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1 Introduction

The Harnack inequality plays fundamental role in the study of qualitative properties
of solutions of elliptic and parabolic equations (see, e.g. in [15], [18], [20]). Notice, the
Harnack inequality first time was proved by J.Moser [25], [26] in the study of regularity
properties of solutions of second order divergent structure uniformly elliptic and parabolic
equations. This result was extended to the non-divergence structure uniformly elliptic and
parabolic equations with discontinues coefficients by N.V. Krylov and M.V. Safonov [19].
After, it was found different new proofs and extensions of the Harnack inequality. In this
perspective it is appropriate to mention the Harnack inequality results for the class of uni-
formly degenerating divergent structure elliptic and parabolic equations, its quasi-linear
analogues (see, e.g. in [11], [13], [14], [7]). A study of divergent structure equations essen-
tially depends on existence of the appropriate embedding results (Cf. [8], [22], [24]) At the
moment, this topics had an essential development in directions of non-uniformly degener-
ating elliptic and parabolic equations its quasi-linear and vector field analogues also with
non-standard growth condition(see e.g. [2], [3], [12], [27], [4]). Even in [10], [23] the case
of double-divergence structure elliptic equations has been considered for this subject.

In the resent stage of development of Harnack’s inequality studies an increasing in-
terest is being seen on the study of new classes of non-uniformly degenerating elliptic and
parabolic equations. In this paper, we consider the Harnack inequality for positive strong so-
lutions of a special class of non-divergence structure and point-wise non-uniformly degen-
erating elliptic equations. Before, the similar question for a class of power type degenerated
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equations was considered in [1] and /or in [5], [16], [21], where mainly the divergent elliptic
equations is considered. Below, assuming some assumptions on the small coefficients b;(x)
and c(z) we show that the Harnack inequality result holds for solutions of non-divergent
fully linear elliptic equation (1.1) of non-divergent structure under more general then [1]
degeneration condition ( Cf. [6] for this case when the equation is of divergent structure and
small coefficients absent). The non-power functions w; are the main novelty of this study
where a new approach also implemented. In proofs the technic of authors [19] (see, also in
[18]) is developed to the case of non-uniformly degeneration. The results are announced in
[9].

Let E,, be n -dimensional Euclidean space of points x = (x1,...,2,), n > 3 and D be
a bounded domain lying in F,, and D be its boundary, such that 9D € C? and 0 € D.
Consider in D second order elliptic equation

Lu = ZGU uZ]—i-Zb x)u; + c(x)u(z) =0, (1.1)

4,j=1

assuming that ||a;;(x)|| be a real symmetric matrix with measurable elements in D satisfy-

ing
n
VZ)\Z( < Z azg 525] < 7_1 Z)\ (1.2)
=1 7,7=1 =1
forany x € D and £ € E,, wherein v € (0,1] is a constant and uz = g;i, Ujj =
2 L t
D N@) = o)), ple) = Swi(al). a®) = (59) 150 = 1m.

i=1
Where the functions w;(t) are strongly monotone, convex and continuous functions on
[0, diam D] such that w;(0) = 0; w; ' (t) are inverse functions of w; (¢). With respect to the
wi(t); ¢ = 1,...,n we also assume: there exist constants «, 5,1 € (1,00), ¢ >n, A >0
such that
aw;(t) < wi(nt) < Bwi(t), t e (0,diam D),

()
t

Furthermore, suppose that

—1

0
i q

/ (“2(7)> dr < At, i=1,....n. (1.3)
.

0

|bi(x)| < by, —co<c(x)<0, i=1,..,n, (1.4)

1 w

with bg, cg are positive constants.

2 Notation and definitions

Denote W3, (D) the Banach space of functions u(x) given in D and having finite norm

”uHW2 (D) = / uZ(a:)JrZ Ju? + ZA (@) | de. 2.1)

D =1 3,j=1

Define W2, (D) the closure of functions u(z) € C®(D),u|pp = 0 with respect to the
norm of space W5, (D).
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A function u(x) € W2, (D) is called strong solution of equation (1) in D, if it satisfies
(1) a.e. in D. A function u(z) € W3, (D) that is a solution of the inequality Lu > 0 is
called L —sub elliptic function. A function u(z) is called L-super elliptic in D if —u(x) is
an L -sub elliptic function in D. The notation C'(-- - ) means that the positive constant C'
depends on the content of parenthesize.

Let R € (0,1], k¥ > 0 and 2° € E,. Given a parallelepiped IIp.x(2°) = {z :
|z — 2?| < Kw; Y (R),i = 1,...,n} and let By(2°) = {z: |z — 2°| < R} be an Eu-

n . .0)2
clidean ball. Denote EEO(K) the ellipsoid {af : l; % < K2} and set B! = E%(17),
B2 = EY%(1), B} = B'\ B2 = EY(1,17), Bg(2") = E% (9), B* = EY (1), B® =

3 Main result

Theorem 3.1 Let u(x)- be a positive solution of equation (1.1) in the domain D and the

coefficients operator L satisfy the conditions (1.2)-(1.4). If El C Dand R < Ry then it
holds
supu(z) < Cs(n, by, co) inf u(x). (3.1)
B4 B4

4 Auxiliary result

Following assertion is of known results that will be used in our proofs below (see, [9]).

Theorem 4.1 Let D be a domain located in B' having limit points on OB be such that
its intersection with Br(0) is not empty. Let in D given a positive and continues L—sub
elliptic function u(x) vanishing on 9D N B'. Assume that numbers ¢ > 0, R < 1,1 > 0
and the operator L satisfies conditions (1.2)-(1.4). Then there exists positive constant n =
n(v,n, by, co, o) such that it holds estimate

supu(z) > (14+n) sup u(z) 4.1)
D DNBR(0)

provided that meas H > omeas B° to be satisfied for Lebesgue measure of H = B® \ D.

The proof of this assertion given on Section 6.

5 Proofs

To prove the Harnack inequality we need on following Lemma 5.1 on growth of positive
solutions of equation (1). Following main result has been obtained in this paper.

Lemma 5.1 Let 2° € B! and in B'(2°) := EII; (17) given a domain G having limit points
on spheroid OB (x°) and intersecting Br(z"). Let the coefficients of operator L satisfy the
conditions (2)-(4) and in G is given a positive continuous and L sub-elliptic function u(x)
vanishing on 0G N B(2°). Then for any K > 1 there exist 6o(y,n, by, co, K) > 0 such
that it holds an estimate
supu(z) > K sup u(z) (5.1

D GNBR(zY)
provided that

meas G < Symeas B (). (5.2)
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Proof. of Lemma 5.1. Let 1y be the constant from Theorem 3.1, 0 = % and p be the list
natural number such that (1 + )P > K. Insert

1 36 \"
do = — ] .
217 \ 17p
Split the layer B*(z°) \ Br(z") into p number smaller sub-layers by the IE; with E; =

Eﬁo (9 + %) ,i=0,1,...p—1. Bvidently, 9Ey coincides with Bg(x"). Fori = 0,1, ...p—
1 denote sup wu(z)as M; and let u(x) reaches M; at the point 2 € OF;. Consider also el-

GNOE;
lipsoids B\" := £% (%) , BY) .= py (%) ,i=0,1,..p— 1. Denoting E, = B(z°)
we see that Bgi) C Eiy1,1=0,1,...p — 1. Also,
meas (Béi) \G) > meas Béi) —measG, 1=0,1,..,p— 1. (5.3)
On other hand,
meas B = 36" InYofl(R) |51 (5.4)
2 \1rp) =t 10 ’

where | S| is volume of unit n-dimensional ball. In addition, according to (5.2) it holds
n
meas G < Someas B (z%) < 6 S| 17" ﬂlw;l(R). (5.5)
1=
Using (5.4), (5.5) in (5.3) and taking into the account the value of jy we infer

i 36 \" n _ n oo
meas (B 6) = 51| (1, ) e (1) = aalsi 17 ()

n 36\" 1 [36\"
Sl e (R) Kma) 2. 17" (17p> ’ ]

S 36 \" n 1 i

Therefore, according to Theorem 3.1, it follows
MiJrl > (1+n)MZ 1=0,1,.,p—1,
where M, = sup u(x). Thus
G

M, > (1+n)" Mo
and the desired estimate (5.1) is ready.
Let G be a domain lying on B!(2°), with z° € B! and R < Ry. Define

A(G) = {u(x) :z € G,Lu < 0} and AT(G) = {u(z): x € G, u(z) >0, Lu < 0}.
Let further, for 5 € [0, 1] itis
Af(2%) = AT (B'(2%)) N {u(z) : meas (B'(z°) N [u(z) > 1]) > Bmeas B'(2")},

For u € Ag(:po) set

: 20 (1 .
’yg(:co) = inf {u(m) cx € By <2> } ,’yg = 1a%fyg(x0)

and ~v(f8) = lim ’yg. It easily seen that 0 < () < 1 and the function (/) is nonde-
R—+0

creasing on [3. It is possible to show also that this function ~(/3) is continuous on [0, 1].
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Lemma 5.2 Let 2° € B! the function u(z) € A* (B'(a")) , and R < Ry. If there exist
B € 10,1] and & > 0 such that

meas (B'(z°) N {u(z) > €}) > Bmeas B' (2°),
then
1
u(z) > ey(B), as z € Ej’“%o <2> .
The assertion of Lemma 5.2 follows from definition of (/).
Lemma 5.3 Let the number R < Ry, point z° € B' and the functionu(z) € A™(B*(z")).

If there exist 3 € [0,1] and v > 0 such that u(z°) > v and

meas <Bl(x0) N {u(x) < V}) > fBmeas B («°),

then
v 1

sup u(z) > - (14+-—>+ ). (5.6)
2 1-—

Proof. of Lemma 5.3. Suppose that inequality (5.6) fails. Then there exist €; > 0 such that

1
sup W(x) >

— = .
B1(20) 1—~(B)+e1

holds for the function W (z) = 2420 _ 1. Let further, 2(z) = 1 — %f) For z(z) €

AT (B(2")) it holds z(z) > 1 since u(z) < 4. Applying Lemma 5.2 for e = 1 we get
z(2%) > v(B). On other hand by assumptions W (z%) > 1. Therefore,
1 W (%) :
1——>1-— > , le. a1 2 ———
ap a "(6) T 1- 7(8)
and the last, contradicts to the above assumptions.
The contradiction proves Lemma 5.3.

Lemma 5.4 It holds the limit equality

li —1.
ﬁiggov(ﬁ)

Proof. of Lemma 5.4. First, rewrite the statement of Lemma 5.1. Let u(z) € AT(G),  ulsgnp (@0) =

1. Then for any K > 0 there exist do(7, 1, b, co, K) such that R < Ry (~y,n, by, co, K) and
the condition (5.1) is satisfied. Therefore,
1

i >1—-—. .
cnitaan) " 21T K 7

Indeed, G’ = {z: u(z) < 1}, v(x) = 1 — u(x). We have Lv = ¢(z) — Lu > —cy,
therefore the function v(z) is a L— sub elliptic function on G.
First, assume that G’ N Br(z") # @. It is possible two cases :

1)  sup w(z)>0; 2) sup v(x)<O0.
G'NBR(0) G'NBg(20)
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Let the case 1) takes place. Then according to Lemma 5.1 there exists dg relevant to K
such that

1 —inf u(zx) > K <1 — inf u(m)) ,
G G'NBr(z0)

1.€.
K—l_l 1
= i

inf  wu(z) >
G'NBR(a)

K
Let the case 2) takes place. Then  inf wu(z) >1— % and we come to the estimate
G'NBr(20)

(5.7). Since u(z) > 1forx € G\G'".If G'NBr(z°) =, thenu(x) > 1forz € GNBr(x").

Therefore, the inequality (5.7) has been proved.

Now turn back to the proof of Lemma 5.4. Assume that its assertion does not hold. Fix
arbitrary number £ > 0. Then there exists an a € (0, 1) such that for 5 € (1 — ¢, 1) it holds
v(B) < 1—a.Insert K = 2 in (5.7) and choose proper &y and R;. Let ¢’ = min{e, §}. By
definition of (3) there exists a Ro < Rj such that for 5 € (1 —¢’,1)itis 7?2 <1-3.
Fix arbitrary By € (1 — ¢’,1). Then there exist z° € B! (for R = Rp)and a function
u(z) € Agj (20), a point 2! € E}‘{; (1) such that

a

u(z!) <1 - 1 (5.8)

Let D' = {z : x € B'(2°),u(z) < 1} . It is known that, D’ = B!(2") \ {u > 1}. By
definition of the classes Ag; (2%) we have

meas D' < (1 — fy)meas B! (2°) < Symeas B*(z°).

Then according to (5.7) it follows
a

inf >1——.
ol o 15 21 5

Taking into the account u(x) > 1 for x € Bg,(2°)\ D’ it holds

a
inf  w(x)>1-——,
BRry (x9) ( )_ 4

and in particularly, u(z!) > 1 — 4. The last inequality contradicts (5.8).
This proves Lemma 5.4.

Lemma55 Let R < Ry, H € [31], o € (0,1], 4Hw; ' (R) < |22 — z}| <
8Hw; '(R), z}!+ Hw; ' (R) < 29 < 2? — Hu;'(R), i = 1,..,n, 2° € E%(4),
N = {z:a} <z; <a?}. Then there exists m(7,n,bo, co, H) such that u(z) > o™ for
z} + Ho'(R) < 2; < 2? — Hw; ' (R), i = 1,...,n provided that u(x) € AT(N) and

u(z) > 1 for x € EEO(J).

Proof. of Lemma 5.5. Without loss of generality, we may assume that 2% = 0 and 202 <
H?. Fix a point z* € N such that z} + Hw; *(R) < 2} < 7 — Hw; Y(R), i = 1,...,n.
Denote ¢ = %, Yy = % Consider the set

" (1‘1 — 2H Z‘)Q
S = {ZL’ : ;(uil(}%)y)2 < 2CH + 02} .
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It is not difficult to see that the set S is contained in V. Indeed,

*

Zn:(ﬂﬁi - 2Hyi2)2 _ Zn: (z; — 551')22 < 2£H+ hj = H?.

o (v '(R) o (W '(R) 4 2
Therefore, for the indicated points it is satisfied |z; — 7| < Hw; (R) ie. |z; —z}| <
Hw;Y(R), and z; < o' + Hu;'(R) < 22, & —xf > —Hw; ' (R), 2; > x} —
Hw; 1(R) > a:zl, 1 = 1,...,n. It follows from the convexity of /V that the set S entirely
located in V. Note, the boundary of S is the set

n( _QHyz)
oS =<uwx: —————5 =2(H+o
{ ; (w ' (R))’ o }

For z € S introduce a function

zi(z) = et | N 1,...,m,

V2CH + 02
B (1— r(a:))2 — 2Hyz)
#0) = gy om0 = 2¢H+U2Z SHER

where d-is a positive constant. B
It is not difficult to see that 0 < r(z) < 1 for x € S, moreover r|;5 = 1. We have

Lo =(2CH +0%) %108 Y aij(%)2iz;
i=1 (w7 Y(R))? <wj—1(R)>2
i) —2Hy;  (r—1)C(x)(2CH +0?)
2(r —1) [22 ) +QZ (R))2+ 5 }

5.9
From (1.2) it follows that

Yo (5.10)

Ci(yn, H) ”_RR)> < \i(@) < Coly,m, H) (“’iR(R)> SN CATY
Using (5.11) in (5.10), we infer
S WS> Gy, H)r
= (' (®) (wr ()

(5.12)
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Further, and using (1.4) it follows

n

Ty — 2H i
sz(ff)Ty < b

n 9\ 1/2
(:):i — 2Hyi> >
i=1 (WZ (R))2 (Z -

i=1 (% (R))2

X (Z;W) < Cs(v,n, H), (5.13)

and by analogy,

— L ()2 H + 0%)| < Co(y.n, H.co). (5.14)

Applying (5.12)-(5.14) in (5.9), we get
Lo > (2CH + 0%) 7471 {8C3r — 2(1 — 1) (2C4 + 2C5 + Cg) } .

2C4+2C5+Cs
4C3+2C4+2C5+Cg

Therefore, it follows that < r < 1 and therefore, ¢(x) is a L- sub elliptic
function in S. .
Now, let u(z) € A*(N) and for z € Ep, (o) itis u(z) > 1. Insert an auxiliary function
w(z) = u(z) — 0?*p(x). It is clear that, w(x) € AT(S). Also
2d 2 (1—1)?
w(x = u(x -0 T >1—-0" —
(@)|og (@)los p(r)|pg = (2CH + 02)d |4

g2d

1—r)2|85m >0

By using of the maximum principle, for z € S it is w(z) > 0. In particular, for a point z*
where » = 0 we get

=1—(

2d

) > 2d *\ o > 2d'
') 2 oMo = e o

Now, it suffices to choose m = 2d, d > 0 and this finishes the proof of the Lemma 5.5.

Theorem 5.1 Let u(x) be a positive solution of equation (1.1) in the domain D. Let the

coefficients of operator L satisfy the conditions (1.2)-(1.4). Then if B C D and R < Ry it
holds
u(0) < C7 (v, n, bo, Co) i}rglfu(x). (5.15)

Proof. of Theorem 5.1. Let number m is that taken from preceding Lemma 5.5 corresponds
to H = 1. Fix such m and find a 5 € (0, 1) in accordance with Lemma 5.3

% (1 + 1—’Y(11—,8)> > 2™, (5.16)
For r € (0,1), Q(r) = {:c: xEF%(T)}, set v(r) = u(0)(1 —r)7™, g(r) =
e

Let 71- be the maximal root of equation g(r) = wv(r). It is easily seen that g(0) =

v(0), 1i{n 01/(7“) = oo and the function ¢(r) is bounded and continues, therefore there
r—1—

exist a solution of equation g(r) = v(r) such that r; < 1.
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Letz* € Q(r), g(r1) =v(r) =u(z*), F = {ac RS E}T%* (1_2T1

have
i L + Li — &y
(2 (wi1<R>)2> (2 (wﬁ(R))z) (2 (wi1<R>)2>

)}.Forxefwe

<
1—rm 14m
<
=nt Ty 2
On other hand,
(1—1"1) _ 14r _
2 wi 1(R)< 9 zl(R)v Z:17 ,

Therefore, F' C Q (141) , i.e. using (5.15) and £ > 7y for z € F it holds

e (52) <o (157 w0 (-5 - (52

__ om —-m __ om U(Tl) 1
=2"u(0)(1 — 7)™ =2"v(ry) < 5 (14—1_7(1_5)). (5.17)

Now, if we assume that

meas < 1< G 2 0 pmeas

then from equality u(z*) = u(r;) and Lemma 5.3 it follows

v(ry) 1
S‘}pu(m) > ()

Last inequality contradicts to (5.17), where it has been used that u(z) is a solution of (1.1).

Thus
meas (F N {u < U(gl) }) < (1 — f)meas F,

meas <F N {u > U(;”l) }) > Bmeas F. (5.18)

1.€.

Now, we will use Lemma 5.5. Two cases are possible: r; > % andry € (0, %] . Let the first

case takes place. Insert
97’1 —1 97’1 —1
0 *
= H = .
v s 8

It is not difficult to see that % < H <1.Now,

1-— « (11—
8”, and Eﬁ(a)CEﬁ( 4”).

g =

Indeed, let x € Eﬁo(a), then
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Therefore,

Insert x} = —2Hw; ' (R), 2? = 2Hw; *(R), i = 1,...,n. Then from Lemmas 5.2 and
5.5 using (5.18) it follows that for z € B* it holds

oy (150"

1(6) =87 (1 = )" Su(0)(1 — 1) " (B)

=279 15(B)u(0). (5.19)

Let now, | € (O, %] , 0 and H are in the same meaning as above. Set H = 1, then

77’1—|—l 8T1

0 * 1 1

- - 1 _ _ +1)w YR
xT xr, Z; <77“1 1 ) ( ),

Therefore, using Lemmas 5.2, 5.5 and inequality (5.18) again we come to the estimate

(5.19). Therefore, the inequality (5.15) has been proved with C; = %.

Proof. of Theorem 3.1 easily follows from Theorem 5.1 (see, e.g. [20, Theorem 10.2]).

6 Proof of Theorem 4.1

Rz,
o (R
1, ..., n. Therefore, the image of B* under this transform will be the ball B4 (0). Let @ (y)

is an image of u(x) under this transform. Then the equation (1.1) in the variables y looks as
following:

Proof. Consider the ellipsoid B* = E% (%) . Make a change of variables y; =

Lu(y) = ai(y a a +Z +czy) =0,
ij=1 vioy; o
where
- R? yiwy  (R) Ynw 1>
: _ ; e , ,7=1,...,n,
ag(?/) WZ_I(R)CUJ_I(R) j ( R R 1,7 n
(A wl_l(R) (A R PR R M
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Fory € B}, / 4(0) and arbitrary £ € E,, according to (1.2) we have

t o~ wi Y(R) nw H(R) R?
7;)\2- <y1 lR ,...’y i ) (wi_l(R))2€i2

R2
< }j (W)&E; < —1§ Niy) s 2 ©.1)
INES 1a ’ ! i,5=1 (wz (R))2

On other hand, for y € B, / 4(0) it holds the inequality

-1 2 1 2
Cs(y,n,bo, co) (wi R(R)> < Xi(y) < Cy(7,m,bo, co) <wi (R)) , =10,
(6.2)

Therefore and using (6.2) in (6.1), we have

’708251 > Zaz] 525] < 7251

i,7=1 7,7=1 i,j=1

In addition, R < Ry < 1 and the conditions (1.3) and (1.4) is fulfilled. Therefore,
bi(y)( <by, —co<e(y) <0, i=1,..,n

The assumption meas H > omeas B> on the complementary set near origin H = B> \
D. will be transferred to

(ﬁ w}{(R)) meas H > o'meas B ,(0) (: w;(R)) ,

i=1

where H = BR(0)\ D and ¢’ = co. Therefore, meas H > o/meas B',(0) which according
to the growth property of positive solutions on domains with fat complementary of the
uniformly elliptic equations of second order (see, e.g. [15], [18], [19]) it follows

sup u(y) > (1 +no)u(0)
B%(0)

by some 1 = ng (7, n, bo, co). After inverse change of variables to x, we get

sup u(z) > (1 +n)u(0),
B4

which easiy implies Theorem 3.1.
Theorem 3.1 has been proved.
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