) mbdody

Sz By,

= //u [a\x|°‘72(ﬂx<p§ +2(Vap, V&) + 0A28) (z, vz)

S. B,

+ [

0
ey (Azp€ + 2(Vap, Vi) + 9 ALE) | nbdoydy

xT
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/ / oo (A midady = 0.

Sz By,

Here we use the fact that for |x| = 1 w > 0, the function ¢ and all its derivatives equal
zero, A€ = 0 and 6 A€ > 0.

It the same way , we can show that all (—1)i_1FZj <0,i=1,4.
As aresult, from (2.3) we get the following inequality

Q- / / WPy (2] (Aot + 2(Vaf, Vo) + 0 Aok)) mbdady
B/

+ // uly (Ayn +2(Vyn, V) + nAyb)Eedrdy
B/

// 2+~ aU§U¢¢dxdy //| |4u§n<p1/zdxdy
/ / ( (2428 = |C41“§> neydrdy + é / <A§77—|§|24n> ¢ obdzdy

/ [ Wl2 (V121" 8,8), V20) + laf* A0 Ar + 28,41 (V.6, Vo)

T Ay (2| € Ap)ibdady + / / ul2 (T (Ay), V)

+ANA + 24, (Vyn, y¢)+A (nAyY)]Epdrdy

= / / unpGy (€, p)dzdy + / / u€pGa(n, )dzdy, (2.4
B B’

where G1 (€, ¢), Ga(n, ) are the expressions in the square brackets in the first and second
integral. Here we take into acount that () is the solution of the equation (2.1), n(x) is the
solution of equation (2.2). As a result, we have

Q< [[uncie. sy + [ [ ueGatn. vdsdy
B’ B

Q=

< / / 2| |y |7 [l enpibdady

z(P:QP)XBy(LZPg)

~|

y |G1|" drd
|z|o1(d' =) |y|o2(d' D) g’ ~1pa' 1 Y

Bz (p,2p) x By (1,2p%)
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1
q
+ / / 2] |y |72 ul“Engudady

= (1,2p) X By (p,2p%)

" |G| &p drd
|z|o1(d' 1) |y|o2(d'—1)pd'—Lqpa' 1 Y

=(1,2p) X By (p,2p%)

Q
~|

Qi

1 1
/ 2|7t |y|72 [u| " npydady (Jf + J5 ) (2.5)
B/

where % + % = 1 and Ji, J> one the second integrals in the first and second summoned.
Hence

Q<SC (D). (2.6)

Estimate the integrals J1, Jo separately.
As first consider G1 and Go.

G1 =2 (Vallo]* 806), Va0) + [al" 4,8 D + 24, (017 (V 6, Vo)
d d? —1d
Ae ("6 Aa0) =25, <Ta (d§ e d§>> dr

o [(d*¢  n—1d¢ n—1dp
o <d7"2+ r dr) <d7’2+ T dr)
d? n-1d ae (2o nfldgp
o a) (e ()
2 n—1d de dy (¢ n—1de
2 (& B e (e a
+ <dr2+ r dr) (T drdr) (ar (d”rQ+ r dr

+2ra<d3§+n—1d2§ n—ldf))
dr

dr3 r  dr? r2 dr
d’¢  n—1d¢\ d?p L (A2 n—1dEN dy
o > > _ _ 1 a— o>
+r <dr2 + r dr) dr? + (= Dr (dr2 + r dr) dr

L A% n—1ldy
-1 a—2 205%™ 1 5 t
+ <a(a Jree dr T dr2> (dr2 + r dr>

o d€ n—1d% n—1dyp
2 a—1 — —_—
+ <ar E4r dr) <dr3 + r dr? r2 dr

dp —1d? —1d2 —1d
+Ta§< o © . n © . n 90>

r drd r2  dr? r3  dr

n—1 a1 o d& n—1ldp
+ r < C4r dr><dr2+ r dr

i (Pe n—1d» n-1d &2 (. de
+(n—1)r 15<d:§+ £e_ ¢> 2< >dr

r  dr? rZ dr dr? dr
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dr

n—1 <O(Ta1d£ d2£> 7_’_2( ) a— 1d£d2

r dr—’_r dr? ) dr dr dr?

_ {mral <dz£+n—1d§)+2r <d35+ _1(12§_n—1c15>

dr? r dr dr3 r dr? rZ dr

L (d2¢ n—1d¢ _ _q,d¢€ d*¢\ n—1
a—1 a—2 a—1 [
(n=1)r <dr2 r dr> < ( Dt g+ 2ar dr " dr? r

2
d§> +2( )ra—3£+ (n ;21) <ara—1£+roz3§>

d
_(n_l)gra_3§+2 O{(Oé—l) a— 2d§+20& a— 1d2§+ dSé‘
dr a2 s

n—1/(  ,d¢  d% d2¢ n—1d¢
+2 r <Ot’l” %—Fr ﬁ E—’_ W—i_ , E

+Oé(Oé— ) oa— 25"‘20&7" dff d’rg + 2(n_1) <Oé'l"a_1§+7"a;i§>

d e L d% Ll by
4— a—1Y5% =S
+ (ar dr T dr2> dr? + dr dr3

+2

n—1
_2 7,,2 < a1£+r

+7r
—2(71— ) a— 2€+< a— lf‘i‘ >+(n_1)2ra2§

14 d*¢ -1
4 a—1Y% Are = > ) — 1) o1
+dar dr+rdr2+(n )r

d
+ [2047“0‘15—1—27"“;—&-2(71— )re™ Le 4 ope

d

4
dg] e
dr

Since for |z| > 1

d:f Cr— T e—i 1 0.1,2,3,4,
then from (2.7) we get
IG1| < Cp= "5 Ha—ta- 42 dw . (2.8)
In a similar way, we get
G| < Cr~ "7 - —42 Z:f . (2.9)

Using (2.8),(2.9) and making substitution s = 7,7 = =, 0(s) = ¢(sp),¥(7) =
Y(7p°) for Jy, Jo we get the following estimaties.

(G| v
<
|J1‘ - // ’;c|01(q’,1)|y’02(q/,1)£q/71¢q/71dzcdy

Ba(p,2p)x By (1,2p%)
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|G1|” m
< o1(¢'=1)gq' =1 ,q' -1 dz Uz(q’—l)dy
|z| §9 1o |y

Bz (p,2p) By(1,2p°)
n+o¢74+ + 4) / 4 . dicp q/ 1
2 a_+a—4)q 7 n—
<C — dr
/ rdl(ql_l)r(_w#_él"’_a*)(ql—l)(pq'—l
+a—4 4 q
- —+ta_+a-4 ~
2,05 _m—4 o 2 S( ) <Z ds? )
T 2 - ’ i
« dr < Cp(a—4)q +b/ m— i
po2@-n §71@ D (=M= ta ) (¢!~ 1)~ 15—
1 1
T T vt L,
1,2 $ <O T ple DI 9% if a =0, (2.10)
In r|1 , if a=

pla=Dd'+b ifq <0,

Gal” &p
’JQ‘ < // |x’01(q/—1)’y|02(‘1/_1)7]ql—11/}‘1/—1dxdy

Bz (1,2p)x By (p©,2p%)

< 7&'0 dx Gal* d
- |x‘01(q,_1) ’y|U2(ql_1)7]ql—11/}q/—1 y

Br(1’2p) By(Pg,Qﬁe)

4
m—4 .
P 2p¢ 7‘(7 T HB-—4)d <§ rt
ta—4 -
<c/r—"‘5 +a—”1<q’—1>+"—1dr/ S Ao r
f ra2(q _l)r(_T+ 7)(q _l)wq,—l

pE
<+a4><iﬂ ~>qﬁll

! m—4 / ~ d
Lo2d =D (=548 )(q ~1y)

di
drt

i=1

< Cpa( 4q' +a)/

o’ if b>0, piedteath irp s 0,
x{ In2p,if b=0, <CJy{ p4ed+ea1n2p if b =0, (2.11)
1, if b<0 pledtea i p < 0.

By jl, Jo we denote the last integral in the inequalities (2.8),(2.9). It is known that under

appriate choice of functions ¢ and ) the integrals .J1, J2 converge (see [15]).
Now we take such ¢ that

—4eq +ea+b=(a—4)¢ +b+ea.

Hence
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Then, taking into account (2.10),(2.11) in (2.6) we get the followings

Cpla—Dd +b+75%a if  a>0, b> 0,
Cple=94" Inp if a=0, b=0,
C’p(o‘_4)q/+477aa(cl +calnp)if a>0, b=0,
Q< Cplo=Da+b (¢) + colnp) if  a=0, b>0, 2.12)

- Cpla—9d if a <0, b <0,

Cple=99" 1np ifa=0,b<0o0ra<0,b=0,
C’p(a*4)q/+47Taa if a >0, b <0,
Cpla—Dd'+b if a <0, b> 0.

Let us consider separate cases.

1) Let at first a < 0,b < 0. Since o — 4 < 0, then if follows from (2.12) that when
tending of p — +00,Q < 0.

So,

/ 2] |y |72 [ul € ndady < o.

Hence we get u = 0. From the inequality a < 0,b < 0 it follows

m+ 4 n—a+4
From here . .
2 1
<l+——, ¢<1+—7r——
9= mEd 5 q n=atl o

As aresult, we getthatif 01,092 > 0and 1 < ¢ < min {1 + n_afi+a 1+ m+4+ﬁ },
2

then equation (1.1) has no global solutions.
2) Let a > 0,b < 0. This means that

01

q>1+ 7”_‘2”4—1—04_'

m+4 T a g<1+

From (2.12) we get

Q < Cpla=DT+35= (M52 4B-—02(d D) for ¢ > 0,b < 0, (2.13)
Q < Cpla=Dd+432 (#546-=02(d 1) 1y s for a4 > 0,b = 0. (2.14)
4— 4
(a—4)g + =2 <m++5_ — ool — 1))

4— 4— 4
:(a—4—02 4a>(q'—1)+ a<m—|—+5_4><0’

If

ie.
4—a+ %, 4+ o9
g <1+ 14012
Ry R R R
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then when tendig p — +oo from (2.13), (2.14) we get Q < 0. Hence, as in the first case

we get u = 0. Whatif ¢ = 1 + ﬁ‘[’f%, then from (2.10),(2.11),(2.12) it follows that
= _

|J1| < Cy|J2| < Cand @ < C. Tending p — +oco from (2.13) we have

/ |27 |y| 72 |ul*Endzdy < C. (2.15)
Bl
From (2.15) and from the property of the integral if follows, that as p — 400

J[ sl tiluvenody o o
Bz (p,2p) x By (1,2p%)
|x| 7y |72 |uléndzdy — 0. (2.17)
Bq(1,2p) X By (p°,2p°)

From (2.5) we get that

// 2|7 || [ult€ndady < // 2|7 17 [l o dady

Ba(1,p) X By (1,2p°) Ba(1,2p) x By (1,2p°)

Q=

1
< / / 2|7 ]2 [ul"Epnibdady | T

«(p,2p) X By (1,2p%)

Q=

1

L g

1(172P)><By(/’572l35)

Q=

<c / / 2| [y [ul € nddy

= (p,20) X By (1,2p°)

Q=

sl [ elleday
«(1,2p) X By (p*,2p°)

Hence, by virtue of (2.16),(2.17) tending p — +o0 we get

[ 1wt tyilupendzay <.
B/
This means that in this case too ©v = 0. As a result, we got that if o7 > 0,00 > —4,

q>max{1,l+%}, {1+W},q§{l+nﬁz4}andq>

max 1,1+ﬁ
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1+ W g < 1+ ﬂ the equation (1.1) has no trivial global
Ta FLip

solutions.
3) Let a < 0,b > 0.This means that

g<14+—22 g>14-—t
m+4 5—’ n—g+4 +o
From (2.12) we get
Q < Cpla=D9+ for ¢ <0,b> 0, (2.18)
Q < Cple=D+21n p for a =0,b> 0. (2.19)
If
(a—4)¢ +b=(a—4)(¢d —1)+a—4+
—a+4
%4—@_—01((]—1) <0,
1.e.
g<1+ o1 +4—«

”%M+a,+a—4

then tendig p — 400 from (2.18), (2.19) we get, Q < 0 and respectiely u = 0.
Similar in the case 2) we can show that for ¢ < 0,b > 0 and in the case ¢ = 1 +

o1+4—«
EETEE w—— toou = 0.

As aresult we get thatif oo > 0,01 +4—a >0, ¢ > max{l 1+ M+4+}, then

o o1+4—«a o1+4—a
atg < 1+mT+47i%,q < 1+m =1+ m+4+577 q < 1+m
equation (1.1) has no non-trivial global solutlons

4) Let now a > 0,b > 0.This means that
o1 02
>l+—r—— ¢>14+—p.
1 7"73‘“ +a_ 1 mTH + 6-
In this case if
! 14—« /
(v —4) 1 a=(a—4)(¢-1)+a—-4
n—oa+4 4—a (m+4
+————ta_—oi(d - 1)+ —— 4+ B —o02(q = 1)
2 4 2
4 —
:—<4 4a02>(q’—1)+a—4
n—a+4 4—a m+4
+f +a_ + 1 < + 6- ) (2.20)

then tending p — +oo from (2 12) we get Q < 0. Hence as carlier it follows that
u = 0.Butif (a« —4)¢ +b+ 2 5%a = 0, from (2.10),(2.11),(2.12) it follows that |J;| <
C,|J3] < C,Q < C. As in the case 2) from (2.5) we get that in this case also @) < 0 and
respectively u = 0.

We can write inequality (2.20) in the following form
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4—a—l—a1—|—4TTaa2

g<l1l+ — = )
a—4+ gt fas + T (2T B

As aresult, we get thatif 4 —a+ o1 + 47T°‘02 > 0,

01 02
max < 1+ , 1+
{ n—gx+4 o m;—4+6_}
cag<it 4—04—1—01—1-477"02
q > — — )
a_4_|_n £2x+4_|_a7+44a (m;—4 +57)

then equation (1.1) has no non-trivial global solutions.
This completly prines the theorem.
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