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Abstract. In this paper, we study the harmonicity on cotangent bundle equipped with the new class of
metrics [13]]. We establish necessary and sufficient conditions under which a covector field is harmonic
with respect to this metrics. Next we also construct some examples of harmonic covector fields.
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1 Introduction

In the field, one of the first works which deal with the cotangent bundles of a manifold as a
Riemannian manifold is that of Patterson, E.M., Walker, A.G. [8]], who constructed from an
affine symmetric connection on a manifold a Riemannian metric on the cotangent bundle,
which they call the Riemann extension of the connection. A generalization of this metric
had been given by Sekizawa, M. [[11]] in his classification of natural transformations of
affine connections on manifolds to metrics on their cotangent bundles, obtaining the class
of natural Riemann extensions which is a 2-parameter family of metrics, and which had
been intensively studied by many authors. On the other hand, inspired by the concept of
g-natural metrics on tangent bundles of Riemannian manifolds, Agca, F. considered another
class of metrics on cotangent bundles of Riemannian manifolds, that he callad g-natural
metrics [1]]. Also, there are studies by other authors, Gezer, A., Altunbas, M.[2], Ocak, F.,
Kazimova, S. [6], Salimov, A.A., A8ca, F. [9]], [10]], Yano, K., Ishihara, S.[12], etc...

Consider a smooth map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds,
then the second fundamental form of ¢ is defined by

(Vde)(X,Y) = Vidp(Y) — dp(VxY). (1.1)

Here V is the Riemannian connection on M and V is the pull-back connection on the
pull-back bundle ¢~'T'N, and

7(¢) = traceyVde, (1.2)

is the tension field of ¢.
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The energy functional of ¢ is defined by

M@zédwm, (1.3)

such that K is any compact of M, where

e(p) = %tracegh(dgb, do), (1.4)

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional E. For any

d
smooth variation {¢; }1er of ¢ with ¢g = pand V = %qﬁt) . we have
t=

d
FE0|_, == [ 1) vy, (15

Then ¢ is harmonic if and only if 7(¢) = 0.

One can refer to [3], [4], [S], [7] for background on harmonic maps.

The main idea in this note consists, in the study of harmonicity on cotangent bundle
equipped with the new class of metrics [[13]. We establish necessary and sufficient condi-
tions under which a covector field is harmonic respect to this metrics (Theorem [#.2] and
Theorem [4.3). We also construct some examples of harmonic covector fields and we give
a formula for the construction of non trivial examples of covector fields (Theorem 4.4 and
Corollary [4.2)). After that we study the harmonicity of the map o : (M, g) — (T*N, h')
(Theorem {4.6|and Corollary 4.4)).

2 Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, 7 M be its cotangent bundle and
m : T*M — M the natural projection. A local chart (U, x’)i:L—m on M induces a local
chart (7~ (U), 2%, 2" = pi);—T7mi=m4: 00 T* M, where p; is the component of covector p
in each cotangent space T M, = € U with respect to the natural coframe dz’. Let C°° (M)
(resp. C°° (T M)) be the ring of real-valued C'*° functions on M (resp. 7* M) and 3% (M)
(resp. S%(T*M)) be the module over C*° (M) (resp. C*°(T*M)) of C* tensor fields of
type (r, s).

Denote by Fi’;- the Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on 7™M, the vertical distribution VI™*M =
Ker(dm) and the horizontal distribution H7™ M that define a direct sum decomposition

TT*M = VT*M & HT* M. 2.1

Let X = X*-2- and w = w;da’ be a local expressions in U C M of a vector and cov-
ector (covector field) field X € 33(M) and w € S9(M), respectively. Then the horizontal

and the vertical lifts of X and w are defined, respectively by

9 )

H _ xi h xj
Xt = XX (2.2)
o= 2 2.3)
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with respect to the natural frame { 82“ a%, , where Ffj’ are components of the Levi-Civita

connection V on M. (see [12] for more details).

From ({2.1]), (2.2) and ([2.3]) we have

dr(w") =0, dn(X")=Xon. (2.4)

Lemma 2.1 [I2] Let (M, g) be a Riemannian manifold, NV be the Levi-Civita connection
and R be the Riemannian curvature tensor. Then the Lie bracket of the cotangent bundle
T*M of M satisfies the following

1 W, 0Y]=0,
2 [(XH 9V = (Vx0)Y,
3 [XHvyH] = [X7 Y]H - (pR(X, Y)U)V,

for all vector fields X, Y € S§(M) and w,0 € S(M).
Let (M, g) be a Riemannian manifold, we define the map
1: SY(M) — (M)
w > fw

by for all X € I3(M), g(fw, X) = w(X), the map 4 is C°°(M )-isomorphism.

Locally for all w = w;dz’ € SY(M), we have fw = gYw; 52, where () is the inverse
matrix of the matrix (g;;).

For each x € M the scalar product g~! = (g*) is defined on the cotangent space T;* M by

9 (w,0) = g(fw, 10) = gw;b;.
If V be the Levi-Civita connection of (M, g) we have

Vx(fw) = #(Vxw), (2.5)

Xg ' (w,0) = g7 (Vxw,0) + 97" (w, Vx0), (2.6)
for all X € S§(M) and w, 0 € SY(M).

From now on, we noted fw by @ for all w € 3Y(M).

3 A new class of metrics on the cotangent bundle

Definition 3.1 [[I3]] Let (M, g) be a Riemannian manifold and f : M —]0,+o0[ be a
strictly positive smooth function on M. On the cotangent bundle T* M, we define a new
class of metrics noted g by

g (XT YTy =g(X, V) =g(X,Y)om, 3.1)
gf(XH79V) =0, (3.2)
g7 (WY, 0Y) = fg  w,p)g7 (6. p), (3.3)

where X, Y € S{(M), w,0 € SY(M).



144 A new class of metrics and harmonicity ...

Theorem 3.1 [13] Let (M, g) be a Riemannian manifold and (T* M, g') its cotangent bun-
dle equipped with the new class of metrics. If V (resp V1) denote the Levi-Civita connec-
tion of (M, g) (resp (T*M, g¥) ), we have:

1) Vi, Yo = (VxY)H,
1
(2) Viut" = (Vx0) + ﬁxmev,
1 174
ﬁy(f)w 3
(1) V10" = S . 0) 7 O grad N + 7 @, 0)P,

(3) VI, vH =

forall X, Y € S§(M) and w, 6 € SY(M), where PV the canonical vertical vector field on
T*M and R denote the curvature tensor of (M, g).

4 A new class of metrics and Harmonicity.
41 Harmonicity of a covector field w : (M, g) — (T* M, g/)

Now we study the harmonicity of section w : (M, g) — (7™M, g) i.e covector field w
on M, and we give the necessary and sufficient conditions under which a covector field is
harmonic with respect to the new class of metrics g7.

Lemma 4.1 [13]] Let (M, g) be a Riemannian manifold. If w € V(M) is a covector field
(I-form) on M and (x,p) € T M such that w, = p, then we have:

dow(Xz) = X[+ (Vxw) (o)

where X € S§(M).

Proof. Let (U, %) be a local chart on M in z € M and (7~ (U), 2%, p;) be the induced
chart on T* M, if X, = Xi(a:)%\x and w, = w;(x)dz’|; = p, then

LX) = X) 5 ey + X 0) G )5 e
— Xi(@) 5 2l + @) )X (2) 5 e
(V)X ()3 + X ) G0
= X @)l a) + TS @)
#X0(0) G 0) ) — @) T )X () 5
= X[+ X @[04 (1) -y (@) T ) X (@) (),

_ H 1%
= X(ap) T (VXW)(3p)-

Hence we have the following Lemma.
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Lemma 4.2 Let (M™,g) be a Riemannian m-dimensional manifold and (T*M, gf) its
cotangent bundle equipped with the new class of metrics. If w € S(I)(M ), then the energy
density associated to w is given by:

e(w) = % + gtracegg_l(Vw,w)z. 4.1)

Proof. Let (z,p) € T*M,w € SY(M), w, = pand (Ey,--- , E,;,) be alocal orthonormal
frame on M, then:

1
e(w)a = gtraceyg! (dw, dw) (s p)

1 m
=3 > gl (dw(E;), dw(E:)) (s ).
i=1
Using Lemma[4.1] we obtain:

ow) = 5 3o/ (B + (V) B + (V)"
=3[ (B B + 0! (V)" (V) )]
= ;Z [9(Bi, E5) + fg ' (VEw,w)?]

+ gtracegg_l(Vw,w)g.

A direct consequence of usual calculations using the Lemma gives the following
result.

Theorem 4.1 Let (M™, g) be a Riemannian m-dimensional manifold and (T*M, g') its
cotangent bundle equipped with the new class of metrics. If w € (M), then the tension
field associated to w is given by:

r(w) = 5 [trace, [g7 (Ve w)grad f]]

+ [tmceg (V2w + ldf(*)(Vw) + g H(Vuw, Vw)w}]v. 4.2)

1
f e 12

where r? = g7 (w,w) = |lw||%.
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Proof. Let (z,p) € T*M, w € SY(M), w, = p and {E;},
frame on M such that (VAE{ E;), = 0, then

i—T.m be a local orthonormal

T(w)g = traceg(Vdw),

= Z{%ﬂw(&-) — dw(VE B}

- Z{V )}(:v,p

= Z{V{E{J+(VEUJ)V)(E3LI + (inw)V)}(x,p)
i=1 ‘

i{vf EM 4 vg{,(inw) + V(VE v (BN
=1
+V{VE o (V) Fap)-
Using Theorem [3.1] we obtain
T(w) = i [(VEZ-Ei) + (Vg Vew) f Ei(f)(Vw)Y
1=1
T+ E(F)(Viw) - 1g—l<inw,w>2<gmd He

of i 2
1
+W971(VE1-W, VEiw)wV]

o1
=D {597 (Vaw.w)(grad ) + (Vi Vigw)”
=1

1 1
7 lw]|?
= _71 [traceg [g_l(Vw,w)Qgrad fHH

E (f)(vE w)V + g_l(inwv inw)wv}

+ [tmceg (V2w + }df(*)(Vw) +

From that, we have the following result.

1 _ 14

Theorem 4.2 Let (M™, g) be a Riemannian m-dimensional manifold and (T*M, g') its
cotangent bundle equipped with the new class of metrics. Ifw € S (M), then w is harmonic
covector field if and only if the following conditions are verified

traceg [g_l(Vw,w)Qgrad f] =0, 4.3)
traceg V2w + chdf(*)(Vw) + ”wl‘zgl(Vw, Vw)w| = 0. (4.4)

where g7 (w,w) = ||w].
Proof. The statement is a direct consequence of Theorem

The direct consequence of Theorem [4.2]is the following Corollary.
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Corollary 4.1 Let (M™, g) be a Riemannian m-dimensional manifold and (T* M, g¥) its
cotangent bundle equipped with the new class of metrics. If w € %é(M ), then w is a parallel
covector field (i.e Vw = 0) then w is harmonic.

The necessary and sufficient condition under which a covector field is harmonic with
respect to the new class of metrics ¢/ is given in the following theorem.

Theorem 4.3 Let (M™, g) be a Riemannian compact m-dimensional manifold and (T* M, g¥)
its cotangent bundle equipped with the new class of metrics. If w € %?(M ), then w is har-
monic covector field if and only if w is parallel.

Proof. If w is parallel from Corollary we deduce that w is harmonic covector field.
Inversely, let ¢; be a compactly supported variation of w defined by:

R x M —s T*M
(t,z) — or(x) = (1 + t)wy
From lemma[4.2] we have:
m  (1+1t)

e(pr) = 5 +

f tracegg_1 (Vw,w)?,

1+1t)4
E(p) = %VOZ(M) + (—;)/ ftracegg_l(Vw,w)deg
M
w 18 harmonic, then we have:

0
-5 _
0=~ (¢t)le=0

_9
ot

:/ 2f tracey,g™ (Vw, w)?dv,
M

which gives

[%VOZ(M)} 9 [(1 J;t)4

o T /M ftracesg™H (Vw,w)?do,

t=0

g_l(vw7 w)Z =0,
hence Vw = 0.
As an application to the above, we give the following examples.

Example 1 Let R? endowed with the Riemannian metric in in polar coordinates defined by:
grz = dr® + r2de.
The non-null Christoffel symbols of the Riemannian connection are:
1
F122 :F221 = F212 =T
r
then we have,
1 1
Vodr=0,Vadid=—-df, Vodr=rdd, Vasdi=——dr.
or or 'S o0 o6 'S
The covector field w = cos 0dr — r sin #df is harmnic because w is parallel, indeed
V o w=cos0V s dr —sinfdf — rsin 0V » df = 0,
or or or
V ow = —sinfdr + cos0V o dr — rcosdf — rsin 0V o df = 0,
o0 00 00

i.e Vw = 0, then w is harmonic.
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Example 2 Let S? x R endowed with the product of canonical metric
g = da® + sin®(a)dp? + dt?,
The non-null Christoffel symbols of the Riemannian connection are:
I'%, =T3 =cota, Iy = —sinacosa.
Then, V 2 dt =V s dt =V odt=0, becauseF3 =0, foralli,j =1,2,3.
The covector field ww— dt is haeirmmc because w is parallel
Example 3 Let S! (Riemannian compact manifold) equipped with the metric:
gst = eda’.

The Christoffel symbols of the Levi-cita connection are given by:

1 11,0911  Og11  Ogi 1
2 NP ! _ _
u 29 (8.731 + Bxl 8.%'1 ) 2

The covector field w = f(z)dz , f € C°°(S') is harmonic if and only if w is parallel,

Vo =0 f(x) - /@)=
< f(x )—k:exp( ), keR

<:>w—k:exp( )dx , k€ R.

Remark 4.1 In general , using Corollary and Theorem [4.3] we can construct many

examples for harmonic covector fields.

Now we study a special case on the flat Riemannian manifold which is the real euclidean

space (R™, go).

Theorem 4.4 Let (R™, gg) the real euclidean space and (T*R™, 90) its cotangent bun-
dle equipped with the new class of metrics. If w = (w1, ,wm) € IV(R™), then w is

harmonic covector field if and only if the following conditions are verified

w = constant or [ = constant,
N 0wy, 10f (%)k 8%
: - =0.
; (8(3:2)2 T orion T \w||2 Z )
forall k =1, m, where g~ (w,w) = ||w]||.

Proof. Let { 0 7 be a canonical frame on Rm Using Theorem we have:

ozt Ji=1m
7(w) = 0 equivalent the following conditions and (4.4) are verified

(4.3) < traceg[ *1(Vw,w)2g7’ad f]1=0

<:>Zg Vaww) =0 or gradf =0

O
= g (8.7:5 w;)? =0 or f = constant
1,j=1
8(4}]'
- -
ozt

<~ w = constant or f = constant.

=0, foralli,j =1,m or f = constant

4.5)

(4.6)
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(#4) < trace, [Viw + }df(*)(vm) + %g '(Vw, Vw)w] =0
< ZZ V2V }df(axi)vaii” + ||wH2g_1(vaiiw’ Vaw] =0
- i{,i? <aa<1cjf 4 s g H;P Ot Z“"’dﬂ)}
“HE G )
- i (S * T g+ ||wu2 Z (o)) =0

forall k =1, m.
From that, we have

Example 4 1f R™ is endowed with the canonical metric, then any constant covector field w
on R™ is harmonic.

Corollary 4.2

Let (R™, go) the real euclidean space, (T*R™, 90) s cotangent bundle equipped with the
new class of metrics and w = (w1, ,wpm) € SYR ) If f is a constant function, then w
is a harmonic covector field if and only lf forallk =1, m:

-~ (D 1\ Owj o
i=1 (8(;131')2 " |l ;(&ﬂ) wk) =0, 4.7

forall k =1, m, where g~ (w,w) = ||w]?.

Corollary 4.3
Let (R™, go) the real euclidean space, (T*R™, go) its cotangent bundle equipped with the

new class of metrics and w = (w1, ,wm) € SVR™). If f # constant, then w is a
harmonic covector field if and only if w is constant.

Remark 4.2
Using Corollary .2 we can construct many examples of non trivial harmonic vector fields.

Example 5
If R™ is endowed with the canonical metric and T*R" its cotangent bundle equipped with
the new class of metrics such as f = constant. From corollary [4.2] we deduce that.

If w = (h(z1),0,---,0) € SY(R™) is a harmonic covector field if and only if the function
h is solution of differentlal equation
h 2
jn (h) =0, 4.8)

i.e h(z1) = £vax; + b, where a, b € R.



150 A new class of metrics and harmonicity ...

42 Harmonicity of the map o : (M, g) — (T*N, h')

Now we study the harmonicity of the map o : (M,g) — (T*N,hf) and we give the
necessary and sufficient conditions under which this map is harmonic with respect to the
new class of metrics h/.

Lemma 4.3 Let ¢ : (M™,g) — (N, h) be a smooth map between Riemannian manifolds
and o be a map that covers p, (p = wn o o) defined by

oc: M —T*N
r— (p(z),q)

where q € T ;(x)N and wy : T*N — N is the canonical projection, then
do(X) = (dp(X))" + (V§0)¥, (4.9)
forall X € S§(M).

Proof. Letx € M, X € S3(M) and w € S9(IV) such that w
Lemma[4.1] we obtain:

oz) =4 € T;(w)N. Using

dro(Xy) = dp(w o @) (Xy)
= dy()w(dzp(Xy))
= (do(X)) (L)) T (Vap0®) (o))
= (de(X)) (b)) T (VEO) o))

Theorem 4.5 Let (M™,g), (N, h) be two Riemannian manifolds, f : N —]0, 400 be a
strictly positive smooth function on N, (T*N, ht ) the cotangent bundle of N equipped with
the new class of metrics and ¢ : (M™,g) — (N, h) be a smooth map. The tension field of
the map

o:(M,g9) — (T*N,h')
z— (p(2),q)

such that q € T;(I)N is given by
1 H
(o) = [T((p) — §t7“aceg [hY(V¥0,0)*grad f]}

1

lo

+ [traceg (V)% + }df(d@(*))(vwa) + h 1 (V¥o, V‘pa)UHV(A.IO)

[

where h=Y(a,0) = ||o||%
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Proof. Let + € M and (E1,---,E,,) be a local orthonormal frame on M such that
(VAE{Ez)x = 0and O’(,CL') = (SD( ) ) g€ T*(I)N we have

7(0)x = traceg(Vdo),

= Z{VUEidU(Ei)}(w(m):Q)
- Z{vd(,(E Ei)} (p(w).0)

- Z;{V@tpj\(fEi))H(dgo(Ei))H + V@Z\(]Ei))fl(v%ﬂ)v
+V(vg v (@B + V(T2 v (VES) Yewa

From the theorem [3.1] we obtain:

m

(o) = 3 [(Vi e de (B + (Vis,) V50"

=1

+21fd<P(E¢)(f)(V§iU)V + ;fdso(Ei)(f)(vaa)V

1
—=h™ (V% 0,0)*(grad f) + Ha”gh

(VEAAB)" + (V5 VE0) + 1 (doB))(VE, )"

(V0 Vgia)av}

71(V§ia, VEU)UV}

I

N[ —

)

1
h_l(Vgia,J)Q(gradf)H + HUH2h

= [T(gp) - %traceg [h_l(V“"a, o)’grad f]}H

o+ [trace, [(V#)20 + }df(dgp(*))(v%) +

1 B %4
”J||2h L(v¥e, V‘pa)aﬂ .

From Theorem [4.5] we obtain.

Theorem 4.6 Let (M™,g), (N™, h) be two Riemannian manifolds, f : N —]0, +o00[ be a
strictly positive smooth function on N, (T*N, ht ) the cotangent bundle of N equipped with
the new class of metrics and ¢ : (M™,g) — (N™, h) be a smooth map. The map

o:(M,g) — (T*N,h')
z— (e(x), q)
such that q € T;(x)N is a harmonic if and only if the following conditions are verified

T(p) = %traceg [h_l(V‘pa,J)Zgrad f], 4.11)

traceg [(V‘p)QU + ldf(d<,0(>!<))(V“’U) +

7 “(V¥0,V¥0)0] =0. (4.12)

1
h
e[|
where h=Y(o,0) = ||o||%
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Corollary 4.4 Let (M™,g), (N", h) be two Riemannian manifolds, f : N —]0, +oo[ be
a strictly positive constant on N, (T* N, h') the cotangent bundle of N equipped with the
new class of metrics and ¢ : (M™,g) — (N, h) be a smooth map. The map

o:(M,g) — (T*N,h')
z— (p(x), q)

is a harmonic if and only if ¢ is harmonic and

traceg[(V¥)?o + Hlphl(vwa, V¥0)o] = 0.
o

where h=1(0,0) = ||o||%.
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