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Abstract. Let T be a multilinear Calder6n-Zygmund operator of type w with w(t) being nondecreasing
and satisfying a kind of Dini’s type condition and 7’7}, be the iterated commutators of the operator T with
BMO™ functions. In this paper, we study the boundedness of the operators 7" and Ty, on generalized

local Morrey spaces M];{ff} (R™) and generalized Morrey spaces Mp, ,(R™). We find the sufficient condi-

tions on the pair (¢1, p2) with b € BM O™ which ensures the boundedness of the operators 7" and 17,
from Mgf’?ﬁ}n (Rn) X X Mgigilm (Rn) to M;f;z} (]Rn)
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1 Introduction and Main Results

Let T' be a multilinear Calderon-Zygmund operator such that

Do d)@) = [ Km0 ) di,

m

x & () suppf;, where K(x,y1,...,ym) is an m-linear Calderon-Zygmund kernel of type
j=1

w(t) and each f; € C(R"),j =1,...,m.Letb = (b1,...,by) € BMO™ such that
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bj € BMO(R"), j =1,...,m. The m-linear commutator of 7" with b is defined by

Tso(fiy--s fm) = Zng(f)7
=1

where

T)(6) = b T(f1 s fjseos o) = Ty fieoos fim). (1.1)
The iterated commutator of 7" with b is defined by

T (£)(x) = [b1, [b2, - - [bi—1, [bms T)m)m—1 - - ]2, ]1(£) (). (1.2)

For an m-linear Calderén-Zygmund operator with associated kernel K (z,y), the iter-
ated commutator 777y, is given formally by

Tin(6)@) = o (L1050 = () ) K @) i) - o)
j=1

Here and in what follows,y = (y1,...,Ym), (z,¥) = (x, 91, ..., ym) and dy = dy; . . . dym,.

The study of multilinear Calderén-Zygmund theory goes back to the pioneering works
of Coifman and Meyer in 1970s, see e.g. [2,3]. This topic was then further investigated by
many authors in the last few decades, see for example [6,15,18,23]. The classical Morrey
spaces M, » were introduced by Morrey [21] to study the local behavior of solutions to
second-order elliptic partial differential equations. Moreover, various Morrey spaces are
defined in the process of study. The first author, Mizuhara and Nakai [7,20,22] introduced
generalized Morrey spaces MpM(R”) (see, also [8,12,24]). In [4], the boundedness of the
multilinear commutator of Calderén-Zygmund operator 73, from one generalized variable
exponent Morrey space M) ,, to another M, ., forb = (b1,..., bm) € BMO™ was
proved, see also [1,5,13,14].

The purpose of this paper is to prove the boundedness of multilinear Calderén-Zygmund
operators 1" of type w and their iterated commutators 777, with BAM O™ functions from
MAT (R?) x - x M™eb, (™) to M) (R™).

Our main results formulated as follows:

Theorem 1.1 Let m > 2, zp € R™, T be an m-linear w — CZO and w € Dini(1).

m
Suppose that py, . ..,pm € [1,00), p € (0,00) with 1/p = Z 1/pi, 01 = (€115, P1m)

=1
and (1, p2) satisfies the condition
® n n dt
_n .. n A dt _ ‘
| esint s [Toutens) G < Catenr) (13)
where C does not depend on r.
(1) If1 <pj <ooforallj=1,...,m, then there exists a constant C > 0 such that

IT®N 00 < C Tl

j=1 P11
(2) If1 <pj <ooforallj=1,...,m,and at least one of the p; = 1, then there exists
a constant C' > 0 such that

PiP1i

m
7Ol < TNy,
‘]:
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Corollary 1.1 Let T be an m-linear w — CZO, m > 2, and w € Dini(1). Suppose that
m
P15 Pm € [1,00), p € (0,00) with 1/p = 3 1/pi, 1 = (11, - -, 1m) and (p1, p2)

=1
satisfies the condition
® n dt
t P inf s» ; —<C 1.4
/T v ess infsv gw1z(w,8) - < Cpa(a,r), (1.4)
where C' does not depend on x and r.
(1) If1 <pj <ooforallj =1,...,m, then there exists a constant C > 0 such that

m
HT(f>HMp,Ap2 S C H Hf]HMpz,wh
j=1

(2) If1 <pj <ooforallj=1,...,m, and at least one of the p; = 1, then there exists
a constant C' > 0 such that
m
IO lw sy < C LTIl 0,
j=1

Theorem 1.2 Let m > 2, xg € R", T be an m-linear w — CZ0O and w satisfies

1
t 1
/ wit) (1+10g 7>mdt < o (1.5)
0 1 ¢
m
Suppose that p1,...,pm € (1,00), p € (0,00) with 1/p = > 1/p;, and (1, p2) satisfies
i=1
the condition
& t\m _n n o dt
1+In-)" ¢ inf - @ < 1.6
/T ( tin- P ess inf 57 Z1_[1901@(9?7078) - < Ca(zo.7), (1.6)

where C' does not depend on r.
Ifb; € BMO, b = (by,...,by), then there exist constants C > 0 independent of
f=(f1,..., fm) such that

m
x < * ; z 9 *
ITi70(®) 90 < € ol TTNAl 1.7

m
where [[b|[. = Hl 16|

1=

Corollary 1.2 Let m > 2, T be an m-linear w — CZ0O and w satisfies (1.5). Suppose that

m
Ply--yPm € (1,00), p € (0,00) with1/p = > 1/p;, and (1, @2) satisfies the condition
i=1

o0 t\m _n . L dt
/r (1—}—111;) t 7 essinfsr Htpu(:c,s)t < Cpalz,T), (1.8)

t<s<oo

where C' does not depend on x and r.
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Ifb; € BMO, b = (by,...,by), then there exist constants C > 0 independent of
f=(f1,..., fm) such that

1T116(8) 151, 0, < C bl T 1fillagy, - (1.9)

=1

Theorem 1.3 Let m > 2, xg € R", T be an m-linear w — CZO and w satisfies (1.5).
Suppose that (1, p2) satisfies the condition

o tNm dt
/r <1+ln;) t™ " essinfs H@li(xg,s)7§6'g02(aso,r), (1.10)

t<s<oo
i=1

where C does not depend on r.
Ifb; € BMO, b = (by,...,by), then there exist constants C > 0 independent of
f=(f...,fm)suchthat

m
1T (£)ll,y 000 < C Il TSN yor (1.11)
Loz i=1 3(7m) 1,
where @(t) = t(l + 10g+ t) and @(m) =do---09.
m times

Corollary 1.3 Let m > 2, T be an m-linear w — CZ0O and w satisfies (1.5). Suppose that
(@1, 2) satisfies the condition

0 t\m o dt
141 7) e inf 5" i\, < ' 1)
/r ( + n ess inf s iljlgol (x,8) — < Cpaz,T)

t<s<oo t

where C' does not depend on x and r.
Ifb; € BMO, b = (b1,...,by), then there exist constants C > 0 independent of
f=(f ..., fm)such that

m
T (F)llwar, ,, < Clbl ] 1fill sz my
i=1
This paper is arranged as follows. In Section 2, we recall some basic definitions and
known results. Section 3 is devoted to proving our main theorems.
Throughout this article, we will use C' to denote a positive constant, which is indepen-
dent of the main parameters and not necessarily the same at each occurrence. Besides, we

will denote the conjugate exponent of p > 1 by p’ = p/(p — 1). By A < B, we mean that
A < CB for some constant C' > 0, and A ~ B means that A < Band B < A.

2 Notations and definitions

We now recall the definition of multilinear Calderén-Zygmund operators of type w.

Definition 2.1 Ler w(t) : [0,00) — [0,00) be a nondecreasing function. A locally inte-
grable function K(x,y1, .. .,Ym), defined away from the diagonal x = y1 = ... = y, in
(R™)™H1, s called an m-linear Calderén-Zygmund kernel of type w if, for some constants
0 < 7 < 1, there exists a constant A > 0 such that

A
(lz =y + -+ [z = ym[)™"

|K(377y17~-- 7y’m)‘ S
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forall (z,y1,...,ym) € (R™)™ L with x # y,; for some j € {1,2,...,m}, and

‘K(%yh--wym)_K(37/7yly--~7ym)‘
A |z — 2|
< o ).
(lz =i+ e =y Nz =y + -+ |2 =y

whenever |v — 2’| < T max |z — y;|, and
1<j<m

|K(x)y17"‘7yj7"'aym)_K(x/7y1)"-7y§‘a"'7ym)’

o
< A w( |y_] yj| )’
R el (e N e T e o 701

/
whenever ‘yj yj‘ T 1I<HZ8<D( ’.’L‘ yz|
We say T: S(Rn) X ... X S(Rn) — S/(Rn) is an m-linear operator with an m-linear

Calderon-Zygmund kernel of type w, K(x,y1,...,Ym), if

T(fr,-- - fm)(@) = /(Rn)m K@y, sym) iyr) - fm(Ym)dys - dym,

m
whenever © & (| suppfj and each fj € C(R"), j=1,...,m.
j=1

If T can be extended to a bounded multilinear operator from Lg, (R™) x - - x Lg, (R™)
to Ly oo (R™) for some 1 < qq,..., ¢y, < oo, and % = q% + -+ qim, then T is called an
m-linear Calderén-Zygmund operator of type w, abbreviated to m-linear w-CZO.

When w(t) = t° for some ¢ > 0, the m-linear w-CZO is exactly the multilinear

Calder6n-Zygmund operator studied in [6] and [16]. The linear w-CZO was studied by
Yabuta [25].

Definition 2.2 Let w(t) : [0,00) — [0, 00) be a nondecreasing function. For a > 0, we say
that w satisfies the Dini(a) condition and write w € Dini(a), if

Lot
‘W|Dini(a) = / t( )dt < 0.
0

We would like to note that Maldonado and Naibo [19] studied the bilinear w- CZOs
when w is a nondecreasing, concave function and belongs to Dini(1/2). Recently, Lu and
Zhang [18] improve and extend their results by removing the hypothesis that w is concave
and reducing the condition w € Dini(1/2) to a weaker condition w € Dini(1).

Theorem 2.1 [18] Let w € Dini(1) and T be an m-linear operator with an m-linear
Calderon-Zygmund kernel of type w. Suppose that for some 1 < q1,...,qn < 00, and
some 0 < q < oo with % = qil + e+ q%’ T maps Ly, (R™) x --- x Ly, (R™) into
Ly oo (R™). Then T can be extended to a bounded operator from Li(R™) x - -- x L1(R") to
Li (R").

Remark 2.1 Perez et al. [23] proved the same results in Theorems 1.3 and 1.4 in case
w(t) = t¢ for some € > 0. We also note that similar results for T’s;, were proved in [18] for
commutators of the linear Calderén-Zygmund operator of type w, see [17].

The following result holds.
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Theorem 2.2 [18] Let T be an m-linear w—CZO and w € Dini(1). Let also p1, . .., pm €
[1,00), p € (0,oo)with%: ;%1"’"'4-}%-

(1) Ifl1 <pj <ooforallj=1,... ,17;;, then there exists a constant C' > 0 such that

1T, < T 15,

j=1

(2) If1 <pj <ooforallj=1,...,m, and at least one of the p; = 1, then there exists
a constant C' > 0 such that

T lwe, < C Tl
j=1

In [8] and [10] the first author defined the generalized Morrey spaces M,, ,(R"), the
generalized local Morrey spaces Mgff} (R™) and their weak versions as follows.
Definition 2.3 Let 1 < p < oo and ¢ be a positive measurable function on R™ x (0, 00). We

denote by M];{f,f)}(]R“) and M, ,(R") the generalized local Morrey space, the generalized
Morrey space respectively, the spaces of all functions f € L%DOC (R™) with finite norms

_1
1F11 ooy = sup (o, )" [B(o, 7)™ % | Il L, (B(wo.m)s
I

_1
1£llaz,, = sup (e, r) ™ B, )77 1 fllz,Be.m),

z€R™,r>0

respectively.
Furthermore, by W M, ,(R™){®0} and W M,, ,(R™) we denote the weak generalized

Morrey space and weak generalized Morrey space respectively of all functions f € VVL}DOC (R™)
for which,

1
HfHWMg;o} = iglg@(woﬂ“) YB(o, )7 I fllwi, (Bor) < 00

_1
HfHWMpW = Sup gO(l',?”)_l |B($7T)’ P ”f”WLp(B(x,r)) < 00,
zeR™,r>0

respectively.

A—n
Remark 2.2 (1) If p(z,7) = » with0 < A < n, then Mje) (R") = LI} (R) is the
local Morrey space, M,, ,(R"™) = L, y(R") is the classical Morrey space and WM‘{,{,ZO} (R™) =

WL;?C/\O}(R”) is the weak local Morrey space, WM, ,(R") = WL, ,(R") is the weak
Morrey space.

(2) If p(z,r) = |B(x, T)F%, then MI;{,ZO}(R”) = M, ,(R"™) = L,(R") is the Lebesgue
space and WMI}{fDO} (R™) = WM, ,(R"™) = WL,(R") is the weak Lebesgue space.

Let us recall the definition and some properties of BM O. A locally integrable function
b belongs to BM O if

1
Ibll. = sup / 1b(x) — bp|da < oo, @.1)
BCR”LB’ B

where bp = |B|™! [, b(y)dy.



52 Multilinear Calderén-Zygmund operators with kernels of Dini’s type and . ..

Lemma 2.1 /9] Letb € BMO, 1 <p < oo, and r1,r2 > 0. Then,

1 1/p r
B(zo. )| - P < L
<\B(a;0,r1)| /B(xm) b(0) = bp(anap ) < Cos (14 |72

where C' > 0 is independent of f, xq, r1, and 7.

) Q2

We will use the following statement on the boundedness of the weighted Hardy operator

Hy,g(t) := /too g(s)w(s)ds, Hyg(t) := /too (1 +In ;)mg(s) w(s)ds, t >0,

where w is a weight. The following theorem was proved in [9].

Theorem 2.3 [9] Let vy, v and w be weights on (0,00) and v1(t) be bounded outside a
neighborhood of the origin. The inequality

sup v (t) Hyg(t) < C supwy(t) g(t)
t>0 t>0
holds for some C > 0 for all non-negative and non-decreasing g on (0, c0) if and only if
o0
d
B := supvg(t)/ w(s) ds < 0.
t>0 t  SUPs<r<oo V1 (7—)

Theorem 2.4 [9] Let v1, v and w be weights on (0,00) and v1(t) be bounded outside a
neighborhood of the origin. The inequality

supva(t) Hyg(t) < Csupvy(t) g(t)
>0 >0

holds for some C' > 0, for all non-negative and non-decreasing g on (0, 00) if and only if

o m d
B :=supva(t) / (1 +In f) w(s) ds < 00.
t>0 t t SUPs<r<oo V1 (T)

3 Proof of Main Results

We first prove a theorem below, such that we prove Theorem 1.1 with the help of this
theorem.

Theorem 3.1 Let m > 2, xg € R", T,,, be an m-linear w — CZO, and w € Dini(1). If
Pls---Pm € (1,00) and p € (0,00) with1/p =" | 1/p;, then the inequality

n [P _n dt
HTm(?)HLp(B(;ro,r)) Sre /2 e T IflL,, (o " (3.1)
T i=1
holds for any balls B(xq, ), and for all ? € LfDOIC(R”) X +ee X Li,‘:s (R™).
Ifp1,....,pm € [1,00), min{p1,...,pm} =1, and p € (0,00) with 1/p = 321", 1/p;,
then the inequality
dt

ITE) wr,,Bzor) ST /2 tr ] 1fill Ly, (BGo) 7 (3.2)
r i=1

holds for any balls B(x,r) and for all 7 € LI¢(R™) x - x Lloc(R™),
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Proof. Let (p1,...,pm) € (1,00)™ and p € (0,00) with 1/p = > 1/p;. For the
moment, we denote the multilinear singular integral operator on L, (R™) x --- x L, (R")
by T} to avoid confusion.

For arbitrary x € R", set B = B(xq, ) for the ball centered at = with a radius 7,

2B = B(xg,2r). We represent? (f1,--+, fm)as
fj:fjo_‘_f;oa f‘j():f]XQBa fjoo:ijC(QB)a ]Zlaam (33)

Then we write

[T =T (Hw) +2w) = > D) - e (ym)
i=1 i=1 B15e-sBm€{0,00}

=11Rw)+ > @) forym),

i=1 B1ye-sBm

where each term in E/ contains at least one /3; # 0.
Forall f € LI%(R™) x --- x LI¢(R™), we define

T(F)@) =Tl .. S @) + S TP 1) (@), (3.4)

where 1, ..., Bm € {0,00} and each term in Zl contains at least one 3; # 0.

First we show that T(?)(z) is well-defined a.e. x and independent of the choice B
containing x. As Ty is bounded on L,, (R"™) x - - - x L;, (R™) provided by Theorem 2.1 and

(f0, s f0) € Ly, (R™) x -+ - x Ly, (R™), To(f7, ..., f0) is well-defined. Next, we show
that the second-term of the right-hand side defining 7'( f )(x) converges absolutely for any
? € LI(R™) x - x LI°¢(R™) and almost every = € R".

For the other terms, let us first deal with the case when 81 = - -+ = [3,,, = o0

Whenz € B, y; € lj(2B), we have %\xo — il <z —yi| < %\xo —vil,

!

B1 Bm T |f1(y1)fm(ym)|
S |re s )\5/( camy” T T

BrysBm TO = Y1s- -+ %0 ~ Ym)

m

/ H |f1 yz )
(2B)) Io—yz|" v

=1

By Fubini’s theorem we have

|fz yz - dt
/ (*ep)) H T lzo — \m" he ’”Hm (3] el

IIO yzl

dt dt
~ Filwldy-2 < / / i)y 2L
/27" H/2r§mo—yi<t tntt 2r H B(zo,t) ¢t
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Applying Holder’s inequality, we get

| fi(yi)l dt
/ H . ‘n vi S H 1fill s (B o) 1ML, (B@o.) gt
0~ Y -1
_n dt
~ [T Hufiuwgm,t»@. 6.5
T i=1

We now consider the cases when exactly [ of the 3;’s are oo for some 1 < [ < m.
We only give the arguments for one of these cases. The rest are similar and can easily be
obtained from the arguments below by permuting the indices. To this end we may assume
that 5y = ... =y = ocoand ;41 = ... = By = 0. Recall the fact that |xg — y;| = |z — y;|

forz € B,y; € C(23) and 1 < ¢ <. We have
}T(ffoa ~aflooaflo+1a-- 7f7gz)($)‘

. /(3(28))l /(23))m_l (lzo = yal + -+ |lzo — wil )™
<T_(m_z)n/ [f1(y1) - fily) dys - - - dy
- (Pem) (

lzo — y1| + - + o — w| )i

x /(QB)ml ‘fl(yl-‘rl) T fm(ym)‘ dyl+1 . dym

Wl =t T 15 ()l
/ p|x0_yl‘n Yir /(QB)ml H ’fl(yl”dyz

i=l41

Applying Holder’s inequality, we get

|fz yz dt
/ ) H,xo_w wi [ HufiuL,,ABm,t» 10, 50 s
b dt
5/2 . HHfZHL,J (3.6)

and

—n(m—1) | | ey A | | , ,
r /(QB)m—l | fi(yi)ldyi S Hfz”Lpi(QB) HluLpi(QB) /Zr el

i=l+1 i=l+1
dt
<[ T 170y ) 12y 0 o
1= l+1
S/ e H £z, 5 xo,t) (3.7)
2r 1=l+1

Therefore, from (3.5), (3.6) and (3.7) we get second-term of the right-hand side >~ T'(f;",...

Blr“vﬁm

converges absolutely for any 7 € LP¢(R™) x -+ x LI°(R™), and almost every z € R™,
and therefore we get the right-hand side of (3.4) is finite.

m

)(2)
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We will show that the definition is independent of the choice of B. Let B = {B(z,r) :
x € R™ r > 0}. For simplicity, let’s assume that m = 2. That is, if By, By € B and
x € By N By, then

To(fixes,, faxeB,) (@) + T(fixes,, f2x 8(231))(-%')

+T(f1ixeyp, ) foxen) (@) + T(fixe g0 f2X 00 ,) (@)

= To(fixzmy, faxom, ) (@) + T(fixzps: foxcyp, ) (7)

+T([1Xeyp,y foxen:) (@) + T(fixe g, f2X 005, (2)- (3.8)

Actually, let Bs € B be selected so that 281 U 2By C Bs.

Since fixap,, fixBs\281 € Lpyuw (R™), faxas,, foxBs\28, € Lpyw, (R™), the linear-
ity of Ty on Ly, 4, (R™) X Ly, 1, (R™) yields

To(fixzpys foxopy) (@) + T (fixans foxeyp ) (@) + T(fixey,p, \» faxen) (@)
+T(fixegp, ) X005 (@) = To(fixes, f2x2p,) (@) + T(fixes, faxB\28) (@)
+ T(fixas,s faxey ) () + T(fixss\2s,, faxas,) (€) + T(fixoy, » faxes,) (@)
+T(fixss\2m:» faxsa\2s,) () + T(fixey, s faxs\2,) (%)

+ T(fixss\281 foxep )(@) + T(fixceg,, faxog, )(2)

= To(fix2B:: fox2s, ) (@) + To(fixen,, f2XBs\28,)(T)
+T(fixas,, faxey ) (@) + To(fixpaes, faxes) (@) + T(fixoy,, faxes, ) ()

+ To(fixsa\2B,s faxss\es ) (@) + T(fixey, » f2XB5\28,) (%)

+ T(fixss\2,» faxey )(@) + T(fixey,, faxey ) (@)

= To(f1xBs» foxss) (@) + T(fixBs: faxey ) (@)

+ T(fixey,, faxs;) () + T(fixey,, faxey )(@). (3.9)

Similarly, we also get

To(f1x2B2: foxoB,) (%) + T (fix2Bss faX ey, ) (@) + T(fixey,p,  fax2m,)(7)
+T(fixeyp,)y foXeyp,) ) (@) = To(fixes,, faxes,) (@) + T(fixzs,, f2xBs\28,) (%)
+ T(fix2B,: faxey ) (@) + T(fixps\2,) f2x28,) (€) + T(fixey, s fax2p,) (@)

+ T(fixBs\2By» foxBy\28,) (%) + T(f1xcy, s f2XBs\28,) (%)

+T(fixss\28y» foxey ) (@) + T(fixey , faxcey )(2)

= To(f1X2B,» f2X2B,) () + To(f1x2B,, foXBs\2B,) (%)
+ T(fixas,: faxeg ) (@) + To(fixps\28y» foxes,) (@) + T(fixey, s f2x28,) (%)

+ To(f1xBs\2B,» faxBs\2B,) (%) + T(fixey s f2XBs\28,) (%)

+ T(fixss\28ys foxey ) (@) + T(fixey,, faxog )(2)

= To(f1xBs, foxBs)(x) + T(fixss, faxey )(2)

+ T(fixeg,» faxss) () + T(fixey,, foxey ) (@) (3.10)
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Since T}, is an m-linear operator, we split Tm(7) as follows:

/

T Y| < T2 80+ Y Tt £ ),
B1yeesBm

where (1, ..., Bm € {0, 00} and each term in E/ contains at least one 3; # 0. Then,

HTm(7)HLp(B(:E,r)) < HTm(f{)’ T ’fnol)HLp(B(LT))

/

+ D2 Tl I By
B1se-sBm

and

(o) [ | ST N 1

!

| Y Tl {31,...,fﬁ’")HWLP(B(m,m-
B1,sPm

Applying Theorem 2.1 we get for p1,...,pym € (1,00), and p € (0,00) with 1/p =

le/pi
1T 50y < TPy ey S Huf?HLle)NHHfZHLm Be)
=1

m
and for p1,...,pm € [1,00), min{p1,...,pm} =1,and p € (0,00) with 1/p= > 1/p;
i=1

1Tl 1,5y < T Pz ey < T 1700, Rn)NHufzuLp B,
=1

On the other hand, we have

" n *® dt
T8k = 75 TT Wl o / e
=1 =1

s Pg

ng/Q tp HHszLp . 3.11)

Thus
a“ dt
1 Tom (Jﬁ)HLP(B(x ) / H fill,, (B - (3.12)
=1

For the other terms, let us first deal with the case when 81 = - - - = (3,,, = oc.
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When |z — y;| < 7,
therefore,

| > 2r, we have 3|z —yi| < |z —yi| < 3|z — s

T (£, 1)) S /(CB o) @ 'fff? — fm(g;z))'w dyr ... dym

/ H | fi(yi)
B(;v 27”) |I’ —Yi ’n

=1

and

o % fi(yi)
1T (25 s fa ) Ly (Br)) < / H " dyi | XBm L,

m
a:27‘) i=1 y‘n

z | fi(yi)l
TP dy;.
/BB(:): 27“ H ‘x - yl|n '

AN

By Fubini’s theorem we have

| fi(yi) ~/ /
/CBxQT H|x_y’n e EB(CE 2r) mH‘fl yl‘ tn—i—l yZ

=1
~ [ i / iyt < / I [ il
2r 2y J2r<|r—yi|<t tr 2r ;7 JB(at) 13k

Applying Holder’s inequality, we get

s ‘fz yz ' g
/UB xgr) m ll_I ’.T —Y; |n Yi & / 1_[1 HszLpi(B(x,t)) HlHLp;(B(x,t)) tnT

_n dt
3/ - HHfiHLpi(B(m,t))? (3.13)
2r i=1
Moreover, for all p; € [1,00), 7 = 1,...,m, the inequality
n e dt
T2 Sty 75 [ T oy G B39
i=1
is valid.

We now consider the cases when exactly [ of the 3;’s are co for some 1 < [ < m.
We only give the arguments for one of these cases. The rest are similar and can easily be
obtained from the arguments below by permuting the indices. To this end we may assume
that 1 = ... =y =occand Bj11 = ... = B, = 0. Recall the fact that |x — y;| = |z — y;|
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for z € B(x,r), y; € CB(JU,QT) and 1 <4 <. We have

T (F2°, o 0 flas - o) (2)]
< [fi(y1) - fon(ym)| dyr - . . dym,

s /@mm)l /(3@,2,,))”” (o~ i+ -+ |z — g

<r7(mfl)n / ‘fl(yl)fl(ym”dyldyl
~ (*B2n) (z—wl 4+ |z -yl

% /(B(:c 27"))m—l ‘fl(lerl) T fm(ym)‘ dyl+1 . dym

|fz yz n(ml)/ m
i(yi)|dy;.
/CBH?‘ I[l‘x_%'n (Ba2n)"™" LI vty

i=l+1
Applying Holder’s inequality, we get

| fi (i) / dt
’L (2 1
/ . iHW—yl" < H||f||L,,Z(Bm> Il 50 ot
l
-52
<[+ HufzuLp - 615

and

n(m—1) /(B( ) 1T 1£:(wo)idy:

i=l+1

- ©
3 | (T e /

tnl+1
i=l+1
dt
< / TT 111, o U, 5y T
r = l+1
Lodt

< [ L 1 e 1B 017 % G.16)

i=l+1
From (3.15) and (3.16) we get

||T (fIOO’ e 7floo7 fl(l,-la e 7f79L)||Lp(B(:E,T))

/G H LD / s Fi(02)dy;
B(z2r |:C_ z| (B(IQT))

/2 5 1L, e

=1
Thus we get the following inequality:

: n © a0 dt
Sre / tr (Bl
Ly(B(x,r)) o ll_Il 1y, (2.0

H Z Tm( igl""’ rﬁm)‘
Consequently, the inequality (3.1) is valid.

ﬁl ----- 5m
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Proof of Theorem 1.1. For (p1,...,pm) € (1,00)™ from Theorem 2.3 and Theorem
3.1 (see, inequality (3.1)) we get

e dt
HT(f)HM{ro} SUP<P2 To, T / H 1fill ey, (B0t 3
=1

m
Ssupt » Hsolz (z 7’) HszLpZ B(zo,r SHW%HM{”’} '
=1

r>0 i=1 Pi:P14

For (p1,...,pm) € [1,00)™, min{p1,...,pm} = 1 from Theorem 2.3 and Theorem
3.1 (see, inequality (3.2)) we get

76y S 500 2(a0r) ™[4 HHfZHLp wi) T
nm m

N Sl;lng lei(mr)q 1 fill Ly, (B0 S HHfiHM;?g,}lr

" i=1 i=1 T

This completes the proof of Theorem 1.1.

Now we prove a theorem below such that we prove Theorem 1.2 with the help of this
theorem.

Theorem 3.2 Let m > 2, xg € R", T be an m-linear w — CZO, and w satisfy (1.5). If

m
Pls--sPm € (1,00) and p € (0,00) with 1/p = > 1/p;, then the inequality
i=1

1 Tib (O] L, (B(wo,r)) S Hbll*r;

x/2 (1+m )" HHfZHLp B (3.17)

T

holds for any balls B(xq,r) and for all 7 € LIo¢(R™) x -+ x Lloc(R™),

Proof. For simplicity of the expansion, we only present the case m = 2.
We represent f; as f; = f + [, where [0 = fiXB(zo2r) @ = 1,2, and Xp(zo.2r)
denotes the characteristic function of B(xg, 2s). Then,

1/p
1 Tr16 ()| Lo (B(z0,r)) < </B( )\Tnb(f?,fg)(w)\pd$>
z0,r

+ (/B(xw) |Tnb(f{)»f2°°)(‘”)|pdw>l/p * </B(

1/p
+( / i (%, f5°) (@) Pda) " =T+ [T+ ITT+1V. (3.18)
B(xzo,r)

T (5, D@ (@) "

Zo,T)

Since T'rrp, bounded from L, x L, to Ly, we get

1/p ik
(| o Tl fE @1 ) S bl T mnany- 319
*o," i=1
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Then, by (3.11), we get

2
n [ _n dt
1S bllr? [ TTA s, w0 5 (3.20)
" i=1

Owing to the symmetry of II and III, we only estimate II. Taking \; = (b;) g(a,s), then

T (7, f2°)(x) = (b1(2) — M) (ba (@) — M) T(f7, £5°) ()
= (b1(x) = AM)T(f, (b2 = A2) f5°) (@) — (ba() = X2)T((b1 — M) f7, f5°) ()
+T((by — M), (by — X)) f5°) () = 11y 4 ITy + I 15 + 114, (3.21)

Similar to the estimate of (3.14), for any x € B(xq, s), we can deduce

2
i, S dt
swp (100N [ [[IAlomn T G2
z€B(zo,r) 2r =1
Applying Holder’s inequality and Lemma 2.1, we have
1/p
([ It = a)a(o) - alra)
B(zo,r)
2 9 1/2p
STI([ )= aprac) ™ < .. (323)

=1 B(zo,r)

Then, by (3.22) and (3.23) we have

( /B - |Hlyl’dx)1/ﬁ <( /B @) = X)) P dx)“p

2
o n o0 _n dt
x sup [T(f, f5°)(@)] £ bl r7 / 0 LA, o 7 324
r i=1

z€B(zo,r)
Applying the size condition, we deduce that, for any x € B(xq, 1),

T(f7, (b2 = X2) f5°) ()| (3.25)

b A
/ / | f1(y1)(b2(y2) — A2) f2(y2)| dyrdys
B(zo,2r) JR"\B(zq,2r) |:L‘ - y1| + |33 — Y2 |)

<3 (@) Lol [ (b)) fae) dae
j=1 B(IQ,2J+1T) B($0,2-7+17‘)
Note that
/ T [fily)ldyr < CllfillL,, Bo2i+1n) 1L, (Bwo27+17));
/ |(b2(y2) — A2) fa(y2)|dy2 (3.26)
x072]+1
< Cllfall Ly, (B(zo.2i+1r))l1b2(-) — )\2||Lp,2(3(x0,2j+1r))-
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Then,
sup [T(0. (b — Aa) f5°) ()] < C / HufzuLp
z€B(z0,r)
||1HL Py (B(=zg t))||b2( ) )\2”L A B(zo,t)) tn+1 (327)
From Lemma 2.1, we get
lea() — el <o [ jne)—reaz) ™
20) = A2 / zo,r)) = 2 — A2
Ly (B(zo,r)) o)
t /
SC(H 1“;’)\\62%!B(xo,r)|1/p2. (3.28)
Note that
HH Iz, ((B(wo)) B(zo,r H\B zo,7)| . (3.29)
From (3.27), (3.28), and (3.29), we can deduce
sup [T(f7, (b2 — A2) f5°) (2)]
z€B(zo,r)
& t
Shall [~ (14m)075 Humm (330
Applying Lemma 2.1 and using Holder’s inequality, we have
2 1
([ @ -npds) < ol []1BG 0l (331
B(zo,r) =1
Then, by (3.30),
1/p 1/p
( / 1nprar) " < ( / (b () — Ay)Pd)
B(xzo,r) B(zo,r)
2
1
xsup [T(f7, (b2 = Ao) f5°) (@) < T I1bill | B(zo, )7
x€B(xo,r) i=1
2
e t _1\ dt
X/z (14 r)<i1:11”f"”%<3(zo,t>>|B(”f077”)’ )% (532

r

) 2
~ |[b|l.r> / e TTIfile,, (ot =
2r i=1 ' t
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Similarly, we also have that

</B( )|I13|Pd$> 2 (Hb ||« ‘B xo, r)|p1)

zo,T I:I

X /2 (1 +In - ) (H 1fill L., (B(zo.1) !B(xo,t)lfp%') % (3.33)
T Pl

2
~ [[bflsr> /2 tr HHfiHLpi(B(:co,t))?'
r i=1

Applying the size condition again, for any = € B(zg, r), with the same method of estimate
for (3.30), we have

(01— M)f0 b — W) @) S 3@ T / C(biy) — M) i)y
j=1 =17 B(o,27%1r)
dt
<[ (Huf,uL,,z o I5C) = Nl (Bt ) oy (3.3
T =1
o
dt
Sivl [~ (1+ml) e anlan i) 7
Then,

( /B ( )|H4|pd:c)”’”s sup (b1 = )Y, (b2 = 22)f5°) (@)

x€B(xo,r)

2
n [ t\2 _n dt
Sivlrf [~ (1+mt) e T 15, v - (339)
Then, combining (3.24), (3.32), (3.33), and (3.35), we get

1/ n
([ rpa) < pirs (3.36)
B(zo,r)

< [T (1+mi)e panan i) 7

.
Finally, we still decompose T, (f7°, f5°)(x) as follows:

Tﬂb(ffoaféjo)( ) = (b1(z) — M) (b2(x) — A)T(f7°, £5°)(2)
— (b1(z) = A)T(f7%, (b2 — A2) f3°) (%) — (ba(x) — A)T((br — M) f17, f37) (@)
T((b1 — M) f%, (ba = A) f3°) () = IVy + IV + IV5 + I V). (3.37)

Because each term IV} is completely analogous to 11, j = 1,2, 3,4 with a bit difference,
we get the following estimate without details:

1/ n
([ wvpas)” <ol (3.38)
B(zo,r)

[T (emt) e pananp i) 7

r
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Summing up the above estimates, (3.17) is proved.

Proof of Theorem 1.2. For (p1,...,pn) € (1,00)™ from Theorem 2.4 and Theorem
3.2 (see, inequality (3.17)) we get

4 [ t\m _n 1 dt
(0] 00 <500 a0,y [ (141 8) " T e 5
1=

>0
" m m
< Sl>118t7 [T et ) fille,, Baen ST 1Fill o) -
r i=1 i=1 e

This completes the proof of Theorem 1.2.

The proof of Theorem 1.3 can be done using the method in Theorem 1.2, with similar
argument.
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