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Abstract. In this paper, we study the harmonicity on cotangent bundle equipped with the new class of
metrics [13]. We establish necessary and sufficient conditions under which a covector field is harmonic
with respect to this metrics. Next we also construct some examples of harmonic covector fields.
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1 Introduction

In the field, one of the first works which deal with the cotangent bundles of a manifold as a
Riemannian manifold is that of Patterson, E.M., Walker, A.G. [8], who constructed from an
affine symmetric connection on a manifold a Riemannian metric on the cotangent bundle,
which they call the Riemann extension of the connection. A generalization of this metric
had been given by Sekizawa, M. [11] in his classification of natural transformations of
affine connections on manifolds to metrics on their cotangent bundles, obtaining the class
of natural Riemann extensions which is a 2-parameter family of metrics, and which had
been intensively studied by many authors. On the other hand, inspired by the concept of
g-natural metrics on tangent bundles of Riemannian manifolds, Ağca, F. considered another
class of metrics on cotangent bundles of Riemannian manifolds, that he callad g-natural
metrics [1]. Also, there are studies by other authors, Gezer, A., Altunbas, M.[2], Ocak, F.,
Kazimova, S. [6], Salimov, A.A., Ağca, F. [9], [10], Yano, K., Ishihara, S.[12], etc...

Consider a smooth map φ : (Mm, g) → (Nn, h) between two Riemannian manifolds,
then the second fundamental form of φ is defined by

(∇dφ)(X,Y ) = ∇φXdφ(Y )− dφ(∇XY ). (1.1)

Here ∇ is the Riemannian connection on M and ∇φ is the pull-back connection on the
pull-back bundle φ−1TN , and

τ(φ) = traceg∇dφ, (1.2)

is the tension field of φ.
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The energy functional of φ is defined by

E(φ) =

∫
K
e(φ)dvg, (1.3)

such that K is any compact of M , where

e(φ) =
1

2
tracegh(dφ, dφ), (1.4)

is the energy density of φ.
A map is called harmonic if it is a critical point of the energy functional E. For any

smooth variation {φt}t∈I of φ with φ0 = φ and V =
d

dt
φt

∣∣∣
t=0

, we have

d

dt
E(φt)

∣∣∣
t=0

= −
∫
K
h(τ(φ), V )dvg (1.5)

Then φ is harmonic if and only if τ(φ) = 0.
One can refer to [3], [4], [5], [7] for background on harmonic maps.
The main idea in this note consists, in the study of harmonicity on cotangent bundle

equipped with the new class of metrics [13]. We establish necessary and sufficient condi-
tions under which a covector field is harmonic respect to this metrics (Theorem 4.2 and
Theorem 4.3). We also construct some examples of harmonic covector fields and we give
a formula for the construction of non trivial examples of covector fields (Theorem 4.4 and
Corollary 4.2). After that we study the harmonicity of the map σ : (M, g) −→ (T ∗N,hf )
(Theorem 4.6 and Corollary 4.4).

2 Preliminaries

Let (Mm, g) be an m-dimensional Riemannian manifold, T ∗M be its cotangent bundle and
π : T ∗M → M the natural projection. A local chart (U, xi)i=1,m on M induces a local
chart (π−1(U), xi, xī = pi)i=1,m,̄i=m+i on T ∗M , where pi is the component of covector p
in each cotangent space T ∗xM , x ∈ U with respect to the natural coframe dxi. Let C∞(M)
(resp. C∞(T ∗M)) be the ring of real-valued C∞ functions on M (resp. T ∗M ) and =rs(M)
(resp. =rs(T ∗M)) be the module over C∞(M) (resp. C∞(T ∗M)) of C∞ tensor fields of
type (r, s).

Denote by Γ kij the Christoffel symbols of g and by∇ the Levi-Civita connection of g.
We have two complementary distributions on T ∗M , the vertical distribution V T ∗M =

Ker(dπ) and the horizontal distribution HT ∗M that define a direct sum decomposition

TT ∗M = V T ∗M ⊕HT ∗M. (2.1)

Let X = Xi ∂
∂xi

and ω = ωidx
i be a local expressions in U ⊂ M of a vector and cov-

ector (covector field) field X ∈ =1
0(M) and ω ∈ =0

1(M), respectively. Then the horizontal
and the vertical lifts of X and ω are defined, respectively by

XH = Xi ∂

∂xi
+ phΓ

h
ijX

j ∂

∂pi
, (2.2)

ωV = ωi
∂

∂pi
, (2.3)
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with respect to the natural frame { ∂
∂xi
, ∂
∂pi
}, where Γ hij are components of the Levi-Civita

connection∇ on M . (see [12] for more details).
From (2.1), (2.2) and (2.3) we have

dπ(ωV ) = 0 , dπ(XH) = X ◦ π. (2.4)

Lemma 2.1 [12] Let (M, g) be a Riemannian manifold, ∇ be the Levi-Civita connection
and R be the Riemannian curvature tensor. Then the Lie bracket of the cotangent bundle
T ∗M of M satisfies the following

1 [ωV , θV ] = 0,
2 [XH , θV ] = (∇Xθ)V ,
3 [XH , Y H ] = [X,Y ]H − (pR(X,Y )u)V ,

for all vector fields X,Y ∈ =1
0(M) and ω, θ ∈ =0

1(M).

Let (M, g) be a Riemannian manifold, we define the map

] : =0
1(M)→ =1

0(M)

ω 7→ ]ω

by for all X ∈ =1
0(M), g(]ω,X) = ω(X), the map ] is C∞(M)-isomorphism.

Locally for all ω = ωidx
i ∈ =0

1(M), we have ]ω = gijωi
∂
∂xj

, where (gij) is the inverse
matrix of the matrix (gij).
For each x ∈M the scalar product g−1 = (gij) is defined on the cotangent space T ∗xM by
g−1(ω, θ) = g(]ω, ]θ) = gijωiθj .
If ∇ be the Levi-Civita connection of (M, g) we have

∇X(]ω) = ](∇Xω), (2.5)

Xg−1(ω, θ) = g−1(∇Xω, θ) + g−1(ω,∇Xθ), (2.6)

for all X ∈ =1
0(M) and ω, θ ∈ =0

1(M).

From now on, we noted ]ω by ω̃ for all ω ∈ =0
1(M).

3 A new class of metrics on the cotangent bundle

Definition 3.1 [13] Let (M, g) be a Riemannian manifold and f : M →]0,+∞[ be a
strictly positive smooth function on M . On the cotangent bundle T ∗M , we define a new
class of metrics noted gf by

gf (XH , Y H) = g(X,Y )V = g(X,Y ) ◦ π, (3.1)

gf (XH , θV ) = 0, (3.2)

gf (ωV , θV ) = fg−1(ω, p)g−1(θ, p), (3.3)

where X,Y ∈ =1
0(M), ω, θ ∈ =0

1(M).
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Theorem 3.1 [13] Let (M, g) be a Riemannian manifold and (T ∗M, gf ) its cotangent bun-
dle equipped with the new class of metrics. If ∇ (resp ∇f ) denote the Levi-Civita connec-
tion of (M, g) (resp (T ∗M, gf ) ), we have:

(1) ∇f
XHY

H = (∇XY )H ,

(2) ∇f
XHθ

V = (∇Xθ)V +
1

2f
X(f)θV ,

(3) ∇f
ωV
Y H =

1

2f
Y (f)ωV ,

(4) ∇f
ωV
θV =

−1
2
g−1(ω, p)g−1(θ, p)(grad f)H +

1

r2
g−1(ω, θ)PV ,

for all X,Y ∈ =1
0(M) and ω, θ ∈ =0

1(M), where PV the canonical vertical vector field on
T ∗M and R denote the curvature tensor of (M, g).

4 A new class of metrics and Harmonicity.

41 Harmonicity of a covector field ω : (M, g) −→ (T ∗M, gf )

Now we study the harmonicity of section ω : (M, g) −→ (T ∗M, g̃) i.e covector field ω
on M , and we give the necessary and sufficient conditions under which a covector field is
harmonic with respect to the new class of metrics gf .

Lemma 4.1 [13] Let (M, g) be a Riemannian manifold. If ω ∈ =0
1(M) is a covector field

(1-form) on M and (x, p) ∈ T ∗M such that ωx = p, then we have:

dxω(Xx) = XH
(x,p) + (∇Xω)V(x,p).

where X ∈ =1
0(M).

Proof. Let (U, xi) be a local chart on M in x ∈ M and (π−1(U), xi, pi) be the induced
chart on T ∗M , if Xx = Xi(x) ∂

∂xi
|x and ωx = ωi(x)dx

i|x = p, then

dxω(Xx) = Xi(x)
∂

∂xi
|(x,p) +Xi(x)

∂ωj
∂xi

(x)
∂

∂pj
|(x,p)

= Xi(x)
∂

∂xi
|(x,p) + ωk(x)Γ

k
ji(x)X

j(x)
∂

∂pi
|(x,p)

−ωk(x)Γ kji(x)Xj(x)
∂

∂pi
|(x,p) +Xi(x)

∂ωj
∂xi

(x)
∂

∂pj
|(x,p)

= Xi(x)
∂

∂xi
|(x,p) + pkΓ

k
ji(x)X

j(x)
∂

∂pi
|(x,p)

+Xi(x)
∂ωj
∂xi

(x)
∂

∂pj
|(x,p) − ωk(x)Γ kij(x)Xi(x)

∂

∂pj
|(x,p)

= XH
(x,p) +Xi(x)

[∂ωj
∂xi

(x)− ωk(x)Γ kij(x)Xi(x)
]
(dxi)V(x,p)

= XH
(x,p) + (∇Xω)V(x,p).

Hence we have the following Lemma.
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Lemma 4.2 Let (Mm, g) be a Riemannian m-dimensional manifold and (T ∗M, gf ) its
cotangent bundle equipped with the new class of metrics. If ω ∈ =0

1(M), then the energy
density associated to ω is given by:

e(ω) =
m

2
+
f

2
tracegg

−1(∇ω, ω)2. (4.1)

Proof. Let (x, p) ∈ T ∗M , ω ∈ =0
1(M), ωx = p and (E1, · · · , Em) be a local orthonormal

frame on M , then:

e(ω)x =
1

2
tracegg

f (dω, dω)(x,p)

=
1

2

m∑
i=1

gf (dω(Ei), dω(Ei))(x,p).

Using Lemma 4.1, we obtain:

e(ω) =
1

2

m∑
i=1

gf (EHi + (∇Eiω)V , EHi + (∇Eiω)V )

=
1

2

m∑
i=1

[
(gf (EHi , E

H
i ) + gf ((∇Eiω)V , (∇Eiω)V ))

]
=

1

2

m∑
i=1

[
g(Ei, Ei) + fg−1(∇Eiω, ω)2

]
=
m

2
+
f

2
tracegg

−1(∇ω, ω)2.

A direct consequence of usual calculations using the Lemma 4.2 gives the following
result.

Theorem 4.1 Let (Mm, g) be a Riemannian m-dimensional manifold and (T ∗M, gf ) its
cotangent bundle equipped with the new class of metrics. If ω ∈ =0

1(M), then the tension
field associated to ω is given by:

τ(ω) =
−1
2

[
traceg

[
g−1(∇ω, ω)2grad f

]]H
+
[
traceg

[
∇2ω +

1

f
df(∗)(∇ω) + 1

‖ω‖2
g−1(∇ω,∇ω)ω

]]V
. (4.2)

where r2 = g−1(ω, ω) = ‖ω‖2.
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Proof. Let (x, p) ∈ T ∗M , ω ∈ =0
1(M), ωx = p and {Ei}i=1,m be a local orthonormal

frame on M such that (∇MEiEi)x = 0, then

τ(ω)x = traceg(∇dω)x

=
m∑
i=1

{∇ωEidω(Ei)− dω(∇
M
EiEi)}x

=
m∑
i=1

{∇fdω(Ei)
dω(Ei)}(x,p)

=
m∑
i=1

{∇f
(EHi +(∇Eiω)V )

(EHi + (∇Eiω)V )}(x,p)

=
m∑
i=1

{∇f
EHi
EHi +∇f

EHi
(∇Eiω)V +∇f

(∇Eiω)V
(Ei)

H

+∇f
(∇Eiω)V

(∇Eiω)V }(x,p).

Using Theorem 3.1, we obtain

τ(ω) =
m∑
i=1

[
(∇EiEi)H + (∇Ei∇Eiω)V +

1

2f
Ei(f)(∇Eiω)V

+
1

2f
Ei(f)(∇Eiω)V −

1

2
g−1(∇Eiω, ω)2(grad f)H

+
1

‖ω‖2
g−1(∇Eiω,∇Eiω)ωV

]
=

m∑
i=1

{−1

2
g−1(∇Eiω, ω)2(grad f)H + (∇Ei∇Eiω)V

+
1

f
Ei(f)(∇Eiω)V +

1

‖ω‖2
g−1(∇Eiω,∇Eiω)ωV }

=
−1
2

[
traceg

[
g−1(∇ω, ω)2grad f

]]H
+
[
traceg

[
∇2ω +

1

f
df(∗)(∇ω) + 1

‖ω‖2
g−1(∇ω,∇ω)ω

]]V
.

From that, we have the following result.

Theorem 4.2 Let (Mm, g) be a Riemannian m-dimensional manifold and (T ∗M, gf ) its
cotangent bundle equipped with the new class of metrics. If ω ∈ =0

1(M), then ω is harmonic
covector field if and only if the following conditions are verified

traceg
[
g−1(∇ω, ω)2grad f

]
= 0, (4.3)

traceg
[
∇2ω +

1

f
df(∗)(∇ω) + 1

‖ω‖2
g−1(∇ω,∇ω)ω

]
= 0. (4.4)

where g−1(ω, ω) = ‖ω‖2.

Proof. The statement is a direct consequence of Theorem 4.1.

The direct consequence of Theorem 4.2 is the following Corollary.
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Corollary 4.1 Let (Mm, g) be a Riemannian m-dimensional manifold and (T ∗M, gf ) its
cotangent bundle equipped with the new class of metrics. If ω ∈ =1

0(M), then ω is a parallel
covector field (i.e∇ω = 0) then ω is harmonic.

The necessary and sufficient condition under which a covector field is harmonic with
respect to the new class of metrics gf is given in the following theorem.

Theorem 4.3 Let (Mm, g) be a Riemannian compact m-dimensional manifold and (T ∗M, gf )
its cotangent bundle equipped with the new class of metrics. If ω ∈ =0

1(M), then ω is har-
monic covector field if and only if ω is parallel.

Proof. If ω is parallel from Corollary 4.1, we deduce that ω is harmonic covector field.
Inversely, let ϕt be a compactly supported variation of ω defined by:

R×M −→ T ∗xM

(t, x) 7−→ ϕt(x) = (1 + t)ωx

From lemma 4.2 we have:

e(ϕt) =
m

2
+

(1 + t)4

2
f tracegg

−1(∇ω, ω)2,

E(ϕt) =
m

2
V ol(M) +

(1 + t)4

2

∫
M
f tracegg

−1(∇ω, ω)2dvg

ω is harmonic, then we have:

0 =
∂

∂t
E(ϕt)|t=0

=
∂

∂t

[m
2
V ol(M)

]
t=0

+
∂

∂t

[(1 + t)4

2

∫
M
f tracegg

−1(∇ω, ω)2dvg
]
t=0

=

∫
M

2f tracegg
−1(∇ω, ω)2dvg

which gives
g−1(∇ω, ω)2 = 0,

hence∇ω = 0.

As an application to the above, we give the following examples.

Example 1 Let R2 endowed with the Riemannian metric in in polar coordinates defined by:

gR2 = dr2 + r2dθ.

The non-null Christoffel symbols of the Riemannian connection are:

Γ 2
12 = Γ 2

21 =
1

r
, Γ 1

22 = −r,

then we have,

∇ ∂
∂r
dr = 0, ∇ ∂

∂r
dθ = −1

r
dθ, ∇ ∂

∂θ
dr = rdθ, ∇ ∂

∂θ
dθ = −1

r
dr.

The covector field ω = cos θdr − r sin θdθ is harmnic because ω is parallel, indeed

∇ ∂
∂r
ω = cos θ∇ ∂

∂r
dr − sin θdθ − r sin θ∇ ∂

∂r
dθ = 0,

∇ ∂
∂θ
ω = − sin θdr + cos θ∇ ∂

∂θ
dr − r cos θdθ − r sin θ∇ ∂

∂θ
dθ = 0,

i.e ∇ω = 0, then ω is harmonic.
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Example 2 Let S2 × R endowed with the product of canonical metric

g = dα2 + sin2(α)dβ2 + dt2,

The non-null Christoffel symbols of the Riemannian connection are:

Γ 2
12 = Γ 2

21 = cotα, Γ 1
22 = − sinα cosα.

Then, ∇ ∂
∂α
dt = ∇ ∂

∂ψ
dt = ∇ ∂

∂t
dt = 0, because Γ 3

ij = 0, for all i, j = 1, 2, 3.

The covector field ω = dt is harmnic because ω is parallel.

Example 3 Let S1 (Riemannian compact manifold) equipped with the metric:

gS1 = exdx2.

The Christoffel symbols of the Levi-cita connection are given by:

Γ 1
11 =

1

2
g11(

∂g11

∂x1
+
∂g11

∂x1
− ∂g11

∂x1
) =

1

2
.

The covector field ω = f(x)dx , f ∈ C∞(S1) is harmonic if and only if ω is parallel,

∇ω = 0⇔ f ′(x)− 1

2
f(x) = 0

⇔ f(x) = k exp(
x

2
) , k ∈ R

⇔ ω = k exp(
x

2
)dx , k ∈ R.

Remark 4.1 In general , using Corollary 4.1 and Theorem 4.3, we can construct many
examples for harmonic covector fields.

Now we study a special case on the flat Riemannian manifold which is the real euclidean
space (Rm, g0).

Theorem 4.4 Let (Rm, g0) the real euclidean space and (T ∗Rm, gf0 ) its cotangent bun-
dle equipped with the new class of metrics. If ω = (ω1, · · · , ωm) ∈ =0

1(Rm), then ω is
harmonic covector field if and only if the following conditions are verified

ω = constant or f = constant, (4.5)
m∑
i=1

( ∂2ωk
∂(xi)2

+
1

f

∂f

∂xi
∂ωk
∂xi

+
1

‖ω‖2
m∑
j=1

(
∂ωj
∂xi

)2ωk

)
= 0. (4.6)

for all k = 1,m, where g−1(ω, ω) = ‖ω‖2.

Proof. Let { ∂
∂xi
}i=1,m be a canonical frame on Rm. Using Theorem 4.2, we have:

τ(ω) = 0 equivalent the following conditions (4.3) and (4.4) are verified

(4.3)⇔ traceg
[
g−1(∇ω, ω)2grad f

]
= 0

⇔
m∑
i=1

g−1(∇ ∂

∂xi
ω, ω)2 = 0 or grad f = 0

⇔
m∑

i,j=1

(
∂ωj
∂xi

ωj)
2 = 0 or f = constant

⇔ ∂ωj
∂xi

= 0 , for all i, j = 1,m or f = constant

⇔ ω = constant or f = constant.
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(4.4)⇔ traceg
[
∇2ω +

1

f
df(∗)(∇ω) + 1

r2
g−1(∇ω,∇ω)ω

]
= 0

⇔
m∑
i=1

[
∇ ∂

∂xi
∇ ∂

∂xi
ω +

1

f
df(

∂

∂xi
)∇ ∂

∂xi
ω +

1

‖ω‖2
g−1(∇ ∂

∂xi
ω,∇ ∂

∂xi
ω)ω

]
= 0

⇔
m∑
i=1

{ m∑
k=1

( ∂2ωk
∂(xi)2

dxk +
1

f

∂f

∂xi
∂ωk
∂xi

dxk +
1

‖ω‖2
(∂ωk
∂xi

)2 m∑
j=1

ωjdx
j
)}

= 0

⇔
m∑
i=1

{ m∑
k=1

( ∂2ωk
∂(xi)2

+
1

f

∂f

∂xi
∂ωk
∂xi

+
1

‖ω‖2
m∑
j=1

(∂ωj
∂xi

)2
ωk

)
dxk
}
= 0

⇔
m∑
i=1

( ∂2ωk
∂(xi)2

+
1

f

∂f

∂xi
∂ωk
∂xi

+
1

‖ω‖2
m∑
j=1

(∂ωj
∂xi

)2
ωk

)
= 0

for all k = 1,m.

From that, we have

Example 4 If Rm is endowed with the canonical metric, then any constant covector field ω
on Rm is harmonic.

Corollary 4.2
Let (Rm, g0) the real euclidean space, (T ∗Rm, gf0 ) its cotangent bundle equipped with the
new class of metrics and ω = (ω1, · · · , ωm) ∈ =0

1(Rm). If f is a constant function, then ω
is a harmonic covector field if and only if for all k = 1,m:

m∑
i=1

( ∂2ωk
∂(xi)2

+
1

‖ω‖2
m∑
j=1

(
∂ωj
∂xi

)2ωk

)
= 0, (4.7)

for all k = 1,m, where g−1(ω, ω) = ‖ω‖2.

Corollary 4.3
Let (Rm, g0) the real euclidean space, (T ∗Rm, gf0 ) its cotangent bundle equipped with the
new class of metrics and ω = (ω1, · · · , ωm) ∈ =0

1(Rm). If f 6= constant, then ω is a
harmonic covector field if and only if ω is constant.

Remark 4.2
Using Corollary 4.2, we can construct many examples of non trivial harmonic vector fields.

Example 5
If Rn is endowed with the canonical metric and T ∗Rm its cotangent bundle equipped with
the new class of metrics such as f = constant. From corollary 4.2, we deduce that.
If ω = (h(x1), 0, · · · , 0) ∈ =0

1(Rm) is a harmonic covector field if and only if the function
h is solution of differential equation

h′′ +
(h′)2

h
= 0, (4.8)

i.e h(x1) = ±
√
ax1 + b, where a, b ∈ R.
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42 Harmonicity of the map σ : (M, g) −→ (T ∗N,hf )

Now we study the harmonicity of the map σ : (M, g) −→ (T ∗N,hf ) and we give the
necessary and sufficient conditions under which this map is harmonic with respect to the
new class of metrics hf .

Lemma 4.3 Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds
and σ be a map that covers ϕ, (ϕ = πN ◦ σ) defined by

σ :M −→ T ∗N

x 7−→ (ϕ(x), q)

where q ∈ T ∗ϕ(x)N and πN : T ∗N → N is the canonical projection, then

dσ(X) = (dϕ(X))H + (∇ϕXσ)
V , (4.9)

for all X ∈ =1
0(M).

Proof. Let x ∈ M , X ∈ =1
0(M) and ω ∈ =0

1(N) such that ωϕ(x) = q ∈ T ∗ϕ(x)N . Using
Lemma 4.1, we obtain:

dxσ(Xx) = dx(ω ◦ ϕ)(Xx)

= dϕ(x)ω(dxϕ(Xx))

= (dϕ(X))H(ϕ(x),q) + (∇dϕ(X)ω)
V
(ϕ(x),q)

= (dϕ(X))H(ϕ(x),q) + (∇ϕXσ)
V
(ϕ(x),q).

Theorem 4.5 Let (Mm, g), (Nn, h) be two Riemannian manifolds, f : N →]0,+∞[ be a
strictly positive smooth function onN , (T ∗N,hf ) the cotangent bundle ofN equipped with
the new class of metrics and ϕ : (Mm, g)→ (Nn, h) be a smooth map. The tension field of
the map

σ : (M, g) −→ (T ∗N,hf )

x 7−→ (ϕ(x), q)

such that q ∈ T ∗ϕ(x)N is given by

τ(σ) =
[
τ(ϕ)− 1

2
traceg

[
h−1(∇ϕσ, σ)2grad f

]]H
+
[
traceg

[
(∇ϕ)2σ +

1

f
df(dϕ(∗))(∇ϕσ) + 1

‖σ‖2
h−1(∇ϕσ,∇ϕσ)σ

]]V
.(4.10)

where h−1(σ, σ) = ‖σ‖2.
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Proof. Let x ∈ M and (E1, · · · , Em) be a local orthonormal frame on M such that
(∇MEiEi)x = 0 and σ(x) = (ϕ(x), q), q ∈ T ∗ϕ(x)N , we have

τ(σ)x = traceg(∇dσ)x

=

m∑
i=1

{∇σEidσ(Ei)}(ϕ(x),q)

=

m∑
i=1

{∇T ∗N
dσ(Ei)

dσ(Ei)}(ϕ(x),q)

=

m∑
i=1

{∇T ∗N
(dϕ(Ei))H

(dϕ(Ei))
H +∇T ∗N

(dϕ(Ei))H
(∇ϕEiσ)

V

+∇T ∗N
(∇ϕEiσ)V (dϕ(Ei))

H +∇T ∗N
(∇ϕEiσ)V (∇

ϕ
Ei
σ)V }(ϕ(x),q).

From the theorem 3.1, we obtain:

τ(σ) =
m∑
i=1

[
(∇Ndϕ(Ei)

dϕ(Ei))
H + (∇Ndϕ(Ei)

∇ϕEiσ)
V

+
1

2f
dϕ(Ei)(f)(∇ϕEiσ)

V +
1

2f
dϕ(Ei)(f)(∇ϕEiσ)

V

−1

2
h−1(∇ϕEiσ, σ)

2(grad f)H +
1

‖σ‖2
h−1(∇ϕEiσ,∇

ϕ
Ei
σ)σV

]
=

m∑
i=1

[
(∇ϕEidϕ(Ei))

H + (∇ϕEi∇
ϕ
Ei
σ)V +

1

f
df(dϕ(Ei))(∇ϕEiσ)

V

−1

2
h−1(∇ϕEiσ, σ)

2(grad f)H +
1

‖σ‖2
h−1(∇ϕEiσ,∇

ϕ
Ei
σ)σV

]
=
[
τ(ϕ)− 1

2
traceg

[
h−1(∇ϕσ, σ)2grad f

]]H
+
[
traceg

[
(∇ϕ)2σ +

1

f
df(dϕ(∗))(∇ϕσ) + 1

‖σ‖2
h−1(∇ϕσ,∇ϕσ)σ

]]V
.

From Theorem 4.5 we obtain.

Theorem 4.6 Let (Mm, g), (Nn, h) be two Riemannian manifolds, f : N →]0,+∞[ be a
strictly positive smooth function onN , (T ∗N,hf ) the cotangent bundle ofN equipped with
the new class of metrics and ϕ : (Mm, g)→ (Nn, h) be a smooth map. The map

σ : (M, g) −→ (T ∗N,hf )

x 7−→ (ϕ(x), q)

such that q ∈ T ∗ϕ(x)N is a harmonic if and only if the following conditions are verified

τ(ϕ) =
1

2
traceg

[
h−1(∇ϕσ, σ)2grad f

]
, (4.11)

traceg
[
(∇ϕ)2σ +

1

f
df(dϕ(∗))(∇ϕσ) + 1

‖σ‖2
h−1(∇ϕσ,∇ϕσ)σ

]
= 0. (4.12)

where h−1(σ, σ) = ‖σ‖2.
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Corollary 4.4 Let (Mm, g), (Nn, h) be two Riemannian manifolds, f : N →]0,+∞[ be
a strictly positive constant on N , (T ∗N,hf ) the cotangent bundle of N equipped with the
new class of metrics and ϕ : (Mm, g)→ (Nn, h) be a smooth map. The map

σ : (M, g) −→ (T ∗N,hf )

x 7−→ (ϕ(x), q)

is a harmonic if and only if ϕ is harmonic and

traceg
[
(∇ϕ)2σ +

1

‖σ‖2
h−1(∇ϕσ,∇ϕσ)σ

]
= 0.

where h−1(σ, σ) = ‖σ‖2.
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