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Abstract. This paper is devoted to the study of the global bifurcation from infinity of the nonlinear Sturm-
Liouville problem with an indefinite weight function and a spectral parameter in the boundary condition.
We prove that there are two pairs of two classes of global continua of nontrivial solutions bifurcating from
points of R x {oo} corresponding to positive and negative eigenvalues of the linear problem obtained
by setting the nonlinear term equal to zero. These continua possess the usual nodal properties in some
neighborhoods of the asymptotic bifurcation points of this problem. Moreover, each of these continua
either intersects R x {0}), or intersects some asymptotic bifurcation point in a certain class with fixed
oscillation count, or the projection of this continuum onto R x {0} is unbounded.
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1 Introduction

In this paper, we consider the nonlinear Sturm-Liouville problem

ty=—(p(@)y") +a(@)y = r(z)y+ gz, 9,9, A), = €(0,1), (1.1)
boy(0) = dop(0)y'(0), (1.2)
(@A +b1)y(1) = p(1)y'(1), (1.3)

which was started in [17, 18]. Here A € R is a parameter, p € C! ([0, 1]; (0,4 00)), ¢ €
C ([0,1];[0,4 00)),r € C ([0, 1]; R) and there exist 29, x1 € [0, 1] such that 7(z¢)r(z1) <
0, bg, dp, a1, by are real constants such that

|bo| + |do] > 0, body > 0 and if by = 0, then g # 0, and
(1.4)
a1 >0, b; <0.
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The nonlinear term g € C' ([0, 1] x R?; R) and satisfy the following conditions:

ug(z,u,s,0)) <0, (z,u,s, ) € [0,1] x R3, (1.5)

g(x,u,s,\) = o(Jul + |s|) as |u| + |s| = + o0 (1.6)

uniformly in (z, \) € [0, 1] x A, for any bounded interval A C R.

Since the second half of the last century, bifurcation of solutions of nonlinear eigenvalue
problems have been intensively studied. Note that bifurcation of nonlinear eigenvalue prob-
lems (for ordinary and partial differential equations) arise in the study of various problems
of mechanics, physics, mathematical physics, biology, and also other areas of natural sci-
ence (see [3, 5, 13, 15, 20] and bibliography therein); for example, the considered problem
(1.1)-(1.3) arises when describing the selection-migration process in population genetics
(see [12, 14]).

In the case when r > 0 and a; = 0 or a; # 0 the global bifurcation from zero or infinity
of nontrivial solutions of problem (1.1)-(1.3) was considered before in [9, 12, 22-26]. These
papers was shown the existence of two families of unbounded continua of nontrivial solu-
tions in R x C'[0, 1] emanating from bifurcation points and intervals of the line of trivial
solutions or the line R x {oco} corresponding to the eigenvalues of the linear problem ob-
tained from (1.1)-(1.3) by putting g = 0. Moreover, these continua possess the usual nodal
properties in some neighborhood of these bifurcation points. Similar global bifurcation re-
sults in nonlinear eigenvalue problems for ordinary differential equations of fourth order
and one-dimensional Dirac system (both with a spectral parameter in the boundary condi-
tion, also without a spectral parameter in the boundary conditions) are obtained in [1-4, 6,
8].

In the case when the weight function r changes sign and a; = 0 in [7] and [21] was
proved the existence of four families of unbounded continua of nontrivial solutions of prob-
lem (1.1)-(1.3) emanating from bifurcation points and intervals of the line of trivial solutions
or the line R x {oo} corresponding to the eigenvalues of the linear problem (1.1)-(1.3) with
g = 0 and possessing the some nodal properties in some neighborhood of these bifurca-
tion points. Similar results in nonlinear eigenvalue problems for elliptic partial differential
equations of second order with indefinite weight were obtained in [5, 13, 19].

The papers [18] and [17] the author studied the global bifurcation from zero of nontrivial
solutions to problem (1.1)-(1.3) in the cases: (a) the function g satisfies condition (1.6) as
|u|+|s| — 0, and (b) the function g can be represented in the form g; + g2, where g; satisfies
condition (a) and gy has sublinear growth with respect to the variable u. In these works it
was proved that there exists four families of unbounded continua of nontrivial solutions in
R x C1[0, 1] emanating from bifurcation points and intervals of the line of trivial solutions
corresponding to the eigenvalues of the linear problem (1.1)-(1.3) with g = 0 and contained
in the classes of functions with usual nodal properties.

In this paper, we study the global bifurcation from infinity of nontrivial solutions to
problem (1.1)-(1.3).

The structure of this paper is as follows. In Section 2 we reduces problem (1.1)-(1.3)
to the nonlinear operator equation, and prove that the corresponding nonlinear operator is
asymptotically linear. In Section 3 using the approach used in [23] and [24], we transform
this bifurcation from infinity problem to the bifurcation from zero problem with completely
continuous operators. Next combining global bifurcation results in [14], [18] and [22] we
prove the existence of global continua of solutions bifurcating from infinity which are sim-
ilar to those obtained in [6] and [7].
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2 Reduction of problem (1.1)-(1.3) to an operator equation and the necessary
auxiliary results

Let H = L2(0,1) ® C be a Hilbert space with the inner product
(@7 @)H = ({y7 OK}, {Ua 5}) = (ya U)LQ + afla Ba

where (y,v)r, is a scalar product in L3(0,1). In H we define a linear operator

Ay = Ay, a} = {{(y),p(1)y'(1) — bry(1)},
on the domain

D(A) ={y={y,a} € H:y, py' € AC[0,1], £(y) € L2(0,1),
boy(0) = dop(0) y'(0), = a1 y(1)}.

In view of condition (1.4) it follows from [16, §§2-3; 18, Lemma 2.1] (see also [10,
Lemma 2.1]) that the operator A is self-adjoint and positive definite on D(A).
We also define the operators R : H — H and G : R x D(A) — H as follows:

Ry = R{y> Oé} = {Tya O‘}? G()‘a y) = G()‘> {y7a}> = {g( Y, yla )‘)a 0}7

where o = a y/(1). Thus the nonlinear eigenvalue problem (1.1)-(1.3) is reduced to the
following equivalent nonlinear eigenvalue problem

A = ARj+ G(N\,7), § € D(A), @.1)

i.e., between the solutions of problems (1.1)-(1.3) and (2.1) we can establish a one-to-one
correspondence

(Avy) AN ()‘7:g)7 y= {ya Oé}, o = aly(l)' (2.2)
We consider the linear eigenvalue problem

(Ly)(z) = Mr(z)y(z), = € (0,1),
boy(0) = dop(0)y’ (0, (2.3)
(a1 A 4 b1)y(1) = p(1)y'(1).

which obtained from (1.1)-(1.3) by setting g = 0. It follows from [10, Theorem 3.2] that
the eigenvalues of the linear problem (2.3) are all real, simple and form two unbounded
sequences

0<A <A< ... <A <

and
O0>AT >A > ... > A > ...

For each n € N the eigenfunction y;" (x) (y,, (x)), corresponding to the eigenvalue A\, (\),
has exactly n — 1 simple nodal zeros in (0, 1) (recall that the zero of a function is called a
nodal zero if the function changes sign at this zero; the zero of a function is called a simple
nodal zero if the derivative of the function at this zero is nonzero).

Note that the linear problem is reduces to the following operator equation

Ay = ARy, § € D(A). 2.4)
We introduce the notation:

beo = {y € C[0,1] : boy(0) = doy/(0)}.
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By E we denote the Banach space C'*[0, 1] N bcy with the norm

[yl = IYlloo + 1% loo, [[¥lloo = max |y(z)].
z€[0,1]

Let £ = E & C be the Banach space with the following norm

19l = [{y: ety = llyll + [af -

Note that if {y,a} € D(A), then by p € C1[0, 1] we get ¢ € AC|0, 1]. Consequently,
we have y € C*[0, 1], which implies that

D(A) C E.
Now by E° we denote the Banach space C°[0, 1] @ R with the norm

19llo = Ky, a}llo = llyllo + lel, llyllo = max [y(z)].
z€[0,1]

By the definition of operators A, R, and G it follows that
A:E—)EO, R:EA’O—>E0, G:RxE — E°.

Since the operator A is positive definite on D(A), it follows from Lemma 3.3 of [9] that
there exists

A=A"1:EY = D(A)

which is a compact and continuous mapping. Then problem (2.1) we can rewrite in the
following equivalent form

§ = MRj + AG\,9), § € D(A). 2.5)

Denote:
R =AR and G = AG.

Then, in turn, problem (2.5) can be rewritten as follows:
¥ =Ry +G(\7). (2.6)

Note that
R:FE—E andg:RxE%E‘.

It follows from definition of operator R that

[R9llo < r1[|9ll1, m1 = max |r(z)],
z€[0,1]

and, therefore, the operator R is completely continuous due to the complete continuity of
A. Moreover, G is a continuous operator.

Lemma 2.1 For any bounded interval A € R the relations
G(A9) = o(llglh) as [1gll — +o0 2.7)

holds uniformly in \ € A.
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Proof. By virtue of (1.6) for any sufficiently small € > 0 there exists sufficiently large
A, > 0 such that for any (z,u,s,\) € [0,1] x R3, |u| + |s| > A, A € A, the relation

e (Jul + |s|)
T,U,8,\)| < ————

holds. In other hand since g € C ([0, 1] x R3; ]R) it follows that there exists positive con-
stant M. depending on ¢ such that for any (x,u,s,\) € [0,1] x R3, |u| + |s| < A, X € 4,
the following inequality holds:

(2.8)

l9(z,u, 8, )| < Me. (2.9)
Let us choose a sufficiently large number A, | > A; so that

M, €

< . 2.10

Ay S 2] e
Then, for any A € Aand § € E with ||y||; > A.1, we have

1G9l < [JATIG »)llo = (1A Jnax, l9(z, y(x), 4 (z), M| < [ A]

X max max l9(z,y(@),y'(z), M), max l9(z, y(2),y (), )]

z€[0,1], z€[0,1],
y(@) |+ (@) <A, ly(@) |4y (2)] > A,

A€A AeA

< ||A|| max {ME’ gHyh} < [l Al max{gA&l’ EHyHl} <l Ly @y

2|l 2[lAl" 2| Al 2

The proof of this lemma is complete.

3 Global bifurcation from infinity of solutions to problem (1.1)-(1.3)

To study the global bifurcation of solutions to problem (1.1)-(1.3) we will use the subsets
STV and STV, n e N, o € {+,-},ve{+,—} of Eand E, respectively, with fixed
oscillation count, which defined in [18, § 3]. Moreover, adding the points (A, 00), A € R, to
R x E and defining an appropriate topology on the resulting set, we obtain that (A, 00) is

an element of R x .
Recall that problem (1.1)-(1.3) is equivalent to problem (2.6). For problem (2.6) we have
the following global bifurcation result.

Theorem 3.1 For eachn € N, each o € {+, —} and each v € {4+, —} there exists an
unbounded component cov of the set of nontrivial solutions of (2.6) and the neighborhood
Q%" of the point (X%, 00) such that

(i) 7" C R? x E, where Rt = (0, +00) and R~ = (— 00, 0);

() Cr' N Oy’ CRY x Sy

(iii) either C" meets (A2, 00) with respect to the set R x S’Z} v for some (n',V'") #
(n,v), or Cy¥ meets (X, 0) for some A € R, or projection PZ(C") of C"” onto RZ x {0}
is unbounded, where 0 = {0, 0}.
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Proof. To prove the theorem using the approach used in [23] and [24], we transform
the bifurcation from infinity problem (2.6) to the bifurcation from zero problem. For this
purpose, by following [24], we consider the following map

Tr(A,yH(A,@:(A,W%),(A,meﬂ%xﬁ,@#d @.1)

Let C be the set of nontrivial solutions of problem (2.6). If (\,y) € C, then we have the
following relations

1 D
19][1 = 9l = = and § = ——. (3.2)
1911 H 19111 013
Hence under the inverse transformation 71, we get

T (00) = () = (A ) (3.3)

19111

Dividing both parts (2.6) by ||||? and using (3.2), we get
b= AR+ ||| G (A, HUIIQ) : (3.4)

vli1

Let G : R x £ — F be the continuous operator defined by
. 5112 v ) i H £ 0

Gy = {10136 (A ) i 020,

0 if v =0.

(the continuity of this operator for v = 0 follows from Lemma 2.1). Then problem (3.4)
takes the following form

b= ARO+G (D). (3.5)
We now prove that the operator Gis completely continuous and satisfies the condition:
G\, 0) = o([[8]h) as [|o]1 — 0, (3.6)

uniformly in A € A for any bounded interval A C R. Indeed, by (2.7) (see Lemma 2.1) for
any small ¢ > 0 there exists a sufficiently large A, ; > 0 such that

)\ ~ N ~
W <e¢ forany g € E, [|g]1 > A.1 and X € A. (.7
1

Then for any (\,v) € R x E such that A € A and [|9]|; < 0.1 = AA;% we get

=, Hg(’u |, 199

Gy I (h
R

ol 19111

<e  (38)

||v||1
which implies (3.6). B
Let B(g be an open ball in F of radius & centered at 0, and B(; is the closure of this ball.

Now we will fix the number ¢ > 0. Then, by (3.8), for any (X,0) € A x B, , we get
the following estimate

lIG(A, )11

IG(X, )1 = ol

6]y < el|o]l1 < eden, (3.9)
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i.e., the set G(A x Bj,) is bounded in E. Since for any & # 0

. D o
G\, D) = @||29<)\,A>: o|2A7t@ ()\, . )
116\ ) = el EE

it follows that @& = G(\, 0) (10 = (w, ayw(1)) satisfies the equation

Aw:umﬁa(mFQ).
10113
Hence the function w(z) satisfies the following differential equation

—@@»w@mﬂ+«mwmw=mﬁg<a”@;“93x),mem@y (3.10)
EERIEE

We rewrite the equation in the following form

w’(z) =

~ z,y(z),y (z 3.11
o5 (P @@ - g@w() + o LLHEONY 4 e (0,1). G-AD

1
[BIR

9 (z,y(x),y'(x),A)
1911
By virtue of (3.9) and (3.12) from (3.11) we get the following inequality

Since ||0]|; < 0.1 it follows that ||gj||; =
we have

> 5; 11 = Ae,l, and consequently, by (2.11)

< €. (3.12)

" (2)] < po {(lp I + llallso) lwlly + €821}

<pp (Il +llgllee) + 1) e den < pg (lp 11 + llalle) + 1),

where pg = m[in} p(x). Then, based on the Arzela-Ascoli theorem, we can assert that the
z€(0,1
set

{Q(A,ﬁ) Aed e ng,l}

is precompact in E, which means that the operator G:RxE— Fis completely continu-
ous.
In view of relation (3.6), by [20, Ch. 4, § 2, Theorem 2.1] problem (3.5) is linearizable,

and the corresponding linearization of this problem at ¢ = 0 is given by
U = ARO. (3.13)

It is obvious that the linear problem (3.13) is equivalent to the linear problem (2.4) (or (2.3)),
so that all eigenvalues of this problem are real and simple.

Since the operator Gis completely continuous which satisfies the condition (3.6) we can
apply Theorem 2 of [14] to nonlinear eigenvalue problem (3.5). Then by this theorem, [18,
Lemma 4.2] (which holds by condition (1.5)) and [22, Lemma 1.24] for each n € N and
each o € {4, —} there exist components Co " and CJ~ of the set C of nontrivial solutions
of problem (3.5), and neighborhoods Q5 * and Q5 ~ of the point (A9, 0) such that

(DCyT CR x Eand C ™ CR7 x E;

Q) CTTNOTTCR xSTTand €T NQY ™ C R x ST,
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(3) either C " and Cy ™~ are unbounded inR? x E or 50 ey #(M,0).

Statement (3) shows that for the set C (respectlvely, ) at least one of the following
holds:

3. a) (respec‘uvely, ") is unbounded in R? x E in which case either CJ
(respectively, 7) meets (A, oo) for some A € R7, or prg.. {0}(6 *) (respectively,
PrRoy {0}((,;0’ _)) is unbounded'

(3.b) C ot (respectively, C ) intersects with the set C (respectlvely, ) for
some (X, u), u # 0, in which case ;" (respectively, C;;' ~) meets (A7, 0) with respect to
the set R7 x S~ (respectively, R7 x ST,

B.o0)Cr T NnCT = (A7,,0) for some n # n' € N. Then, by statement (2), in this

case C; " (respectively, Cy' ™) meets (\7,,0) with respect to the set R” x S’Z; ¥ for some
vVel+, -1

By construction, the inversion (3.3) (i.e. inversion (\,9) — T~1(),¢)) maps C into
C. For each n € N, each 0 € {4+, —}, and each v € {+, —} we denote by C" and
Q%" the inverse images 7T —1(C7Y) and T—1(Q5") of C7¥ and Q5" respectively, under
the inversion 7. Since Q5" is a neighborhood of (A2, 0) it follows that Q5" C R x E is
a neighborhood of (A7, 00) € R x E. Now the statements (1)-(iii) of the theorem for @ZV
correspond, via 71, to the statements (1)-(3) for éZ’” ((here, three alternatives of statement
(iii) of the theorem for C3"” correspond to alternatives (3.a)-(3.c) of statement (3) for C5").
The proof of this theorem is complete.

Recall that between the solutions of problems (1.1)-(1.3) and (2.6) (or (2.1)) there is a
one-to-one correspondence (2.2). Therefore, Theorem 3.1 immediately implies the follow-
ing result.

Theorem 3.2 For eachn € N, each o € {+, —} and each v € {+, —} there exists an
unbounded component C;'" of the set of nontrivial solutions of (1.1)-(1.3) and the neigh-
borhood Q3" of the point (X3, o) such that

(i) Cr¥ CR7 x E;

() eat Ny’ CR? x Sp¥;

(iii) either Cr” meets (X7, 00) with respect to the set R x S, v for some (n/, v " #
(n,v), or Cp" meets (X\,0) for some X € R?, or projection PRJX{O}( »") of Co¥ onto
R x {0} is unbounded.

Remark 3.1 Following the corresponding reasoning carried out in [6] and [23], we can
give examples illustrating all possible cases stated in Theorems 3.1 and 3.2.
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