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Abstract. The paper is devoted to the study of the Fredholm property of a boundary value problem for
a three-dimensional elliptic equation with variable coefficients with nonlocal boundary conditions in a
bounded domain with a Lyapunov boundary. Singular necessary solvability conditions are derived, the
regularization of which is carried out according to a new original scheme. Based on the regularized
necessary conditions and boundary conditions, the Fredholm property of the problem is proved.
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1 Introduction

As is known, the Fredholm property of local boundary value problems (Dirichlet, Neu-
mann, Poincaré) for partial differential equations is proved by reduction to the Fredholm
integral of the second kind with a regular kernel, which is solved by the method of suc-
cessive approximations. Since even-order equations are usually considered in the theory of
partial differential equations, this scheme is generally accepted in this case.

In nonlocal boundary value problems for PDEs, the entire boundary is the carrier of a
nonlocal boundary condition, as if “stitching” the values of the unknown function and its
derivatives on different sections of the boundary. The introduction of nonlocal conditions
also eliminated the misunderstanding between the O.D.E. and partial differential equations,
when the number of boundary conditions does not coincide with the order of the equation.

In contrast to classical problems, for the nonlocal BVP there arose possibility of Fred-
holm property proof both for even and odd orders [1]-[5] by a principially new method:
based on a fundamental solution of the principal part of the PDE and by means of the 2-nd
Green’s formula so called “necessary conditions” of solvability are obtained. The Fredholm
property is investigated just from the necessary conditions.

It should be noted that for linear ordinary differential equations these necessary con-
ditions were obtained by A.A. Dezin in the form of usual boundary conditions [6]-[7]. For
partial differential equations for the first time these conditions were considered and obtained
by A.V. Bitsadze in the form of singular integral equations for two-dimensional Laplace
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equation [8]. The regularization was carried out using the method of succcessive approxi-
mations. A.A.Bitsadze called them both “necessary and sufficient conditions of solvability”
[8].

In three-dimansional case the singularities have a special form and are not regularized
as in the general case as we arrive at a Fredholm equation of the first kind which is a dead
end. A new approach [2], [5], [9]-[11] is used to regularize the obtained singularities what
allows to prove the Fredholmness of the posed problem.

2 Problem statement
Let us consider the three-dimensional Laplace equation in a convex in the direction x3

domain D C R3 whose projection onto plane Oz = Oz’ is domain S C Ox1x9, I is
the boundary (Lyapunov surface) of the domain D:

3
0
Lu = Au(z) + Zak(x) u(z) +a(z)u(z) =0, z€D C R3 (2.1)
1 axk
with non-local boundary conditions:
2 3
(k) ou(z)
=2 > @) T =)
k=1j=1
2
k .
+ Zag ) (2 )u(z) g2y = @i(@'), i =1,2; 2’ = (z1,22) €, (2.2)
k=1

u(x) = folx), v € L[ I, (2.3)
where S = projos,, D, I1 and I are the lower and the upper half surfaces of the bound-
ary I respectively defined as follows: I, = {&=(&,8,&3): & =y(E),

& =1(&,&) € S} where &3 = Y (&1;&2) ,k = 1, 2, are equations of half surfaces I
and Iy, functions 74 (£') , k = 1, 2, are twice differentiable with respect of the both of the
variables 1, £2; the coefficients agc) ('), al(k) (2') are continuous functions .
The fundamental solution for equation (2.1) is the same as for the three-dimensional
Laplace equation [12]:
1 1
irfr—g

Let us get basic relationships and necessary conditions.
Multiplying equation (2.1) by the fundamental solution (2.4), integrating it over the
domain D by parts

Uw—¢) = 2.4)

/D Lu(z)U(x — €)dz = / w(z)AU (2 — €)dz

D

3
—I—Z/ [(agg(f)U(x &) — u(:):)aUg;_g)> cos(v, xj)dac]

J J

+3° / ay () agi:) Uz — €)dw + / a(z)u(z)U(z — €)dz
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and taking into account that A, U (x — &) = §(z — &) where d(x — &) is the Dirac d-function
we’ll get the first basic relationship:

3
- Z/F [(8;3(356) Ulx—-¢) — u(a:)aU(;;_g)> cos(v, :xj)da:]
=1 j J

—Z/ a“ (z) (x—g)dz_/Da(x)u(x)U(x—f)dw

_ u(§), §€D,
—/Du(m)5( §)d;v—{ e 2.5)

Here the first relationship gives the representation of the general solution of equation (2.1)
and the second expression in (2.5) is the first necessary condition.

Taking into account 6U(§§‘_§) = —433‘;_5;'3 = CT(‘Z irj) we obtain the 1 necessary
J T|x— ™
condition (£ € I') in the form
1 0 -
“u(g) = — “(x)U(x — &)dx — / u(x)cos(x—f’”;)dx
2 r 81/ r 47 |;[; — £|

3
ou(x
—;/Dak(l‘)

where all the integrands have a weak singularity as the order of singularity doesn’t exceed
the multiplicity of the integrals.
Thus we have proved

Theorem 2.1. Let a convex along the direction x3 domain D C R® be bounded with the
boundary I'which is a Lyapunov surface. Then the obtained first necessary condition (2.6)
is regular.

Uz —§)dx — /D a(x)u(x)U(x — &)dx (2.6)

Multiplying (2.1) by %ﬁ;@, i = 1,3, , integrating it over the domain D we obtain the
rest of three basic relationships:

8U 3U (x —¢§)
/D / Ay ox; T
(z) 0U(x — &) oU (z — €)
/Dk 1 (93:k Ot dx + /Da($)u(x)€mdx,

whence after integrating by parts we get the second basic relationship

[ a;ﬂfi) [aUé‘:fC; &) cos(un, 2:) — aU(;xi_ 9 cos(un, xm)] dz
[ 8;;”) [aU(gxl_ &) cos(ve, z1) - 8Ug”xi_ ) Cos(uz,xl)] dz
: ag:(;) aUg”y; g — /D ; ak(v) agggf) aUg;i_ &) g
- /D a(x)u(x)w(;fdx = { :g@é;@ i? i=1,3, Q2.7)
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where the numbers i, m, [ make a permutation of numbers 1,2,3. The second expressions in
(2.7) are the second necessary conditions (¢ € I, i =1,2,3).

Taking into account that éﬁ 0 - _ 4;;_553 = —Cif‘xg;%xzi)

and introducing the
designations

K;j(x,€&) = (cos(x — &, x;) cos(vg, x5) — cos(z — &, x) cos(vy, 7)) .
We can rewrite the second necessary conditions in (2.7) as:
10u(§)
2 06
Oula) Knile,) | [ Dul) Kl
33 2
r 0rm Am|z — & r Or 4r|x —¢|

du(z) U (x / (2) U@ —8)
D

r Ox; ayx P 8:1% ox;

—/ a(x)u(:n)a(]g‘_@dx. (2.8)
D i

where ¢ = 1,2, 3 and the numbers i,m,[ make a permutation of numbers 1,2,3.
If we disclose two first surface integrals in (2.8) ( = 1,2, 3) over the lower and the
upper half surfaces I, k =1, 2:

2

=Syt [ G

=1

K, _.(z,8) dx’

mi
o | — &2 T3 = j(x /) cos(vy, x3)
3=

57&' |€3='Yk(§') xz3=";(z’)

Kii(z,€) da’
w3 =7; (') 2 |23 = 7;(2)
oz —&F T3 = cos(vy, 13)
=4l &3 = (&)

Ou(x) 8Ua:— x) U (x — &)
‘Es =7k (£) 33_2/ Z am Ox; dx

r 83;1
3U($—§)
—/D2a(x)u(:z)axidx (2.9)

and extract only singular terms (z3 = &3) for £ = 1, 2 then we’ll get the second necessary
conditions (2.9) ( = 1, 2, 3) in the form:

#3e [ o

L) K _ar
g, &= = o Oxpy 123D o |z — €| 23 = Yk(2') cos(vy, z3)
&3 =m(¢)
du(x) Kz, §) da’
)kt , T, 5) — 4+ k=
+(=1) o Ox }J»’SZ’YI@(Z') 27r\x—f\2 r3 = ’Yk((g) cos(ljm,avg)jL k=12
3=7

(2.10)
where three dots designate the sum of nonsingular terms.
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Remark 2.1. Three dots in (2.10) contain the derivatives 8:;9(5) } pam(@) o L =1,2,3;
k = 1,2, under the sign of integral and later we shall take it into consideration.

Let us introduce the designations:

@?W@UZKM%QgBZWWQ, (2.11)
&3 = (&)
|z — ¢ 23 = e(a’) = |2/ — €7 + ((a’) — w(€)? = |2 — € Pu(a’,€) (2.12)
&3 =m(§)
where
OV (z')

cos(z’ — &', x1)

Pk’(xlvé./) =1+ |: 8.1'1

Oy (')
+ 81‘2

By means of the designations (2.11), (2.12) we’ll rewrite the necessary conditions (2.10)
for k=1,2 as follows:

— (-1)® /5 85‘;:)
k)

(‘9u(az)| , 1 Kl(i (', &) dx’
< ox z3="k (') 27r|x’—§|’2 Py(2/,€") cos(vg, x3)

2
cos(z’ — &', x9) —I—O‘x—gl] #0, k=1,2.

3752, ‘€3=“ﬂc(€’)

1 KW ey do

me

3= (z’) 2 |2/ — g/|2 Py(2', &) cos(vy,x3)

+(_1>(k+1)

i =1,2,31k=1,2.

(2.13)
Theorem 2.2. Under assumptions of Theorem 2.1 necessary conditions (2.13) are sin-
gular.

3 Regularization of the necessary conditions

Let us build a linear combination of necessary conditions (2.13) for k=1,2 (i=1,2; j=1,2,3)

with unknown yet coefficients Bl-(f) (&) and bracket the common factor 7 under the

1
2m|x’ —¢’|
sign of integral (¢ = 1, 2):

: (1) 3
Z(ﬁ (&) 85

i=1
1 P
/s27r|95 1 — ¢!? cos(vy, x3) Z

3u
+/8w (5 ‘53 =72( §’)>

k=1
du(z) K5 €)  ou(a) K@, ¢)
XZ’B ‘x =5 (z") =+ ‘:1: =vi(z") "B T e =+ ...
Ox,y, 'T3TE Py(2', &) Ox; 3Tk Py(x', &)

(3.1
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Adding and subtracting ,BZ-(]]?) (2') from BZ(J]C ) (&), k = 1,2 in (3.1) and suggesting that
functions B (k) (¢') satisfy Holder condition we get a week singularity in the integrals with
B (€~ B“)( )
|z’ £’|2
g=a

. Expanding all the coefficients at the derivatives by Taylor’s formula at point

(K)( 1 ¢t K0 0 (k) 1
d d - ( 1_51)—’_

Poa.e)  Puaa) | om \ Pula, )

and discarding the terms with weak singularity we obtain:

3 a 0
Z (6(1)(5 gf ‘53 =1 (€") +5z] (5) ;éf) ‘532’72(5')>

j=1
1 A
_/5'271’|£L‘ 1 ¢l? cos(vg, x3) 221

K@) gy K@)

mj

3
ou(z) wy, Ky (@) )
X jz; oz, ’CES:'YIC(:E’) Bil (') Py(2!, 2') + Bip (27) P, ) + ... (3.2)

where i=1,2 and the numbers j, [, m form a permutation of numbers 1,2,3.
To regularize the integral in the right hand side of (3.2) let us impose conditions on

the coefficients Bi(f) (&), i.e. let the coefficients at the derivatives under the sign of integral

(3.2) be equal to the coefficients ozgf) (¢') from the boundary conditions (2.2). Then we get
a system of 6 equations for each i=1,2:

K(k)(x/ x/) K(k?(x/ x/)
Cayg® oy B ) g oy B @2y
( 1) le (1‘) Pk(x’,x’) +( 1) Bzm(x) Pk(w/7$/) az] (x)’ (3.3)

k=1,2; j=1,2,3,
where the numbers j, /, m form a permutation of numbers 1,2,3 as we mentioned above.

We assume that system (3.3) has the unique solution BZ-(f) (), i, k=1,2;5=1,2,3.

Remark 3.1. As the system (3.3) is linear the obtained functions Bl(jk) (), i,k =1,2;
7 =1,2,3, are linear with respect to the given functions ozg?)(x’), ,k=1,2,j=1,2,3,
and, therefore, satisfy a Holder condition.

Then for the further regularization we replace the expression under the integral sign in
the right-hand side of (3.3) using boundary conditions (2.2):

3 a ,8
> (A5 ammier + 0 2 Lot )

j=1
B / wi(z) dx’
s 2 |2/ — &'|* cos(vg, x3)

2
| —
_ / %\x P [Za ule!, (e >>] oo (3.4)

1
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From necessary condition (2.6) for u(§) on I, k = 1, 2, discarding the term with the
normal derivative -2 6 in the integrand and leaving only weakly singular terms we have:

£) |§3:'Yk(§/)

cos(@ = &) | g — y(¢)
_ / u(a:) |zg=’yk(a:’) €T3 = 'Yk(x/) da’
s 2m|a — &) Py(a’,¢) cos(Vz, ¥3)

Substituting necessary conditions (3.5) into (3.4) and changing the order of integration we’ll
obtain regularized relationships:

5 0 0
Z <6Z(]1)(£) gé(f) ‘£3=“/1(5') +ﬁ1(12)(€) ;é ‘53 =72( 5))

j=1

T 3.5)

9 cos(C = &) G =7(¢")
_ u( ’Cs —y(¢) A¢ r3 = (z’) dx’'
- ;/S cos(v¢, (3) / 277 ! — ¢ |2/ — &) Py(a!, ¢") cos(va, 3)

+/ i) LA (3.6)
S

o | — &) cos(va, 3)
as the interior integral in the first term in the RHS of (3.6) doesn’t contain the unknown and
the second term is convergent if functions ¢;(2’), ¢ = 1,2, are continuously differentiable
in S and vanish on the boundary 9S = S\S.
Thus we have established the following
Theorem 3.1. Let the conditions of Theorem 2.1 hold true. If system (3. 3) is uniquely

resolved, the conditions (2.2) are linear independent, the coefficients a( (') for i =

1,2; 5 = 1,3; k = 1,2, belong to some Holder class and the rest of the coeﬁ‘iczents and
kernels are Continuous functions, functions @;(z'), © = 1,2, are continuously differentiable
and vanish on the boundary 0S = S\ S then the relationships (3.6) are regular.

4 Fredholm property of the problem

It is well-known from the calculus that

0
87%“@1,5152,71%(1717932))
du(x) Ou(x) O (2')
- oz, ‘9&3:%(90’) D3 ‘xzs:%(l") oz, y k=1,2;p=1,2, 4.1)
whence we have
E) du(z’ yi(a! du( 2 19
) |y (o) = D) B |y R p=121k=12. (A1)

s Ou(x
So, the derivatives (93(:1) ‘m:%(x }553:7%(37
Ou(x)

Dos |za=(a’) - Then we have two unknown quantities: the boundary values of the un-
known function u(x’,v1(z")) and u(x’, y2(z")).

ny and 8:[(:2) ny are defined through the derivative
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After substituting (4.1) for ng) | 25— () and du(z) |24 (2) into (2.2) and grouping

Oxo
the unknown quantities we get a system:

2

Ou(a’, ym(2"))  Ou(x) 5%(96'))
liu = Q; - T3= x’
mzzl le < ox;j dz3 5= o) ox;
m Ou(x)
+a§3)(1:’) O3 ’fs—vm(m’)]
+ Z a w(z' ym(2') = @i(2'), 2’ € S, i =1, 2. 4.2)

Introducing the demgna‘uons:

2
3
Az](x,) Za ’YJ )a iaj:172’
m=1

system (4.2) can be rewritten in the form:

Ju(x) » O0u(x)

Az‘l(ﬂU')TxB |es=mn (@) + An(® )87.@3 |2s=a(ary = Fil2'), i =1,2, 4.3)

where the right-hand sides of system (4.3) have the form:

+Za u(@' e (), 2’ €S, i=1, 2. (4.4)

Remark 4.1. Note that the right hand sides Fi(x') of system (4.3) are, in the virtue of
(4.4), functionals of w|r, ,u|p, and |F’f k=12

oulr, Oulp, Oulp, Oulp

FZ(‘TI) = Fi(x/7 U|F1 ’U‘Fz ) 81’1 ) c’):zg ) 8331 s 8902 )7 1= 172- 4.5)
If to assume that ( /) ( /)
n A1 (z") Are(x
A(.CU) = AQl(x/) A22(x/> 7£ 0 (46)

the system (4.3) can be reduced to a normal form:

Ou(z) ‘ _ 1 Fl(m,) Al?(m )
dzs |r3=m () = A@) | Fy(a') Aga(a’) |’
outa) | _ 1 |Au(@) Fi(a)
dzs |13=12(2") = A | Agy(2') Fo(a') |

whence, in the virtue of (4.5), we have (from boundary conditions (2.2) and (4.1) :

Ou(a})‘ ) = Bl oulp, Oulp, Oulp, Oulp
8733 w3 =7k (2') k hs B2 81‘1 ’ 8:1;2 ’ 61’1 ’ 81‘2

) k=1,2. (47)
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Now substituting (4.1) for %uig) }xgzyk(x/) s Js

and grouping the terms we’ll get a system:

k = 1,2, into regular relationships (3.6)

2
! 0 / .
D> Biml(E )é‘g) les=mieny = Bil€)  i=1,2, (4.8)
m=1

where the RHSs of (4.8) are as follows

2
m (')
_ 3 () 24 Im(E1)
IS

cos(6 = &) ¢y = (¢

_22:/ u¢ ‘45 =7 (¢") dg¢’ r3 = yp(2) dx’
o/s coslv G) or o — (' Py(a’, ') cos(va, x3)
dx’
+/ pil) . feS i=1,2
s 2 |/ — &'|* cos(vg, x3)

In the virtue of remark 2.1 system (4.8), is a system of integral Fredholm equations of the
second kind with respect to %‘—g) { g3=yn(e) » k = 1,2. Consequently, the system (4.8) has
the unique solution

au ‘ kp(u| u’ 8U|F1 8u|112 8U|F1 au|p2
(0, (@ TR TR g T0g T 06 T 06

as, evidently, B;(£'), j = 1,2, are linear functionals of u(¢’, vk (£)), %gf@/)), j=1,2,

k=1,2.
The functionals @, W, ,k = 1, 2, from (4.7) and (4.9) are linear with respect to the
8“’1"1 au‘Fz

) 4.9)

unknown values u |, , u|p, , 9 oE j=1,2:
8u|p (k
@k—Za u\p—i-Zb —i—Z Nulr, d¢
t,j=1
+ Z/ |FZ d¢ + ex(€), k=1, 2, (4.10)
t,j=1
2L GU| 2 l
7 =Y a) (ulr, + Z by (€) g Z/ScE)(c’)um dc
i=1 ij=1 i=1
UM% ‘Fz N 7oA g
+ Z d —Ldct+e), 1=3,4; k=1, 2. @11

i,j=1

Excluding %‘—éf) )y » k= 1,2, from system (4.7), (4.9) and taking into account

(4.10), (4.11) we’ll obtain a system of linear integro-differential Fredholm equations of the
second kind with respect to u(&’, v, (£')), k =1, 2:

8
ZA u\r—i—ZB(k gﬁ‘j —i—Z/ Nulr, d¢

i,j=1
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ou|r,
+ 3 [ DPOFE A ae) =0, k=12 @.12)

where

AP = a®(¢) — Py, BP (e =08 (¢ — b (),

() = M) — F(¢), DR (¢ = dP (¢ - dl TP (¢,

iJ iJ

gk(gl) - ek(fl) - ek+2(€/)7 k=1, 2.

Thus, we have come to a two-dimensional system (4.12) of linear integro-differential equa-
tions of the first order with Dirichlet’s conditions (2.3) on 9S =17 () I . As the boundary
0S5 is one-dimensional then this Dirichlet’s condition doesn’t restrict the generality because
its dimension is two units less than the dimension of the domain D.

Thus, we have established the following

Theorem 4.1. If the assumptions of Theorem 3.1 and conditions (4.6) hold true and
system (4.8) is uniquely resolved then boundary-value problem (2.1)-(2.2) is reduced to
a two-dimensional system of linear integro-differential equations (4.12) with Dirichlet’s
condition (2.3) on the boundary 0S = S\S.

When solution u |1, , %, k, j =1, 2, is obtained from system (4.12), then solution
0
gg) }z3:7k(g;) k = 1, 2, is derived from (4.7), or (4.9). Then we find gxx) ‘13 e
and dga(cz‘) x3="(z') from (41)

The solution to problem (2.1)-(2.3) is obtained from the 15 and 2”d basic relationships
(2.5) and (2.7) as from a system of Fredholm equations for u(f), ag 5 €eD,i=1,2,3:

Ou(x) oU(x — &)
< oz, Ulx—¢&) — u(x)axj) cos(Vg, z;)dx

w=-33

j=1k=1"1%k

> ou(x)
_ Z /D am(x)mU(x —§)dx — /D a(x)u(z)U(x — &)dz,

m=1
a;g) -/ a;g) [wéi; &) cos(um, 2:) — ”gﬂfcos%xm)] o
r ag.ial:) [angml_ 5) CoS(I/z, xz) — BUS;»:Q COS(V;B,$I):| dx
ou(zx) OU (x — &) () U (z — &)
r Ox; vy /D ] 8xk. o dx

- /Da(;v)u(a:)(w(;fdx, i=1,2,3.

Finally, there has been established
Theorem 4.2. If the assumptions of Theorem 4.1 hold true then boundary value problem
(2.1), (2.2), (2.3) has Fredholm property.
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