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Abstract. This paper focuses on a new methodology of the p-Khalouta decomposition method (p-KHDM)
to investigate the approximate analytical solutions for a system of time-fractional nonlinear partial dif-
ferential equations based on the Caputo-Katugampola fractional derivative. The proposed method is a
mixture of the p-Khalouta transform method and the new decomposition method. The uniqueness and
convergence of the solution for the proposed system are proven. The effectiveness of the method is demon-
strated through three numerical applications. The proposed method is efficient and reliable compared to
other methods, and it produces accurate results based on the obtained results.
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1 Introduction

Fractional partial differential equations (FPDEs) have recently proven to be valuable
tools for modeling many real-world problems in different domains [7,9,10,24]. This is
because realistic modeling of a physical phenomenon depends not only on instantaneous
time, but also on the history of past time, which can also be successfully achieved using
fractional calculus. For example, half-order derivatives and integrals have proven to be more
useful for formulating some electrochemical problems than classical models [19,21,25,
26]. Recently, a large amount of studies have been developed regarding the application
of FPDEs in various applications in fluid mechanics, viscoelasticity, biology, physics, and
engineering. An excellent account of the study of FPDEs can be found in,[2,5,17,22]. Now,
in this paper, we will be interested in studying the system of m-nonlinear time-fractional
partial differential equations which is as follows:
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with the initial conditions
Xi(w,0) = X, (w),

where IDDZ;” are the Caputo-Katugampola fractional derivative operators of order «, p with
0 <a<1landp > 0, £; and MN; represents linear and nonlinear operators, respectively,
and f; is the nonhomogeneous term.

Systems of nonlinear time-fractional partial differential equations are of valuable in-
terest in many areas of applied sciences, nonlinear hydrodynamics, mathematical physics,
mathematical biology, chemistry, engineering, and finance. In [18], the author efficiently
employed the homotopy perturbation trasform method (HPTM) and the variational itera-
tion transform method (VITM) for solving a system of time-fractional nonlinear equations
describing the unsteady flow of a polytropic gas under Caputo’s fractional derivative. In
[23], the approximate solutions of multi-dimensional time-fractional Navier-Stokes system
have been provided based on the Laplace residual power series method (LRPSM). In [4],
by adopting the natural decomposition method (NDM), the approximate analytical solutions
of the Kersten-Krasil’shchik coupled KdV-mKdV systemswere considered in the sense of
Atangana-Baleanu derivative and Caputo-Fabrizio derivative. In [1], the numerical solutions
of the one and two dimensional fractional coupled Burger’s equations was investigated us-
ing the iterative Elzaki transform method (IETM).

In general, semi-approximate analysis techniques or traditional analysis techniques can-
not provide exact closed-form or approximate solutions for systems of nonlinear time-
fractional partial differential equations. Therefore, there is an urgent need for efficient nu-
merical techniques capable of finding exact or accurate approximate solutions for these
these systems.

The main motivation of this paper is to propose a new methodology of p-KHDM to
tackle solutions of a system of nonlinear time-fractional partial differential equations based
on the Khalouta-Caputo-Katugampola fractional derivative. The p-KHDM approach com-
bines the p-Khalouta transform method [15] and new decomposition method [16]. The sug-
gested approach provides a closed-type solution in terms of infinite series and the resultant
series converges rapidly to the exact solution. Also, it has been observed that the results
obtained give better results than the methods in the literature.

The structure of this paper is as follows. In Section 2, we provide some basic definitions,
theorems, and formulas related to the paper. In Section 3, we use the proposed method for
a system of nonlinear nonhomogeneous time-fractional partial differential equations and
obtain an approximate solution to a general problem. The uniqueness and convergence are
demonstrated in Section 4. The approximate solutions are found using p-KHDM on several
applications presented in Section 5. Finally, the conclusion is given in Section 6.

2 Definitions and mathematical formulas

This section explains some basic formulas, concepts, results for the p-Khalouta trans-
form of the Caputo-Katugampola time-fractional derivative and related formulas that will
be relevant throughout the work.

Definition 2.1 /73] Let the function X : R x RT — R, then the Katugampola fractional
integral of order a, p is defined as

1 (P — TP a-l X(w,T)
I%rx = ~2d . 2.1
o X (@, 9) o) /O ( P ) 1=, drp >0 2.1)

where I'(.) is the gamma function and 0 < o < 1, p > 0.
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Definition 2.2 [11] Let the function X : R x Rt — R, then the Caputo-Katugampola
time-fractional derivative of order «, p is defined as

DSPX (w, ) = Iy~ *PE" X (w, o)

1 o =T\ X (w, )
= Faa) /O ( ; o, (2.2)

where the differential operator £ is given by £ = @'~ dd andn—1<a<n,p>0.

For equations (2.1) and (2.2), we have the following relations

DZPIZP X (w, p) = X(w, ¢), (2.3)
and . N
DR X (wm,0) [P\
[%PD%P XY =X - _ | = . 2.4

Now, we present our main results related to the p-Khalouta transform of the Caputo-
Katugampola time-fractional derivative.

Definition 2.3 [15] The p-Khalouta transform of the function X (w, ) with respect to the
variable ” ©” is defined as

s [ s P\ X(w,
KH, [X (@, p)] = Kp(w, s,7,n) = / exp (—SO> ( (p)dsﬁ,p> 0, (2.5)
n UG ol
where s > 0,y > 0 and n > 0 are the Khalouta transform variables.
Theorem 2.1 [15]
1) For all real constants A and 1, we have
H, [AX (@, @) + pd(w, )] = AKH,, [X (w0, ¢)] £ pKH, [Y(w, )], (2.6)

2) Let K,(w, s,7v,n) and H,(w, s,,n) are the p-Khalouta transform of X and ) re-
spectively. Then

KH, (X #, Y) (,0)] = ZLKp(@, 5,7, )2, 5,7, 1), @.7)

where X x, ) is the p-convolution integral defined by

(X%, Y = i goﬂ—fpﬁ)i{(ﬁ?df
—fo 2, (0 — 1)) Sy
:(y *p X) (@, ). (2.8)
3) Let a,band c € R and p > 0, then
KH, [a] = a,
b
o] — (PY1Ye p (0
KH, [¢'] = (27 F<p+1>, 2.9)
" _ (amy"
KHp[pn_ _($> In+1),
KIH, {exp <c¢> = i .
a )| s—cyn
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4)Let X € C’”_1 (R x R™), then the p-Khalouta transform of £"X (w, p) with respect
to the variable” ” is defined by

n n—1 n—k

n s s

K, (63w, 0)] = (2 ) Ki, (o] -3 () €20 @0
n o \77

Proof. To prove the Theorem, see. [15].

Theorem 2.2 The p-Khalouta transform of the Katugampola fractional integral of order
a, p > 0 of the function X (w, ) is expressed as

KH, [1%°X (w, )] = (?)a KH, [X(w, )] . @.11)

Proof. By applying the p-Khalouta transform to equation (2.1) and using Theorem 2.1, we

get
1 o /P P\
[(2=7)" e,
I'(a) Jo p TP

o p p_ o\l yp d
_ 5 exp<_w> /(so > (2.7) ,,| ¢
M Jo v op TP @ F

KH, [I3°X(w, ¢)] = KH,

S P (a—1)

[ (D)5 [ iy ]

m N p (@) Ti=p pl=r
- as/ooe ( 5‘Pp><p(a 1)*Xw )> dy

I'(a)yn Jo N p ) ol

11—«
_ p p(a—1)

T < [gp %, X(w, @} . (2.12)

By using Theorem 2.2 and properties (2) and (3) of Theorem 2.1, we get

1-

KH, [I3° X (w,¢)] = p(a TIgm, { (_1)} KH, [X(c, ¢)]
s () (e
= (2) KB, [X(, 0] (2.13)

So, the proof is complete.

Theorem 2.3 The p-Khalouta transform of the Caputo-Katugampola time-fractional deriva-
tive of order o, p > 0 of the function X (w, ) is expressed as

S S

o n—1 a—k
KH, [D3*X (w, ¢)] = (vn) KH, [X(w, ¢)] — Z ('m) X (w,0). (2.14)
k=0

Proof. By applying the p-Khalouta transform to equation (2.2) and using Theorem 2.1, we
get

KH, [D3* X (w, ¢)] = KH,, [I57"" X (w,0)] . (2.15)
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By using Theorem 2.2, we get
KH, [Dg’pX(w, gp)] = KH, [Hg*"’pf’l){(w, 0)]
- (%) UKH, [€"X(w,0)]. (2.16)

From property (4) of Theorem 2.1, we get

KH, [D&r X (w, )] = (?)n_a KH, [€" X (=, 0)]

() () e 5 (5) " evteo)

_ <;’>QKHP (X (w, )] — Tf <5>a_k 8 X (,0). 2.17)

So, the proof is complete.

3 Description of p-Khalouta decomposition method

This section describes the new methodology of p-Khalouta decomposition method to solve
a system of nonlinear nonhomogeneous time-fractional partial differential equations.

Theorem 3.1 Consider the system of m-nonlinear nonhomogeneous time-fractional partial
differential equations

with the initial conditions

where ]D)io;p are the Caputo-Katugampola time-fractional derivative operators of order o, p
with0 < a < land p > 0, £; and N; represents linear and nonlinear operators, respec-
tively, and f; are the nonhomogeneous terms.

The solution of the system of m-nonlinear nonhomogeneous time- fractional partial dif-
ferential equations (3.1) with the initial conditions (3.2) can be formulated as

Xi(w,p) = Z Xin (@, )
n=0
= - @ i\w, - & Xz n—1)\W,
= iO(Wa<P)+7;KHP1 [(7;7) KH, [f( #) _Kf(n_(l) 2l “0))H , (3.3)

where K, are polynomials of X;y, Xi1, ..., Xin defined in [16].

Proof. The solution X;(w, ¢) of the system (3.1) be assumed, as

Xi(w,0) =D Xin(w, ). (3.4)
n=0
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To resolve the system (3.1) with the initial conditions (3.2), we consider for: = 1,2, ..., m
the following system

DL Xin (@, 90) = X [fix, (@, ) — £ (Xir, (@, 9) — T (X, (@, 0))], A € [0, 1],

3.5)
with the initial conditions
Xix, (9,0) = Xz, (@). 3.6)
Now, we assume that the solution of (3.5)-(3.6) can be expressed as follows
oo
X (@,0) = Y A Xin(w, ). 3.7)
n=0

Applying the p-Khalouta transform on equation (3.5) with respect to the variable " ¢”,
we get

KH, (D3 Xin, (@, )] = MKH, [fir, (,0) — £ (Xor, (=, 0)) = T (Xin, (@, )]
(3.8)
Using Theorem 2.3 and the initial conditions (3.2), we have

©))
(3.9)

KH, [Xix; (0, )] = Xin, (,0) + (?)a AiKH, [fi/\i (w_7s3€(3 (:yf\j ((z;\’/z,kc;%ﬂ

Taking the inverse p-Khalouta transform of equation (3.9) to get

Ko (19) = g )+ NI [ (2) e, [ () 25 (.0
(3.10)

Replacing (3.7) into (3.10), the following equation is obtained.
(o]
firi(w,0) — £ (Z Af Xin (@, @))
n=0

N <§ )‘?Xin(w’ ‘P))
" 3.11)

- n . -1 YN\
Z /\i Xm(W, 90) = Xio)\i (w)+)‘iKHp ? KHﬂ
n=0

Application of the new decomposition method [16] to equation (3.11) implies

fir, (@, ) §0 & (A X (@, )

oo
[e%
>N Xin (@, ) = X, (@)+AKE, ! | (L) K, < ,
n=0 5 - Z )\?Km
n=0
3.12)
where K, are polynomials of X, X1, ..., Xy, defined by
1 dr L
in = |9 > N n=0,1,2,... (3.13)
§=0

A=0
By equating the terms in (3.12) with identical powers of )\;, the following relation is
obtained.

XiO(w> 30) = Xio (w)>
Xi1(w, ) = KH ! [(?)a KH, [£;(w, 0) — £ (Xio(w, ¢)) — Ki ]] : (3.14)

Xin(w, ) = KH;I [(?)QKH/) [—Li (Xyn—1)(w, ) — Kz‘(nq)]} n=2,3,4, ..
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Substituting the components of (3.14) into (3.7) gives the solution of the system (3.5).
Now, according to (3.4) and (3.7), we have

n=1
Using the first equation of (3.14), we see that
Xig(w,O) = lim Xio)\i(w)' (316)
)\¢—>1

Substituting (3.14) into (3.15), we get
X’i (w7 90) = EZO:O XWL (wa QD)

= Xo(w, ) + 3, KI,* [(?)“KHp [f = Sé((xi(")‘l)(w’@))” RERE)
n=1 —i(n—1

So, the proof is complete.

4 Convergence analysis

This section states the convergence and uniqueness statements of the p-KHDM solutions.

Theorem 4.1 (Uniqueness theorem) The solution for the system of m-nonlinear nonhomo-
geneous time-fractional partial differential equations (3.1) obtained by p-KHDM is unique
for0 <e<1,wheree= (Y + ¢) MT.

Proof. The solution of system of m-nonlinear nonhomogeneous time-fractional partial dif-
ferential equations is given by

Xi(w,0) =D Xin(w,9), (4.1)
n=0

where
Xin(w, p) = Xy (w) + KH;l X

DU
< [(T1) " KH, [fi(w,0) = £ (X1 (@.9) =W (X (@ 0))] | @2)
Suppose &; and ); are two different solutions to the system (3.1), £; and 91; satisfies the
conditions |£; (X; — Vi)| < ¢ |X; — Vil and |D; (X; — Vs)| < ¢ |X; — Vi|, where ¢ and ¢
are constants, respectively. Then using the aforementioned system, we get
[e3%
14— il = ke [(20)" K, [ (X% - 2) + 9 (4 - )|

<KH, [(21) " KH, 12 (X - 20)| + 9 (% - )]

< (1 = Vil + ¢ % — Vi) KH, ! [(?ﬁ

< (¢|Xi—yi\+¢|xi—yi\)lm- (4.3)
Now, using the convolution theorem, we obtain the following formula
7 (o —7)*
X — Vil S/O (W%—%HW%—%DWdr (4.4)
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Using mean value theorem of integral calculus [6], we obtain

| = Vil < (( + o) MT) | X; — Vi
<elX;— Vi, 4.5)

(=)
where M = @rél[%)gr] (aT1)m

Consequently, we have (1 —¢€) |X; — Vi| < 0. As0 < € < 1, then |X; — );| = 0, which
implies that X; = ));. Therefore, the solution is unique.

Theorem 4.2 (Convergence theorem) Suppose that B is a Banach space and that F : B —
B is a nonlinear mapping. If the inequality

| F(X) — F(i)llg < 011X — Villg, VA5, Vi € B, (4.6)

exists, then F has a fixed point according to Banach’s fixed point theorem [12]. Moreover,
the sequence generated by p-KHDM converges to a fixed point of F and

01
HSm - lq”B = 1 ||Szl iOHBa 4.7
where {Sin}, > is the sequence of partial sums of the series defined as Sin = Z?:o Xij(w
Proof. Let us take a Banach space B =(C[{2], ||.||3) of all continuous functions on {2 C

R x [0, 7] with the norm expressed as || X;j(w, )|z = ( m%’XQ | X (o, )] -
)€

Now, we demonstrate that the sequence {S; },,~ is a Cauchy sequence in the Banach
space B
| Sin — SquB = ( rfla)”én |Sin — Siq’

- K0, [(22)" K, [2: (Sinon) = Siq) + 9% (S

®).

st

< e [KBG ()" K, (248100 = Sigmn] + 9% S0t ~ Sign ]

(@)L s

n
< max_ (¢ |Sin-1)Sitg-1)| + ¢|Sin-1) — Si(g-1)|) KH,* [(SH

(w,p)ef?
ap
< Joax (¥]Si-n) = Sitg-n| + 9 [Sin-n) ~ S ) Fig Ty e
L
< W+ [Sin—) = Sianlls 75 71 0

Now, using the convolution theorem, we obtain the following formula

_7-)

© ap
[Sin — Sigllg < /0 (Y +9) HSi(nfl) Si(g—1 HB Wd? 4.9)
Using mean value theorem of integral calculus [6], we obtain

1Sin — Sigllg < (¥ + ¢) MT) |[Sin-1) — Sitq—1)]| 5

< €[[Sin-1) = Si

z(q—l)HB s (410)

(p—T)"
where M = @Iél[%T] (aT1)7

(4.8)
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Choosing n = ¢ + 1, then we obtain
HSi(qH) - SiQHB <e€ Hsiq - Si(qfl)HB <€ HSi(qfl) - Si(qf2)HB
<L < €S — Sollg (4.11)
Using the triangular inequality, we get
1Sin = Sigllg = ||Si(q+1) = Siq + Si(g+2) = Si(g1) + - + Sin = Sin-1)|| 5
< [Sitg+1) = Siall g + | Sitar2) = Sicasnllp + - + [|Sin = Sin-1) 5
< €l |[Sit = Siollg + € [Sir = Siollg + o+ € [Sin — Siolls
= ¢4 (1 +e+ ...+ enqul) IISi1 — SiO”B

g(1—€"71
<e q—c ”Szl - SiOHB' 4.12)

— €

Now by definition 0 < € < 1, we have 1 — €79 < 1, thus we have
6q
|Sin — Siqllg < T 151 — Sioll5 - (4.13)

For [|Si1 — Siollg < +00, s0 as ¢ — oo then ||Si, — Sigllz — 0. Thus, the sequence
{Sin},>0 is a Cauchy sequence in B =(C[f2], ||.||3), and so the sequence is convergent.

5 Applications

This section presents various examples of system of nonlinear time-fractional partial differ-
ential equations involving the Caputo-Katugampola fractional derivative to demonstrate the
effectiveness of our new methodology.

Example 1 Consider the system of nonlinear nonhomogeneous time-fractional partial dif-
ferential equations of the form

Dg’le + XX+ X =1 (5.1)
Dg’sz + X1 Xop — Xy =—1" )
with the initial conditions
X (w,0) = e”
{XQ(W,O) — efw ’ (52)

where X1 = Xi(w, ), Xo = Xo(w, ) and D3” is the Caputo-Katugampola fractional
derivative of order o, p with 0 < o < 1 and p > 0.

To resolve the system (5.1) with the initial conditions (5.2), we follow the same steps
presented in Section 3.

First, we assume that the solution of (5.1)-(5.2) is of the form

Xi(@, ) = > Xin(@, p)
n=0 . (5.3)
XQ (wv SO) = 20 XQn(w7 90)

Next, we consider the following system

{ DXy, = M [1— Xy, — Xon, Xix, o)

y AL Az € [0, 1], 54
D3P X, = Ao [ 1+ Xox, — Xia, Aoy * 122 € 101 (5:4)
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and the solution of the system (5.4) can be expressed as

Xl)\l (wa 90) = 20 A?Xln(w) SO)

XQ)\Q (w,cp) = Z Ag‘)(?n(w’ QO)

n=0

(5.5)

Applying the p-Khalouta transform on (5.4) with respect to the variable ”¢” and Theo-
rem 2.3, we get

{ KH, [X1),] = €™ + (%)Z MKH, [1— X1y, — Xox, Xixy ) 5.6)
KH, [Xon,] = €7 + (21)% AKH, [—1 + Xay, — X1ix, Xoryw)
Taking the inverse p-Khalouta transform on (5.6), we get
{ Xix, (@, ) = e + MKH, ! [(3) " KH, [1 - X1y, — Aoy, Xiy0]] (5.7)
— - « y .
Koo (@,0) = €7 + M KH, ! [(Z1) KH, [~1 + Ao, — Xiap Xorow]|
Application of the new decomposition method [16] implies
- -
) N 1— > A\t
N Xip(w, ) = e® + MKH, ' | (21)° KH, n=0
n=0 - > MK,
oo 17 68
- -1+ > A\pAs,
> A3 Xon(w,9) = €% + MKH, ! | (1) KH, =0
n=0 - > MKan
n=0 ]

where K1, and Ko, are polynomials which respectively represent the nonlinear terms
XQXlw and X1X2w.

According to the relation (3.13), the first few components of the polynomials K1,, and
Ky, are given by

Kig = Xo0 X100,
K1 = X0 X1 + Xo1 X100, (5.9)
Ko = Xy X125 + X021 X110 + X22X10w,

and

Koy = X10X200,
Ko = X9 X21 + X11 X200, (5.10)
Koy = Xj9Xo2e + X1 X210 + X220,
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By equating the terms in (5.8) with identical powers of A1 and A1, the following relation
is obtained.

{ Xio(@, ) = €”

XQO(W (p) =e @
{ X1 (w, (p KH 1 [('Y?) 1 — X0 — K10]] (5.11)
a .
X1 (w, @) () KH, [1 4 Xao — Kaxo]]
{Xln(w %) G [ Xi(n-1) = Ki(n-y)]
Aoy (0, 90) KH,, [(2 ) KH [XQ(n—l) KZ(n—l)”
Now, according to (5.3) and (5.5), we have
o0
X (@, ) = lim X1y, (@, ) = X1o(@, @) + X11(w, ) + 3 Xin(@, ¢)
Mt n2 (5.12)
pos . .
Xo(@, ) = lim Xox, (@, ¢) = Xoo(@, ) + Xar(@, ) + 32 Xon(w, )
2 n=2
Thus, the following approximations are obtained successively
Xlo(w go) =e”
XQO w (p =e @
11 (@, @) F(a1+1) izpew
ap 5
X21 w SO F(a+1) pa =€ “
X S020413 o
12(@, ¢) W 52(1 € (5.13)
1 P ) )
X02(@, 9) = Fgary) 2 €
3a
RECD) —ﬁ%ew
3a 9
Xo3(@, ) (3;+1)%67w
The solution is finally expressed by
o 1 ap 1 2ap 1 3ap
(. p)= (1~ TH)% + reb o — T e ) & (5.14)

_ ap 1 2ap 1 3ap -
XQ(W?QP) - (1 + F(a+1) pa + T(2a+1) iza + T(Go+1) i{ia + > e

Taking p = 1 in (5.14), the following solution is obtained.

a 2a 3o
.01 = (1 i i i )
T'(a+l) T T(2a+1) F(i;;rl) , (5.15)

(el 2a
Xy (@, p) = (1 + F(§+1) + F(§a+1) + F(ga—&-l) + ) €

which is the solution of the system (5.1) based on the Caputo fractional derivative.
Taking v = 1 in (5.14), the following solution is obtained.

2 3a
Xﬂw,gp)z( —‘p—p—i—“"—p—;ﬁi—i—...)ew

, (5.16)
Xo(m,0) = (145 + § + G + ) o™

which is the solution of the system (5.1) based on the conformable fractional derivative.
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Taking o = p = 1 in (5.14), the following solution is obtained.

(@)= (1—p+G -G +..)e7 =¥ 51
(@)= (1+o+ G+ 8 +..)e=er= '

which is the exact solution available in the literature [8].

Example 2 Consider the system of nonlinear homogeneous time-fractional partial differen-
tial equations of the form

D%’p?ﬁ — Xow — 2X1 X1 + (X1 X)) =0 (5.18)
DG X — Xoey — 2Xo X + (X1 X2)m = 0 '
with the initial conditions
X1 (w,0) = sin(w)
{XQ(W,O) — sin(w) ’ (5.19)

where X1 = Xj(w, ), Xo = Xo(w, ) and Dy” is the Caputo-Katugampola fractional
derivative of order o, p with 0 < o < 1 and p > 0.

To resolve the system (5.18) with the initial conditions (5.19), we follow the same steps
presented in Section 3.

First, we assume that the solution of (5.18)-(5.19) is of the form

X (@, ) = i’f@ Xin(@, )

0 . (5.20)
XQ (wa SO) = 20 XQn(w7 (10)

Next, we consider the following system

D X1y, = M [Xiawe + 28100, Xia o — (Xia, Xony )
= AL e0.1], (521
{DEZ”’X% = A2 [Xorgwmw + 2800, Xorgw — (Xir, Xony)w] 771772 0,11, 2D

and the solution of the system (5.4) can be expressed as

Xix (w,0) = X A\ &Xin(@, 9)
n=0 . (5.22)
XQ)\Q (wv 90) = Z:O )‘S‘XQWJ(w7 90)

Applying the p-Khalouta transform on (5.21) with respect to the variable ” ¢” and The-
orem 2.3, we get

{KHP (X1, ] = sin(w) + (lj)z MEKH,, (X)) ww + 2800, Xiaw — (Xix, Xon, ) o)
KHp [XQ)\2] = sin(w) + (Lsn) )\QKHp [XQ)\wa + 2X2>\2X2)\2w - (Xl)\QXQ)\Q)w] ’

(5.23)
Taking the inverse p-Khalouta transform on (5.23), we get

{ Xl)\l (w, (p) = sin(w) + )\1KH[71 [(’Ysj)z KHP [Xl)\lww + 2.)('1)\1 Xl)qw — (X1>\1X2>\1)w]]
Xox, (@, ) = sin(w) + )\QKH,?l [(Z)" KH,, [Xor,mm + 2Xon, Xorgw — (XingXors)w) ]
(5.24)
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Application of the new decomposition method [16] implies

n=0

n=0

> AN X (w0, ) = sin(w) + MKH ! | () KH,

S

S

[es) [es)
Z )\?Xlnww + 2 Z )\?Kln
n=0 n=0

. > AN Xonwew +2 D0 Ay Koy,
> AjXon(w, @) = sin(w) + AoKH, ' | ()" KH, | "=°

oo
— 2 M K3y
n=0

n=0

=2 MK,

n=0

(5.25)"

where K1, K, and K3, are polynomials which respectively represent the nonlinear terms
X1X1w> XQXQW and (XIXZ)W-
According to the relation (3.13), the first few components of the polynomials K, Ko,

and K3, are given by

and

Kio = X10X10w,
K11 = XoX1e + X1 X0,
K9 = X9 X120 + X11 X110 + X12X 1000,

Koy = XopXo0e,
Ko = XogXo1 + Xo1 Xopo,
Koo = XogXooe + Xo1 Xo10 + Ao X0,

K3y = (X10&20)
K31 = (X1 X0 + XipXo1)
K3y = (XogXag + Xo1 Xog + XooXog)

(5.26)

(5.27)

(5.28)

By equating the terms in (5.25) with identical powers of A; and A1, the following relation

is obtained.

XQ?’L (’Zﬂ, 90) =

{Xln(w, @) =KH [

Now, according to (5.20) and (5.22), we have

TNYKH, [Xiowe + 2K10 — Kao
1) KH,, [Xo0we + 2K20 — K3o

)aaKHp [[Xl(n—l)ww + 2I(I(n—
(ﬂ) KHP [XQ(n—l)ww + 2K2(n—

]
ik (5.29)

1~ Kam-1)]]
1~ Kam-1)]

o0
Xi(w,p) = Allifl/'\’ul (w, ) = Xio(w, @) + Xi1(w,p) + > Xin(w, )
=

22 . (5.30)

o0
Xo(w, @) = Alggll/'\fm (w,p) = Xoo(w, @) + Xo1 (@, ) + 22 Xon (@, ¥)
n—=
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Thus, the following approximations are obtained successively

XlO(wv QO) = SiH(W)
Xoo(w, ¢) = sin(w)
Xll(w7 SO) = [‘(al_;’_l pa Sln(w)
Xo1(w, ) = (a1+1 Vi " sin(w)
2o¢p
12(, ) = ra7ry G s(@) (5.31)
Xa(,0) = 1y S sin (@)
3ap
Xiz(w, ) = _m% sin(w)
Xoz(w, ) = mf)ga sin(w)
The solution is finally expressed by
. 1 1 2ap 1 3ap .
X (w,p) =(1— I’(a+1)% + TEaF “;22& = TBat1) ‘ppja + ... ) sin(w) .
_ 1 1 op 1 op : :
Xo(w, ) = (1 - F(a+1)% + T@atD 7 ~ TBarD) iBa + ... ) sin(w@)
Taking p = 1 in (5.32), the following solution is obtained.
a 2a 3o .
which is the solution of the system (5.18) based on the Caputo fractional derivative.
Taking o = 1 in (5.32), the following solution is obtained.
Xi(w,p) =(1— % + 5072 %07; + ... ) sin(w) PN
Xo(w, @) = (1 % + ﬁ “‘;}j + ... )sin(w) |

which is the solution of the system (5.18) based on the conformable fractional derivative.
Taking o = p = 1 in (5.32), the following solution is obtained.

Xi(w,9) = (1—p+ % — 4 +..) sin(w) = e ¥ sin(w)
] , (5.35)
Xo(w, @) = l—cp—i—j — %f—i—... sin(w) = e~ ¥ sin(w)

which is the exact solution available in the literature [3].

Example 3 Consider the system of nonlinear nonhomogeneous time-fractional partial dif-
ferential equations of the form

]D)g’pXQ —3X 1 Xop + Ao =3

with the initial conditions

Xl(w, 0) =e¥
{XQ(w,o) s (5.37)
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where X1 = Xi(w, ), Xo = Xo(w, ) and D3” is the Caputo-Katugampola fractional
derivative of order o, p with0 < o < land p > 0
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To resolve the system (5.36) with the initial conditions (5.37), we follow the same steps
presented in Section 3.

First, we assume that the solution of (5.36)-(5.37) is of the form

Xl (wv SD) = 2_:0 Xln(w7 90)

) (5.38)
Xo(w, p) = 3. Xon(w, )
n=0
Next, we consider the following system

Dg,va\l =\ [2 + /Yl,\1 — 22{2)\1){1)\177]
& ) >\ M )\ 07 ]- ) 5.39
{Dap’pXQ)\Q = )\2 [3 — XQ)\Q + 3X1)\2X2)\2w] 1,A2 € [ ] ( )

and the solution of the system (5.39) can be expressed as

Xl)\l (wv 30) = Z A?Xln(w7 (70)
n=0 . (5.40)
XQ)\Q (’ZD', SD) = 20 )\SXQn(W, QD)

Applying the p-Khalouta transform on (5.39) with respect to the variable ” ¢” and The-
orem 2.3, we get

{ KH, [X1a,] = €® + ()" MKH,, [2 + X1y, — 2X05, X1x ) (5.41)
KH [XQ)\Q] =e ¥+ (’m) /\QKH [3 Aoy, + 3X1>\2X2>\2w] .
Taking the inverse p-Khalouta transform on (5.42), we get

{ (@) = &7 + MKH, [(%)QKHp 2+ Xy,

- 2X2)\1X1)\1w]]
XQ)\Q (w (p) =e Y+ )\QKH

. 542
FI(2) T KH, [3 — Xox, + 315, Xar,a)] (5:42)
Application of the new decomposition method [16] implies

24+ 3 NPAY,
S AN X (w0, @) = e + M KH !

o[ () KH, | uef
n=0 -2 3 NP Ky,
n=0 . (5.43)
3— 3 Ay,
S AN X (w, @) = e™F + Ao KH !

’ 433 A2 Ky
n=0

where K1, and Ko, are polynomials which respectively represent the nonlinear terms
XQXlw and X1X2w

According to the relation (3.13), the first few components of the polynomials K;,, and
Ko, are given by

Ky = Xo0 X100,
K11 = X0 X110 + Xo1 X100,

(5.44)
Ko = Xy X120 + X1 X110 + X22X10w,



16  New methodology for a system of nonlinear time-fractional partial differential equations . ..

and

Kog = X190 X20,
Ko = X0 X210 + X1 X200, (5.45)
Koo = XjgXoom + X1 X210 + X220,

By equating the terms in (5.43) with identical powers of A; and A1, the following relation
is obtained.

Xio(w, ) = €7
Xoo(ww, p) = e @ 7

{ X1 (@, 9) [(75—77) p[2+ X — 2K10H (5.46)
Xo1(w, ¢) = KH [(stn) p[3 = Xao + BKy]] '
{ i SD KH 1[( ") Hy [X1(n-1) = 2K (1) ]

Xon (@, ¢) S () KH [ X1y + 3Ks(n-1)]]

Now, according to (5.38) and (5.40), we have

oo
Xi(w,p) = )\hgl?(l/\l (w, ) = Xio(w, @) + Xi1(w, p) + > Xin(w, @)
1 n=2 . (5.47)
Xo(w, @) = Aljglle/\Q (@, ) = Xoo(w@, ) + Xo1 (@, @) + 22 Xon(w, 9)
v

Thus, the following approximations are obtained successively

{ Xio(w, W) = e

XQO w, (p =e @7
Xll w (/7 (a+1) iaﬁew
X1 (7, 0) (a+1)<pp -
= T e (5.48)
1@ —w :
Ao F(2a+1) “p2a
3ap
{ His(w m e
ap 5
¥23(%,¢) = ~ rgaryy ¢ ©
The solution is finally expressed by
i 1 2ap 1 3ap
Xy (w,p) = (1 + F(a+1)¢p + F(2a+1) i?a + I'(3a+1) i)Sa + ) e” (5.49)
. 1 1 2ap 1 3ap _ . .
Xo(w, ) = (1 - WF + F@atD iza ~ TBa1) im ) e
Taking p = 1 in (5.49), the following solution is obtained.
a 2 3a
X (w0) = (14 F(«;H) o+ T ) € 550

2 3o _ )
XQ(w7 90) = (1 B F(a+1) + F(§a+l) F(gor&-l) + > e
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which is the solution of the system (5.36) based on the Caputo fractional derivative.
Taking oo = 1 in (5.49), the following solution is obtained.

P 2p 3a
Xl(w»@):<1+%+§7+;7+...>ew 5.51)
«@ 2a 3o 9 .
Xo(w, ) = (1 -t +) e
which is the solution of the system (5.36) based on the conformable fractional derivative.
Taking o = p = 1 in (5.49), the following solution is obtained.

Xi(w, p) = <1+<P+%2+%?+...> €@ = e#t™

, , (5.52)
Xo(w, ) = (1 —p+ “;—!2 — ‘g—f + ) eF =¥ %

which is the exact solution available in the literature [20].

6 Conclusions

In this paper, we investigated the approximate analytical solutions of a system of nonlinear
time-fractional partial differential eqyations based on the Khalouta-Caputo-Katugampola
fractional derivative using p-KHDM. Theoretical and numerical results clearly reveal the
full reliability and effectiveness of the proposed method. As a future direction, this method
can be particularly considered to solve a variety of classes of nonlinear fractional partial
differential equation system involving different types of fractional derivative operators ana-
lytically and numerically.
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