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Abstract. A boundary value problem generated on an interval by a diffusion equation with real coeffi-
cients and nonseparated boundary conditions is considered. One of these boundary conditions includes
the quadratic function of the spectral parameter. Some spectral properties of the boundary value prob-
lem are studied. It is proved that the eigenvalues are real and nonzero and that there are no associated
functions to the eigenfunctions, and an asymptotic formula for the spectrum of the problem is derived.
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1 Introduction

Consider the boundary value problem generated on the interval [0, 7] by the diffusion
differential equation
y" + [\ = 2p(x) — g (2)ly =0 (1.1)
and boundary conditions

(mAZ + aX + B)y(0) + /'(0) + wy(w) = 0,
—wy(0) +yy(m) +y'(m) =0,

where the functions p(z) € W4[0, 7], g(z) € Ly[0, 7] are real, \ is a spectral parameter,
w is a complex number, @ is the complex conjugate of w, m, «, 3, -y are the real numbers.
We denote by W3 [0, 7] the S.L. Sobolev space of functions f (x), « € [0, 7], where
the functions f(™)(z), m = 0, 1, 2, ...,n — 1, are absolutely continuous and f(")(z) e
L5 |0, 7r]. Problem (1.1) - (1.2) will be denoted by P.

For w = 0, the boundary conditions (1.2) are separated. In this case, the spectral prop-
erties of the Sturm-Liouville and diffusion operators were studied in [2-5,9,13,16-18,20]
and other works. In [1,6-8,10-12,15,16,19,21] direct and inverse spectral problems for
equation (1.1) (for p () = 0 and p (x) # 0) with various types of nonseparated boundary
conditions are investigated.

In this paper some spectral properties of the boundary value problem P in case mw # 0,
when one of the nonseparated boundary conditions contains a quadratic function of the
spectral parameter are studied. It is proved that the eigenvalues are real and nonzero and
that there are no associated functions to the eigenfunctions, and an asymptotic formula for
the spectrum of the problem P is derived.

(1.2)
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2 Some spectral properties of the boundary value problem P

In this section we will assume everywhere that m > 0 and the following condition is
satisfied: for all functions y (z) € W3[0, n1] , y (x) Z0 satisfying conditions (1.2), the
following inequality holds:

Q =y () = 2wRe [y )y ()| = Bly O

(2.1)
W @P +q @y @[} do > o,

Note that inequality (2.1) is certainly satisfied if

B<0,v>0, lw <87, ¢(z)>0.

Indeed, for g(x) > 0 the integral in (2.1) is positive. It’s clear that

Re [wy(O)y(m)| < lwl - [y(O)] - [y(m) .

Then the expression in (2.1) outside the integral is nonnegative, since for 5 < 0, v >

0, |w| < +/|58]~ we have
~Bly(O)* — 2Re [wy(©@)y(m)| +7 |y(r)

—By(0)]* = 2|w| - [y(0)] - [y(m)| + v ly(m)[*
> (B y(0)* = 21/18] 7 |y(0) )|+ y(m)|?

[fry )| = VA ly(n >|]220.

Definition 2.1 A complex number \g is called an eigenvalue of a boundary value problem
P, if the equation (1.1) has a nontrivial solution yq (x) for X\ = Ao that satisfies boundary
conditions (1.2); in this case yo (x) is called the eigenfunction of the problem P which cor-
responds to the eigenvalue \g. The set of eigenvalues is called the spectrum of the problem
P. Functions

y1(2),y2 (), yr (2)

are called associated functions of the eigenfunction yq (x) if these functions have an abso-
lutely continuous derivative and satisfy the differential equations

yj (@) + [A5 — 22p(@) — g ()] y; (2) + [220 — 2p(2)]yj—1 () + yj—2 (x) =0

and boundary conditions

(mAg + o + B)y;(0) + y5(0) +wy; (m) + (2mAo + a)yj-1(0) +my;-2(0) =0,

—wy5(0) +vy;(m) + y;(m) =

j = 17 27 37 wey T (y—l ({L‘) = 0) .
(2.2)

Theorem 2.1 The eigenvalues of the boundary value problem P are real and nonzero.
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Proof. Let \g be the eigenvalue of the problem P and y () be the corresponding eigen-
function. We put

lyo = —yo () + a(z)yo(2).
We denote by (f, ¢g) the usual scalar product of functions f () and g (z) in space L2|0, 7]:

- /0 " f@)g@)d

Scalarly multiplying both sides of the equality
¥o () + (Ao® — 2Xop(2) — q(2))yo(z) = 0
by yo(z), we get
(Y0, 50) + Xo” (0, ¥0) — 2X0(PYo, %o) — (q%0,%0) =0

The last equality can be rewritten as

202 (Y0, Y0) — 2X0(py0, ¥0) — (1Yo, yo) = 0, (2.3)

It is obvious that

(30, v0) = /0 (ol (@) + a(@)wo(@) 7o @z

s ™
= —/ vo (z) yo (z)dx +/ a() |yo(z)|? da. (2.4)
0
Applying the formula of integration by parts to the integral [, y( () yo (x Yo (z)dz, we have

/O " W @A) = @)

i e

=y () = 00 0) = [ (o) d

Therefore, relation (2.4) can be written as follows:

T 2
(0:90) = 350 0 0) = 9 (=) W + [ (Ioh @F +a(@) o @F) de. @9
According to the boundary conditions (1.2)

y6(0) = —wyo(m) — (MAo? + X + B)yo(0),
yo(m) = @yo(0) — yyo(m).

Then
Y6 (0) o (0) — o () wo () = o (0) (—w — (mXo® + Ao + B)y0(0))
—y0 (1) (@y0(0) — yyo (7)) = —yo (0)wyo(m) — |yo(0)[* (mAo? + aXo + B)
—yo (m)@yo(0) + 7 lyo(m)1> = — 50 (0)]? (mAo® + ado + B)

—2Re(wy(0)y(m)) + 7 |yo(m)[* -
Taking into account the last relation in (2.5), we have

(0, y0) = — lyo(0)[* (mAe® + ado + B) — 2Re(wy(0)y(m)) + 7 yo(m)|> + 4, (2.6)
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where A = [ [|yh (2)* + q(z) |y0(93)]2} dx. Substituting (2.6) into (2.3), we obtain

o” (40, 90) = 2X0(PY0: yo) + [90(0)[* (MAF + o + B) + 2Re(wy(0)y(r))

—lyo(m)* — A = 2% (10, Y0) — 2 (Y0, Yo) + mAE |y0(0)[* + aXo [yo(0)]?

+ |ﬁ?/0(0)|2 + 2Re(wy(0)y(m)) — v |yo(7r)|2 A=

or
Xo? [ (0, 90) + m lyo(0)] = Ao [2(pw0, v0) = alyo(O)*] = [=B130(0)|
~2Re(wy(0) y(m) + 7 lyo(m)|” + A] = 0. @)
We denote
V = (y0,90) + m [y0(0)]*, R = 2(pyo, o) — @|yo(0)]*, (2.8)

Taking into account (2.1) and (2.8), from (2.7) we obtain the following quadratic equation
for \g:

VA —R\N-Q=0. (2.9)

It follows from inequalities m > 0 and (2.1) that V') > 0, and therefore the discriminant
R? + 4V @ of the quadratic equation (2.9) is positive. Therefore, the roots of equation (2.9)
are real and nonzero. The theorem is proved.

Corollary 2.1 If yo (x) is the eigenfunction of the problem P corresponding to the eigen-
value )\, then

2V — R # 0, (2.10)

where V and R are determined by equalities (2.8). Moreover, the sign of the left side of this
inequality coincides with the sign of \o:

sign (2V A9 — R) = sign)p. (2.11)
Proof. Solving equation (2.9), we obtain

\_ REVRZTAVQ
0= :

2V
Since R? + 4V Q > 0, it follows from (2.12) that

2V — R=+/R2+4VQ £ 0.

Therefore, (2.10) holds. It is also clear from (2.12), that for Ag > 0 there must be a ”+” sign
in front of the root, and for Ay < 0 there must be a ”-” sign. From here we find that the
sign of the expression 2V \g — R coincides with the sign of \g, i.e. equality (2.11) is true,
which should have been proved.

(2.12)

Theorem 2.2 The boundary value problem P has no associated functions of the eigenfunc-
tions.
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Proof. Let us assume the opposite. Let us suppose there is an associated function y; (x) of
the eigenfunction yg (x) of problem P , which corresponds to the eigenvalue )\g. Then the
equalities

Yo (x) + [A5 — 2Xop(x) — q ()] yo (z) = 0, (2.13)
yi (x) + [A — 2Xop(x) — q (2)] y1 (x) + [2A0 — 2p(x)] yo(z) = 0 (2.14)

hold.
Let us pass in equality (2.13) to the complex conjugate and then multiply the resulting
equality by y; (z), and multiply relation (2.14) by yo ().

yo ()1 () + [N — 2hop(2) — ¢ (2)] o(z)y1(z) =0,

i () yo (@) + [AF — 2Xo0p(x) — ¢ (2)] yo(2)y1(x) + 200 — 2p(2)] yo(x)yo(z) = 0.
Subtract the second result from the first:

1/

2[Xo — p(a)] yo(@)yo(x) = ¥ (x)y1(x) — ¥ ()yo ().

The last equality can be rewritten as

220 — p(a)]l90(2) P = - [1hs () — v ()]

After integrating this relation over x from O to m, we get

2 [ Do = sl (@) do = [ (2) ~ i) (o)

T
0

= yo(m)y1(m) — y5(0)y1(0) — ¥4 (m)yo(m) + 41 (0)y0(0). (2.15)

From the boundary conditions (1.2) and (2.2) for y (z) and y; () we find y;,(0), y,(7),
y1(0), () and substitute in (2.15):

2 /7r Mo — p(2)] Jyo (z) |* dz = (wyo(O) - vyo(ﬂ)) yi(m) + [(mAo® + aXo + B)yo(0)
0

+@yo(m)| 91(0) = [&91(0) = ()] yo(m) — [(mA? + ado + By (0) + wyn ()

+(2mAo + @)yo(0)] %0(0) = wyo(0)y1 (7) — Yyo(m)y1 (m) +mAZyo(0)y1(0)

+a0(0)y1(0) + wyo(m)y1(0) + By1(0)y0(0) — wy1(0)yo(m) + vy1(m)yo(m)
—mA5y1(0)y0(0) — aXoy1(0)y0(0) — By1(0)yo(0) — wyr (m)yo(0)

—2mAg90(0)y0(0) — ago(0)yo(0) = —(2mAg + a) |yo(0)[* .

From this we get

2 [ Do = p(a)] oo (@) do + (2o + ) i 0)FF =0
0

or 2V Ay — R = 0 (see [11]), which contradicts the inequality (2.10).
The theorem is proved.
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3 Asymptotics of the eigenvalues

Let ¢(z, A), s(x, A) be the fundamental system of solutions of equation (1.1), determined
by the initial conditions

c(0,2) = §'(0,A) =1, (0,\) = s5(0,\) = 0. (3.1)

For any x the functions ¢(z, ), s(z, \), ¢(z, \), s'(x, \) are entire functions (of exponen-
tial type) of the variable A. The general solution of equation (1.1) is written as

Yy (:L'v >‘) = Alc(xv /\) + AZS (:‘Ua )‘) ) (32)

where A;, As — are arbitrary constants. Taking into account the initial conditions (3.1), we
obtain
Y (0, )\) = Aic (0, )\) + Ass (0, )\) = A,

¥ (0, A) = A1c' (0, A) + Ags’ (0, A) = As.

Substituting function (3.2) into boundary conditions (1.2) and using the last relations, we
obtain the following system for A; and As:

{Al [mA?2 4+ aX + B+ we(m, A)] + Az [1 + ws (m, A)] =0,
A [—o+ye(m, N) + (m, N)] + Az [ys (m, A) + 8" (m, A)] = 0.

For the number A to be an eigenvalue of the boundary value problem P, it is necessary and
sufficient that the last system has a nonzero solution. But this system has a nonzero solution
if and only if its determinant is equal to zero. Therefore, the eigenvalues of the boundary
value problem P coincide with the zeros of the function

mA2 4+ o+ B +we(m, A)  14+ws(m, A)

AN = —w4ve(m, N+ (m, N) ys(m, N) + 8 (m, A) |

This function is called the characteristic function of the problem P. Let us expand this
determinant and take into account the identity ¢ (z, \) s’ (z, A) — ¢ (z, \) s (z, \) =1:
AN) = [mA2 4+ aX+ B+we(m, N)] - [ys(m, A) + 8 (7, A)]

— L4 ws(m, N)] - [~@+vc(m, A) + (7, A)] = mA2ys (7, \)
+mA%s’ (m, X) 4+ adys (1, A) + aXs’ (7, A) +wye (m, N) s (7, \)
+we (m, A) s (m, \) + Bys (m, A) + B8’ (7, ) +@ — vye(m, A)
—c (m, A) + wws(m, \) — wys(m, A)e(m, A) — ws(m, A (7, \)
= [mX? + aX+ B] ' (m, ) + [mA® + aX + B] ys(m, A)
twle(m,A) ' (m,N) = & (m, N)s(m, \)] = ve(m, A) — (7, A)
+|w]? - s(m, ) + @ = 2Rew + |w|* - 5(m, \)

+ [mA2 4+ X + 8] (8 (7, A) +vs(m, N)) —ye(m, A) = (m,\).

Denote
nA\) = (m, N +ye(m A, o(A) =5 (7, A)+vs(m, \) .

Then
AN =2Rew —n (A) + |w|?s (7, A) + (m)\2 +aX+B)o(N). (3.3)



G.S. Mammedzadeh 7

Theorem 3.1 For the eigenvalues i (k = +0, 1, £2, ...) of the boundary value prob-
lem P for |k| — oo the following asymptotic formula holds :

1 A
ukzk—isignk+a+—+@, (3.4)

mmk k
where a = L [ p(t)dt, A =1+ mmar +my, a1 = 5= [ [q(t) + p*(t)]dt, my € L.

Proof. Itis known [10] that the following representations are valid for the functions ¢ (7, \) ,
d(m,A), s(m,A\)and s’ (7, \):

— ] _ 1 s .
c (m, A):COSW()\—G)—QW%—WMSW—FA b1 (t) e,

1 (7 ,
d(m, \) = =Asinm (A —a)+cosinm (A —a)+majcosm (A — a)+x o (t) et

sinm (A —a) sinm (A —a) cosm(A—a) 1 [T ixt
S (7T7 )\) = )\ Co A2 - WalT + F . 1/}3 (t) e dt’
A— i A— 1 [ A
s (m, \) = cosm (A —a) +C1COS7T()\Q) +7rals1n7r()\a) +5 ba (t) €,

p (0) —p ()], ¥m (t) € Lo[—m,7], m =

N[

where ¢g = 3[p (0)+p (7)], a1 =
1, 2, 3, 4.

From these representations and (3.3) according to the Paley—Wiener theorem [14, p. 69] we
obtain that the characteristic function A (\) of the boundary value problem P has the form

A(N) = 2Rew + mA? cosm(A — a) + A[sinm(\ — a)
+mecy cos (A — a) + mmag sinw(A —a) + acosT(A — a)
+mysinm(A — a)] — cosinm(A —a) — wa; cosT(A — a)
—vycosT(A —a) + acicos (A — a) + arar sinw(A — a)
+Bcosm(A —a) +meoysinm(A — a)
—mymay cosT(A —a) + aysinm(A — a) + Agi(A) + g2(N)
= mA2cos (A — a) + N[(1 4+ mma; + my)sinw(A — a)
+(mer + ) cosm(A —a) + g1(N)]
+(amar — co + mepy + ay)sinmT(A — a)
+(ac1 —may — v+ — mymar) cosm(A — a) + g2(A) + 2Rew, (3.5)
where .
50 = [ 50N, € Laf-mal, j=1. 2

—T

We denote by I, the contour bounding the square
K,={\: |ReA—a|l <n, |[ImA\ <n}.
By virtue of relation (3.5) we have

AN =FN)+g9(Q),
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where f (\) = mA2 cos (A — a),

g (A) = A[(1 +mma; + my)sinT(A — a) + (mey + a) cosm(A — a)
+91(N)] + (amar — co + meoy + ay) sinm(A — a) + (ac; — mag — v
+5 — mymay) cosm(A — a) + g2(A) + 2Rew.

It is easy to prove that the inequality |f (A)| > |g (\)| holds on I, for sufficiently large n.
Then, by Rouché’s theorem the square K, contains the same number of zeros A (\) and
f(A), i.e. 2n + 2 zeros. Using representation (2.13) and Rouche’s theorem, it is easy to
establish that the roots uy (k = £0, £1, £2, ...) of the equation A (A) = 0 for |k| — oo
obey the asymptotics

1
we =k — §signk + a + ek, (3.6)

where e, = O (k). Taking into account the asymptotics (3.6) and the expansions cosz =
1+O(m2) , sinw:x—i—O(x?’) , = =14z +O(x2) (x — 0), we have

1—x

1
sinm (g — a) = (=1)*sinn <—2signk: + 5k> = (=1 signk cos ey,

= (-1 signk + O (;2) , (3.7)

1
cos (pu, — a) = (—=1)F cos (—2Signk + €k> = (—1)* signk sin 7ey,

) 1
= (—1)k mepsignk + O <k3> , (3.8)
1 1 1 1 a 1
— = =— |1+ —signk——-+0( =
pe  k(1— opsignk + %+ )k [ ok e T (kz2>]
1 1
= — — . 3.
A +0 <k2> (3.9
Moreover, using Lemma 1.4.3 in [16], we obtain the asymptotics
9; (x) = 030+ B, (3.10)

where {0;1}, {pjr} € l2, j = 1, 2. Substituting (3.6) into A (1) = 0 and taking into
account relations (3.7) - (3.10), we obtain the asymptotics

A my
= — 4+ — ls. 3.11
Ek m7rk+k’mke2 (3.11)
Then from (3.6) by virtue of (3.11) the asymptotic formula (3.4) follows.

The theorem is proved.
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