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Abstract. Let v € (0,00) and Ay := f% — 2”;1 % be the Bessel operator on Ry := (0,00). In
this paper, we study some embeddings into the total Morrey space Ly, » ,(Ry,dmy), 0 < X\ p < 20+ 2
associated with the Bessel operator on R4. These spaces generalize the Morrey space associated with
the Bessel operator on Ry so that L, x(Ry,dmy) = Ly, y \(Ry, dmy) and the modified Morrey spaces

associated with the Bessel operator on Ry so that zp,A(R+: dmy) = Ly x 0(Ry, dmy).
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1 Introduction

Let v > —1/2 and /A, be the Bessel operator defined by setting, for suitable functions
fand x € R4, see [5,20]. An early work concerning the Bessel operator is from Mucken-
houpt and Stein [20]. They aimed to develop a theory associated to AA,, which is parallel to
the classical one associated to the Laplace operator A. After that, a lot of work concerning
the Bessel operators was carried out. See, for example [2,4,6-9,15,26,27] and the refer-
ences therein. Among the study of A, the properties of Riesz transforms associated to A,
defined by

Ra, f = 0.(0,) "2,

have been studied extensively, see for example [2,4,23]. Characterizations of function spaces
associated to the Bessel operator A\, were also studied by many authors. Among these,
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2 On embeddings of total Morrey spaces associated with Bessel operators

we point out that the Lebesgue space associated to the Bessel operator 2\, is of the form
Ly(Ry,dm,,), where 1 < p < oo, dm,(x) := 2?7 !dz, and dz is the standard Lebesgue
measure on R (see for example [5]).

Morrey spaces, introduced by C. B. Morrey [19], play important roles in the regularity
theory of PDE, including heat equations and Navier-Stokes equations. In [11] Guliyev in-
troduce a variant of Morrey spaces called total Morrey spaces Ly, » ,(R™), 0 < p < oo,
A€ Rand p € R, see also, [1,12-14,18,21,22].

In the present work, we give basic properties of the total Morrey space L, » (R, dm,,),
0 < A\, i < 2v + 2 associated with the Bessel operator on R, and study some embeddings
into the total Morrey space Ly, » ,,(R, dm,, ). These spaces generalize the Morrey space as-
sociated with the Bessel operator on R so that L, (R, dm,) = L, x (R4, dm,,) and the

modified Morrey spaces associated with the Bessel operator on Ry so that L, y(R., dm,) =
Lp7)\70 (R+, dm,,) .

The paper is organized as follows. In Section 2, we present some definitions and auxil-
iary results. In Section 3, we give some embeddings into the total Morrey spaces associated
with the Bessel operator on R .

Finally, we make some conventions on notation. By A < B we mean that A < C'B with
some positive constant C' independent of appropriate quantities. If A < Band B S A, we
write A ~ B and say that A and B are equivalent.

2 Preliminaries

Bessel functions were first discovered in 1732 by D. Bernoulli (1700-1782), who pro-
vided a series solution (representing a Bessel function) for the oscillatory displacements of
a heavy hanging chain (see [3]). Euler later developed a series similar to that of Bernoulli,
which was also a Bessel function, and Bessel’s equation appeared in a 1764 article by Euler
dealing with the vibrations of a circular drumhead. J. Fourier (1768-1836) also used Bessel
functions in his classical treatise on heat in 1822, but it was Bessel who first recognized
their special properties. Bessel functions are closely associated with problems possessing
circular or cylindrical symmetry. For example, they arise in the study of free vibrations of
a circular membrane. They also occur in electromagnetic theory and numerous other areas
of physics and engineering (see [3]). The more complete reference about Bessel functions
is the treatise of Watson [28].

Trimeche [24,25] has pointed out how the theory of Bessel functions generates an har-
monic analysis on the half line tied to the differential operator

d? _w+ld

A= e
dx? xz dx

v>-—1/2,
which is referred to as the Bessel operator of index v.
For a real parameter v > —1/2, we consider the Bessel operator on R :

> 2w+1d
Nym LT
dx? xz dx

Note that A_; /5 = —%.
Let v > —1/2 be a fixed number and m,, be the weighted Lebesgue measure on R,

given by
dmy(z) == (2" 0(v + 1))_1 g,
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For every 1 < p < oo, we denote by L,,, = L,(R4,dm,) the spaces of complex-
valued functions f, measurable on R such that

I/

1/p
p,uzufuLp,V:( / \f(w)!”dmy(a:)> <o if peLoo).
Ry

and

/1| Lo, = ess sup|f(z)| if p = oo.
zeRL

For 1 < p < oo we denote by WL, ,,, the weak L, ,, spaces defined as the set of locally
integrable functions f(x), z € R, with the finite norm

1y, =supr (my {o € Ry 5 [f@)] >}

Note that

Ly, CWLp, and ”fHWLp,,, < | fllz,,, forall f € Ly,.

Let B(z,t) = {y € Ry : y € (max{0,z —t},x+1t) } = (xr — ¢,z +t) NR; and
-1
t > 0. Then B(0,t) = (0,¢) and m, ((0,¢)) = (2V+1 (v+1)D(v+ 1)) $2v+2,

Remark 2.1 We mention that (L,(R,dm,), || f||z,,) is a Banach space. Moreover, since

(R4, | - |,dm,) is a space of homogeneous type, (L,(Ry,dmy), | f||z,, ) is a Lebesgue
spaces on spaces of homogeneous type in [16,17].

3 Some embeddings into the total Morrey spaces

In this section, we study some embeddings into the total Morrey space Ly, » ,(Ry, dm,,),
0 < A, p < 2v + 2 associated with the Bessel operator on R .

Definition 3.1 Ler 1 < p < 00, 0 < A < 2v + 2 and [t]; = min{l,t}, t > 0. We

denote by Ly, \ (R, dm, ) Morrey space, by Ep, ARy, dm,) the modified Morrey space and
by Ly x (R4, dm,) total Morrey space associated with the Bessel operator as the set of
locally integrable functions f(x), © € Ry, with the finite norms

1/p
[ flL, ARy dm,) == SUP <t_A/ !f(y)!pdmu(y)> ,
B(z,t)

z€R,t>0

zeR4,t>0

1/p
- N -
Hf”LPA(RJ”de) ‘= Sup <[ﬂ1 /B(:c,t) |f(y)|P dmy(y)> )

1/p
£, r . (Resdmy) == SUP ([thk[l/t]’f/ \f(y)\pdmu(y)> :

z€R4,1>0 B(z,t)

respectively.
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If min{\, u} < 0or max{\, u} > 2v+2,then Ly, » ,(Ry,dm,) = O(Ry), where O(R )
is the set of all functions equivalent to 0 on R .
Note that
Lyoo(Ry,dmy) = Lyo(Ry,dm,) = Lyo(Ry, dm,) = Ly(Ry, dm,),
Lp7)\’)\(R+, dml,) = LP’A(R+, dm,,), LP,X,U(R-F) dm,,) = Lp,)\(R-i-v dm,,)

LpauRey dmy) Co Ly a(Ry,dmy)  and || fllL,  ®y dm) < IFllL, R dm) s
3.1

Lpu(Ry,dmy) Co Ly (R4, dmy,)  and ”fHLp,u(R_F,dmy) < Hf‘|Lp,A,#(R+,dm,,)‘
(3.2)

Definition 3.2 Ler 1 < p < 00, 0 < A < 2v + 2. We denote by W L, (R4, dm,,) weak

Morrey space, by WEP,A (R4, dm,) the modified weak Morrey space and by W Ly, » ,(R4., dm,,)
weak total Morrey space associated with the Bessel operator as the set of locally integrable
functions f(x), x € Ry with finite norms

_ 1/p
VAW Ly sy ey = sup 7 sup (t7my {y € Bl )+ f()| > 7})
r>0 zeR4,t>0

1/p

= =supr su t_AmV € B(x,t) : >7‘> ,
77, oy = S0 x%gw([h {ye€ Blat): |f(y)| >}

_ 1/p
1102y ey =500+ sup (I 1/ {y € Bl s 1) > 1)
r>0 $€R+,t>0

respectively.
We note that

LpapRy,dmy) C WLy W(Ry,dmy) and (|fllwr, &y dm,) < 1 flL, R dm)-

Remark 3.1 We mention that (Ly» (R, dm,), 1fllz, H(RJr,dmu)) is a Banach space.
Moreover, since (R+, |-, dml,) is a space of homogeneous type,

(Lo Ry dmy), | fllz, o Ry sdms))
is a special case of Morrey spaces on spaces of homogeneous type in [10].
Lemma3.1l If0<p <00, 0<A<2v4+2and0 <y <20+ 2, then
Lpoviou(Ry,dmy) Co Loo(Ry,dmy) Cy Ly 20+2(Ry, dmy)

and
1 F Ly s 20 sa (R sdimy) < PN f | Ry sy < ULy 2o (B sdimn)-

Proof. Let f € Loo(Ry,dm,). Thenforallz € Rand0 <t <1
-\ p 1/p 1/p
( PP dmy(y)) " <Yl 0SA<2w+2
B(z,t)
and forallz € Ry andt > 1

oy 1/p
(22 [ P dm ) <8l
B(z,t)
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Therefore f € L, » 2,+2(R4, dm,,) and

1F 112y 2 mpsn @ dime) < B P1 N2

Let f € Ly ou42,(R4,dm,). By the Lebesgue’s differentiation theorem we have

t—0

lim m,, (B(x,t)) ™ /B( ) lf()Pdmy(y) = |f(x)|P a.e. ze€Ry.

Then
1/p
= | limm z,t)7! Pdm
7@ = (Lo 0y [ s y<y>>

oy 1/p
<oy (02 [ @l dma ) B 1 e
B(z,t)
Therefore f € Loo (R4, dm, ) and

AN Lo Ry < OS2 Ny o (B i)

Corollary 3.1 If0 < p < oo, then

Lp,21/+2 (R+7 dml/) = Lp,2V+2 (R+a dmu) = Lo (R+a dmu)

and .
”f”Lp,21/+2(R+7dmu) = ”fHZp,2V+2(R+7di) = bl//prHLoo'

Lemma3.2 Let1 <p<o0o,0<A<2v+2and0 < pu<2v+ 2. Then
Ly u(Ry,dm,) = Ly x(Ry,dmy) N Ly, (Ry, dm,,)
and
102y oy = 005 Ly s s 1Ly ) -
Proof. Let f € L, » ,(Ry,dm,). Then by (3.1) and (3.2) we have
LpauRy,dmy) Co Ly A(Ry,dmy) N Ly (R, dmy)

and
max { £z, sy oy 11y ) b < ALyt

Let f € L, \(Ry,dm,) N Ly, (R4, dm,,). Then we have

1/p
Il zyr . (Rsdm,) = SUP ([tlfk[l/t]’f/ If(y)lpdmy(y)>

r€R4,t>0 B(z,t)

1/p
zmax{ sup (t_A / |f(y) P dmu(y)> :
zeRL,0<t<1 B(z,t)

1/p
sup (rﬂ / If(y)l”dmy(y)> !
reR4,t>1 B(z,t)

< maX{\|f||Lm(R+,dmy), ||f||Lp,H(R+,di)} :
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Therefore, f € Ly, » (R4, dm,,) and the embedding Ly, » (R4, dm,) N Ly, ,,(R4, dmy,) Cs

Ly u(Ry, dm,) is valid.
Thus L, » . (R, dmy) = Ly x\(Ry,dm,) N Ly, , (R4, dm,,) and

10y sy = 1005 {2y et I )} -
Corollary 3.2 If0 <p <00, 0 < A < 2v + 2, then
Lya(Ry,dm,) = Ly(Ry,dm,) N Ly(Ry, dm,)

and

Iz, e i) = maX{HfHLM(RJr,de), Hf||Lp(R+,dmu)} ~

From Lemmas 3.1 and 3.2 for 1 < p < oo we have

Lp,2V+2 (R+, dmy) == LOO (R+, dmy) N Lp(R+, dm,,)
Lemma3.3 Let0 <p <00, 0<A<2v+2and0 < u < 2v+ 2. Then
WLpxu(Ry,dm,) = WL, \(Ry,dm,) N WL, ,(Ry,dm,)

and

LI Ly ety = 2% U2, 0 s 10, ) -

Corollary 3.3 If0 <p < 00,0 < A < 2v + 2, then
WLpa(Ry,dm,) =W LyA(Ry,dm,) "W L,(Ry,dm,)

and

1wz, @y dm,) = maX{”f”WLPA(R%di)a \|f||WL,,(1R+,di)} -
Remark 3.2 If 0 < p < oo, and min{\, u} < 0 or max{\, u} > 2v + 2, then
Lp,)\,,u(R—l-: dm,,) = WLP)MM(R"‘? dm,,) = @(R+)

Lemma34d [f0<p<oo,0< Ao <A\ <2u+2and0 < p1 < pug < 2v + 2, then

Lp)\l,m (RJra di) Cs Lp,)xz,,uz (RJra di)

and
Iy ng g Ry < W SFllLy s, ) Ry sdm)-

3.3)

Proof. Let f € Ly ,(Ry,dm,),0 <p<00,0< A <A <20 +2,0< pug < pp <

2v + 2. Then

1/p
_ A1—A2p—A1 p
10y rg B sy = max {  sup (#9722 /B o T dm,(y)) ",

zeRy, 0<t<L1

(e [ )} < 1

PyATHT

zeRy, t>1

On the total Morrey spaces associated with the Bessel operator the following embedding

is valid.
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Lemma3.5 Let0 < A< 2v+20< u<2v+20< 61 <20+2—Aand0 < s <
2u+2—u.Thenfor2”‘E%’\ gpgm’;%

Lp,)\,u (R+, dml/) Cw Ll,?l/+27,31,21/+27,82 (R+, dmz/)
and for f € Ly (R4, dmy,) the following inequality

1
v
”fHLL2V+27512V+2,52(R_A,_,dmll) S bﬁ ||f”pr)\’M(R+,dml,)

is valid.

Proof. Let0 < A\ < 2vr+2,0 S/(L <2wH42,0< B <20+2—XN0< B <2U+2—p,
f € Lpxu(Ry,dm,) and % <p< 2%2 By the Holder’s inequality we have

_ pr1—2v—2 —Ba+2v+2
”fHL1,2u+2—61,2u+2—62 Ry dmy) — xeﬂzljg>o[t]1 [1/t]1 /B(x,t) ’f(y)’ dmv(y)

= i\~ @ur2)/p gy z=A 1/p
<vf s (i) 0 (R 1P an )
I€R+,t>0 (xvt)

1 2v+2—p — B ﬁ1_2V+p2*>\

b ||f||Lp’A7#(R+,dml,)igg ([t » t,

IA

Note that
-1 Br— B — 22t
sup ([tht™) [t] = max{ sup t » supt P < oo
>0 0<t<1 t>1

20+2— A <p< 2u+2—u.
B B2
Therefore f € L1 2,42-8, 20+2—8, (R4, dm, ) and

2v42—p
= P

QI_M 2042—X
1

if and only if

1

1 220y, 2vi2esy R sdmy) < 08 I FllL, Ry dma)-
Corollary 3.4 Let0 < A\ <2v+2and 0 < < 2v+ 2 — X\ Then forp = 2V+627>\

Ly xRy, dmy) C Ly gpy2-p(Ry, dmy)
and for f € L, x\(Ry, dm,) the following inequality

1

1N 200 s By dimy) < bl £y \ Ry dms)
is valid.

Corollary 3.5 Let 0 < A < 20 +2and 0 < B < 204+ 2 — \. Thenfor% <p<
2U42—p
B

ZP,A(R-H dmv) Cs El,QVJr?*ﬁ (R-H di)
and for [ € Ep)\ (R, dm,,) the following inequality

1
v
T = i PR
is valid.
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