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Abstract. In the paper we study absolute and uniform convergence of biorthogonal expansion of the
function from the class W4 (G), G = (0, 1), in root functions of an odd order ordinary differential oper-
ator. Sufficient conditions for absolute and uniform convergence were established and estimation for the
rate of uniform convergence of these expansions on the segment G = [0, 1] was found.
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1 Introduction and problem statement

On the interval G = (0, 1) we consider an odd order formal differential operator
Lu=u®™" 4 Py(a)u® Y 4+ 4+ Py (z)u, m=1,2,..

with complex-valued coefficients P;(z) € W2™H=1(G), =2 2m + 1.

We denote by D (G) a class of functions absolutely continuous with their derivatives up
to the 2m -th order inclusively, on G = [0, 1].

Let us consider an arbitrary {uy, (x)} 7 consisting of eigen and associated (root) func-
tions of the operator L, corresponding to the system of eigen-values {\;} 32, and require
that together with each root function of order r > 1 this system includes the corresponding
root functions of order less than r and the rank of the eigen functions is uniformly bounded.
This means that ux(x) € D (G) and satisfies almost everywhere in G the equation

Lug + Apup, =0 up_q
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where 0}, either equals O (in this case ux(x) is an eigen-function), or 1 (in this case we
require A\ = A\p_1 and call ug(x) an associated function), #; = 0 (see [3]).
We will require that the system of the root functions {u ()} 32, and corresponding
system of eigen-values {\,} 2, satisfy the conditions A:
1) the system {uy, (x)} 22, is complete and minimal in Lo(G);
2) the Carleman and the ’sum of units” conditions are fulfilled
|[Im pg| < const, k=1,2,.., (1.1)

Z 1 < const, VY7 2>0, pr= Rep, (1.2)
T<pp<T+1

where )
e = (=i k) @m+1) for mma >0,
- 1
(i M) 2m+1) for ImM, <0,
1 1 )
(peie) f@m+1) _ j/(2m + 1) e am+1)

=p - < <.

3) the system {vy, (x)} 32 ,, biorthogonally conjugated to {uy (x)} 72, is the system of
root functions of the formally adjoint operator

Ly — (_1>2m+1 ,U(2m+1) + (_1)2m—1 (EU) (2m—1) Lo +7P2m+1 v,
ie. o
L v 4+ A vk = Op11 Vgt 1;

4) for the systems {uy (x)} 22, and {vy (v)} 32, the following “a priori” estimations are
fulfilled:

Ok luk—1lly < const (14 |u)*™ |lukll, (1.3)
Opir llonsally < const (14 |up)*™ [luglly (1.4)
where || -[|, = |- I )
5) for any 7 > 0 the following estimations are fulfilled
S lurlZ lurlly? < const (1+7) | (1.5)
0<pr<7
> okl oell3? < const (147) (1.6)
0<pp<T

6) for any number & the following estimation is fulfilled
| uklly || vklly < const. (1.7)

Let f(z) be an arbitrary function from the class W3 (G). Let us compose a partial sum
of its biorthogonal expansion in the system of root functions of the operator L:

o (@, f) =Y frur(z), v>0,

pL<v

where biorthogonal coefficients f; are determined by the formula:

fe=(f, vx) = /Gf(x) vg(z) dz.
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In this paper we prove the following theorem on absolute and uniform convergence of
biorthogonal expansion of the function f(x) in the system of root functions {uy ()} ;.

Theorem 1.1. Let the systems {uy(x)}re; and { i} pe, satisfy the conditions A, for the
function f(-) € W4 (Q) and the biorthogonal system the following conditions be fulfilled:

1
'f(a:) o™ (@) [ < O Il Norlla (1.8)

0

where 0 < 0 < 2m, pr > 1.
Then biorthogonal expansion of the function f (x) converges absolutely and uniformly
on G = [0, 1] and the following estimation is valid:

2 ,
oy (-, f)_ch[O,l] < const {C(f) (1—1—%) =2m =5 an o)

+ 7 v QU+ v | Qe v>2,

where
-2

Q) =" (—1)*™ " g PO (),

S

Il
o

l=2,2m+ 1, const is independent of the function f(x).
Corollary. If in the theorem 1.1 the function f(x) satisfies the condition f ( )

=f(1)=
[0, 1] and

0, then its biorthogonal expansion converges absolutely and uniformly on G
the following estimations are valid:
_1
||UV ('7 f) - f HC[O,l] < constv 2 H fHW%(G) ) v 2a (110)
1
low (o )= Fllogy = o (v73) . v +o0, (L11)

where the symbol “0” depends on f(x), while const is independent of f(x).
Note that such results for even order operators were established in [4], [11], [5], [2], [6].
For m=1, 1i.e. for a third order operator, these results were proved in [1], [7].

2 Some auxiliary statements.

It follows from the results of the papers [8-10] that subject to the condition A, each of the
systems

{wn@) ez} 22y and {on@) oel'f 72

form a Riesz basis in the space L2(G). Consequently, for them the Bessel inequality in the
space Lao(G) is valid.

Statement 2.1. The Fourier coefficients fi of biorthogonal expansion of the function
f(-) € W4(G) have the following representation

[
o J@ Y @) e
ka(f,Uk:):)TkZ N _EZT

=0
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2m+1

)\ Z )\z Z (Qlf ki—ﬂz—i_l l) ’ )\k‘#oa 2.1)

where ny; is the order of the root function vi(z).

Proof. Let the function vg(x) be an associated function of the operator L*, A\ be a
corresponding eigen value,\; # 0. By the definition of the function vy (x) the following
equality holds

L* vy, Uk41
vy = —— + 1 =
Ak A
1 1) = - v,
- <(_1)(2m+1) U](fm—H) + (_1)(2m 1) (P2 Uk)(2m 1) 4.+ P2m+1 Uk) +9k’+1 k+1
Ak A
allowing for which we obtain
1 0
(ks £) = == (L7 vk, )+ =24 (kg f)
Ak Ak
1 4 1
_ = (/U’(fm—l—l)7 f) +( 1)2m 1 ((P2 Uk)(Qm 1) 7 f) +
)\k >\k
1 Ok+1 (2m-+1) L/ @m-1)
+(-1) = (Pomt1vk, f) +—=—=— (kg1 f) = = (v, )= (v , Q2 f
A Ak A Ak
1 (2m—2) 1 Ok11
+= (Uk 7Q3f>+-~+:(UkaQ2m+1f)+j(Uk+1>f)'
A Ak Ak
Consequently, we have the recurrent relation
1 2m+1 0
2m+1 2m-+1-1 k+1
(Ukvf):: <U](gm+)7f)+z<vlim+ )7 Qlf) +j+(vk+lvf)'
Ak P Ak
Taking into account, 0y 41 = 012 = ... = Opypp, = 1, Op1p,+1 = 0, from this recurrent
relation we have:
1o (g, /) 1 o= 1 (2m+1-1)
(v, l== ) ——=—+= :(U : ,Qlf>-
Ak ; Ak M 150 ; Ak a
At first, making integration by parts in the expressions (U,(inzﬂ) , f) , © =0, ng, and then

taking complex conjugation, we obtain the formula (2.1).
Statement 2.1 is proved.
Statement 2.2. Subject to the conditions (1.1), (1.2), (1.4), (1.6) and 3) the systems

{of @) Noels" w™} o 0, s=T,2m,

are Bessel systems in the space Lo(G), i.e. for an arbitrary function f € Lo(G) the follow-
ing Bessel inequality is valid:

< M| flly, (2.2)

S (el eyt ) [

pr7#0

where M > 0 is a constant independent of f.
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This statement was proved in [8-9].
Statement 2.3. Subject to the conditions (1.5)—(1.6) for any u > 2 and § > Othe
following estimations are valid

S 1™ g |1 g 52 < Cr(S) w7, 2.3)
P
7 1kl T o 12 vk [l < Co(8) w2, (2.4)
PEZH

where C1 (0) , Ca (6) are positive constants independent of fu.
Proof. Prove the estimations (2.3). We fix any natural number p. Then

—(1+6 2 -2 — (144 2 -2
ST bl T w2 el < >0 o T e 12 (e |13

p<pr<[p]+p [ <pr<[u]+p
[u]+p
—(146 2 —2
< N g |2 5 (2.5)
n=[u] n<pp<n+l
Denoting
bp=n"U = N (w2 fukllz? S = a1+ a2+ ...+ an
n<pp<n+1

and using the Abel transformations, from (2.5) we get

—(1+6 2 -2
S Tl 2 Nl

p<lpr<[pu]+p
[w]+p [u]+p—1
< 2 anbau= 3 S (n = b)) + Sppip by — Sp-1 bl
n=[u] n=[u]
ul4+p—1
Z S (07 0D = (n 4 )7 ) (] +p)” O S+ ()™ O S
n=[u]

Considering here the estimation S,, < const (n + 1) that follows from (1.5), we obtain the

inequality:
(149) -2
ST el O e 12 1|13
n<pr<lu]+p
[1]+p—1

1406) (n+1)° _
<ot 30 (ot LI o const () +9) (b +0) 7

oo
+ const [ [,u]f(Ha) < const | (14 9) n~ (40 4 )70

n=|u]

IN

Ch (5) :uits )

where C1(8) = const (1+671).
Consequently, by the arbitrariness of the natural number p the estimation (2.3) is valid.
The estimation (2.4) is proved in the same way. Statement 2.3 is proved.
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Denote

L= L) =Y | 1ZAJ(sz, ol | u @)

PR

where _
w>2; =2 2m+1; z€G.

Statement 2.4. Subject to the conditions A the following estimations are valid.:

L(p) < constpz ™ |Qiflly, 1=2,2m; (2.6)
Iymy1 () < const =™ || Qo £y - 2.7)
Proof. Considering | A, | = |, |*™ " and applying the estimations (1.4), (1.6), we obtain:

- - (2m+1—1

<> Zwr | (@250 | o))
PEZ
<D0 Il el Zm [~
PE=

2m+1-1 2 -l
< (Quf sy w2 1v,§:;- ] P o

-
< const Z HUkHOO HUkHQ ‘M‘k
PR J=0

2 1—1
(sz [vrgslly t ph ™ IU;(J;JF ))’

(2m+1-1 Yo
< const S Nkl 3" sl Z](sz W ol o2 0 [ =29

PLZH

We apply the Cauchy-Bunyakovskii inequality for the sum. As a result we obtain the
following inequality:

-2 2 -2
I (p) < comst [ > |l ™ g2 luwll X
PR
2 1/2
ng
(2m+1-1
S (@ s ol o2 Y |
pe=p \J=0

Hence, by supn; < oo (this follows from the condition (1.2)) and statements 2.2 and
k

2.3 (see (2.2) and (2.3)) we obtain the inequality

1 1 -
I () < consty~! (sgpnk) 1Quflly < const 3~ [ Qufly. 1=2 2m.

The estimation (2.6) is established.
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To prove the estimation (2.7), at first we apply the Holder inequality forp =1, ¢ = oo,

then take into account sup n, < oo and apply anti a priori estimation (1.4). As a result, we
k
obtain

nk
Dot (1) < 3 (el ™S el ogsll o | 1Qamst £l -
PRI j=0

Hence, by the Cauchy-Bunyakovsky inequality, condition (1.7) and statement 3, it follows
that

1/2
Dot (1) < const {3 [l ™™ gl |2 [fue 152
PLZH
1/2
—(2m+1 2 -2
ST Ll ol 2 Nl 1Qam+1 £l
PLZH

< const ,u_zm HQ2m+1fH1 .

Statement 2.4 is proved.
Statement 2.5. Subject to the conditions A and (1.8), the following estimation is valid:

1
£t ol (1) 0

K
Az, ) = > Il (@) 1D el
P =0

k>

2m — 90
Proof. It follows from the condition (1.8) that

2
< const C(f) (1 + > A2 2 e G, w>2. (2.8)

Nk
Az, 1) < COF) D el el (Z |age| T AL ||vk+iuoo> :
1=0

PEZH

Applying conditions (1.4), (1.7) and considering sup n; < 0o, we obtain
k

Az, ) < const C(f) D |ml”*" " Juglloo Tonll

P
Tk (5—2m—1) (5—2m—1)
—om— 1 —2m— -1
< const CND_ (Il 7 Muwlog Nualz®) (ll™ 2 Nowlog Nonlls") -
=0

By the Cauchy-Bunyakovsky inequality and statement 2.3, from the last relation we
have
A, 1) < const C(f) C1 (2m =) Co (2m — &) p~ =0

2
> M—(Qm—&) ,

where C (2m — §) , C2(2m — §) are constants from statement 2.3 that do not exceed the
value

<
< const C(f) (1 + 5 — 3
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const (1 + Wl—é
proved. Statement 2.5 is proved.
Statement 2.6. Subject to the conditions A, the series

) . Uniform convergence of the series A (x, 1) and estimation (2.8) are

(#02))

uniformly converges on G = [0, 1] and the following estimation is valid:

Bw,p)= D Il k(@) | Dl
i=0

PrZH

B (z, 1) < const ;f% Hf’”2 , B> 2. (2.9)

2m—+1

Proof. Allowing for the equality |u| = |\x| we represent the series B (z, u) in

the form

ng
Bw,p)= Y el (Z (™ Nowwallz® o7 )| el 7m0 ||vk+z-u2> ()
=0

PEZ

Here we apply anti a priori estimation (1.4) and the condition 1.7.

ng
—1 — -1 (2
B (x,p) < const Z el ™ Nwell oo (Z ’ (f,> Nkzm vkl Ué;?) ‘ ||UI<:H2>
1=0

PR [

ng
—1 —1 — -1 2
< const Y flunll lunlls* Jpn) (Z](f',uﬁm lonsills" o3 \)-
=0

PEZ I

Hence, by the Cauchy-Bunyakovsky inequality, statements 2.2 and 2.3 we obtain
1 /o

- 2 —2
Bz, p) < const | Y pue® lukllZ lurlly
PE2 [

1/2

3

2
k
_ -1 2
x ( (15 2™ foesally* o) \)
przp \1=0

1/2

Nk

—1 _ 1 em) |?
< const ji /2 Mk <f’, ™ Mloesally” Uz(cﬁ)) ’

PEZ I 1=0

2
< const (pn) W E||f]], < const pmE |, -
k

Statement 2.6 is proved.
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3 Proof of the theorem 1.1.

Let us prove uniform convergence of the series
o0
D el fu() | 3.
k=1

on G = [0, 1]. For that we consider its remainder
R(p,x)="> |fil lu(x)]
Pl

and prove that uniformly with respect to z € G

NEIEOOR(/L,SU):O. (3.2)
By statement 2.1, the following inequality is fulfilled:
2m+1

R(,U,,.T) SA($7N)+B(J:7M)+ Z I, (M? (E) :
=2

Here applying statements 2.4, 2.5 and 2.6 (estimations (2.6) (2.9)) for R (u, z) we obtain
the following inequality uniform with respect to z € GG

0 < R(u,@) < const {C(f) (1+ )2M5‘2’”+u‘%||f’u2

2m — o

2m
1_ _
3@ 2 + 1 Qe Sl } -
=2

Consequently the relation (3.2) is valid and the series (3.1) uniformly converges on GG. The
uniform convergence of the series (3.1) implies uniform convergence of biorthogonal ex-
pansion of the function f(z) in the system { u(x) },—;. Since the system { ug(z) } oo, is
complete in Ly(G), the function f(z) is absolutely continuous G' = [0, 1], then its biorthog-
onal series converges uniformly just to f(z), i.e. the following equality is valid

f@) =Y frur(z), z€G.
k=1

We now estimate the difference f(x) — o, (z, f) in the metrics C' [0, 1].

> frwk

PE>V

| f=ou (. [) HC[O,I] =

< max E | fel lur(z)| = max R (v, x)
zelG zeG
C1o,1] PV

2 2m
< const {C(f) <1 + > pO=2m —i—z/_% Hf’HQ—i-Z a2l Q1 £l T 1Q2m+1 fll; } .
=2

2m — 0

The theorem 1.1 is proved.
If the function f(-) € W (G) satisfies the condition f (0) = f (1) = 0, then the esti-
mation (1.10) follows from the estimation (1.9). There with it suffices to take into account

C(f) = 0. MQuflly < Qo 1fllo » T =2, 2m: [|Qamt1 flly < [[Qamrlly [If]lo and
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I flloe < IIf'll5- And for the justification of the estimation (1.11) the attention should be
paid to the estimation of the series B (x, v) and to take into account

—2m 2m) 2
i (f i owsilly ! o) [T =0 ()

P2V

- -1 (2
as v — +00, because sup ny, < oo and the system { ;2" Vil U,(H"Z)
k

is Bessel in Lao(G).

(=) }Pk>07 0<i<ng
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