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Abstract. This article presents the properties of the Blaschke product in the space C [m x m], which is a
matrix model of the multidimensional space C™ . We study the properties of the Blaschke product in the
matrix unit circle and in the matrix upper half-plane. A matrix analogue of the Horwitz-Rubel theorem
about the Blaschke product in the complex plane is proved.
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1 Introduction

The Blaschke product plays an important role in many problems of classical complex
analysis. Related with the important applications of the Blaschke product in complex analy-
sis, since the second half of the last century, interest in the study of functions of the Blaschke
product type has increased and several of its analogues have been obtained (see, for exam-
ple, [4], [5], [9], [11], [23]).

We recall the Blaschke productin C. Let U = {t € C : |¢| < 1} be unit circle. The finite
Blaschke product is a function of the form

ot —ts
B (t) = &% ] < 1.
(t)=c Jl;[ll—tjt”"'

The number n of its zeros is called the degree of the Blaschke product. The Blaschke product
of degree 0 is a constant, which module is equal to one.
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The Blaschke product has the following properties (see, for example, [12,21]):

(i) B is continuous up to JU;

(ii) |B| = 1 to 0U;

(iii) B has a finite number of zeros in the circle U. ‘

These three properties determine B (t) up to a factor of e'#. If a holomorphic function
f satisfies (i),(ii) and (iii), and B is a finite Blaschke product with the same zeros, then
|f/B| <1and |B/f| <1 toU by the maximum principle, and f/B is constant.

The following theorem holds (see [12]) :

Theorem 1.1 Let {t,,} be a sequence of points on the circle U, such that

o0

Z(lf |tn‘) <00

n=1
and m is the number of t,,, which equal to 0. Then the Blaschke product

—tn t—1n

B(t) =t —n
®) ltn] 1 — tnt

[tn|#0

(1.1)

converges in U. The function B (t) belongs to H* (U)!, and its zeros are exactly {t,},
and each zero has multiplicity equal to the number of its occurrence in the sequence {t,}.
Moreover, |B (t)| < 1 and

5 -

The following Horwitz-Rubel’s theorem expresses one of the most important properties of
the Blaschke product (see [4]).

almost everywhere.

Theorem 1.2 Let

k
t—aj
A =1l7=—;
j=1 !
k
t—b;
A0 =175
=1 !

be the Blaschke products of degree k, where aj,b; € U = {t € C: [t| < 1}. If A1 ()\) =
Ay (X;) for k distinct points A\, Aa, . .., A, from U, then

Al (t) = A2 (t) .

Note that the specified (canonical) form for A; (\;) and Aj (A;) is essential.
Indeed, let |c| = 1,¢ # 1 and

lel—djf
k
B(t)— t — caq H t—aj
1—@175]__1 1—6_th

! The Hardy class H> (U) is the set of all holomorphic and bounded functions in U.
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but A (t) # B (t). Hence, A # kB for any constant k. Theorem 1.2 is essentially based on
the possibility of representing rational functions A; (¢) and As (¢) in the form:

ao+ art+ ...+ ap_tF 1+ tF
Ay (1) = 1.2
1) 14 ag_1t+ ... +aqth—1 + apth’ (1.2)

_ Bo+Bit+ .+ Btttk
14 Br_1t + ...+ Bth—1 + Botk’

where the coefficients ag, 1, ..., ax—1 and By, 31, ..., Br—1 are expressed by a; and b;,
7 =1,2,... k,as follows:

Az (t)

(1.3)

a2 = aiaz +aiaz + ...+ agp_1ag,
o1 :—(al—i—...—i—ak),

and

Br—o = biboy + b1bg + ... + br_1bg,
Br_1 :—(b1+---+bk).

Therefore the functions A; (t) , Ay (t) are defined uniquely by k different parameters g, o1,
ooy 0k—1; Boy B - - 5 Br—1. Further, we introduce the Blaschke product in matrix domains,
and then we obtain some of its properties and give analogues of the above Theorem 1.2.

2 Preliminaries and problem statement

Many fundamental theorems of classical complex analysis of one variable still do not have
full-fledged generalizations in multidimensional complex analysis. Many formulas in use
today are not complete, although each new obtained formula is stronger and more conve-
nient than the previous one. In the 30s and 60s of the twentieth century such scientists as
E. Cartan [8], I.I. Pyatetsky-Shapiro [24] and Hua Lo-Keng [16] investigated the problems
of multivariate complex analysis using a matrix approach. They conducted research mainly
in the classical domains? and dealt with questions related to the theory of functions in these
domains and the geometry of the domains themselves. Further, B.S. Vladimirov [27,28],
A.G. Sergeev [25], [26], [28], Sh. Zhou [30], G. Khenkin [15], S.G.Gindikin [13], Xiao-
Ming [29], L. A. Aizenberg [1], [2], [3], G.Khudayberganov [14], [17], [18], [19], and
others continued to study the properties of holomorphic functions in matrix domains. In
these scientific studies, the biholomorphic equivalence of these domains with bounded do-
mains was widely used in constructing the theory of holomorphic extensions in unbounded
domains. In the course of these investigations significant results were obtained in domains

2 Recall that a bounded domain D C C™ is called classical if the group of its holomorphic automorphisms is a classical
Lie group and is transitive on it.
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of the space C™ and in matrix domains. Despite this, many unresolved problems remain in
these areas, the solution of which is very important.

Great interest in complex analysis on matrix domains, in recent years, is associated
with applications in mathematical physics, the theory of electrical circuits and in solving
practical problems using them, including in solving problems of quantum field theory and
others, interest in this direction has increased even more complex analysis. About these in
the works of V.S. Vladimirov [27,28], A.G.Sergeyeev [25], [26], A.V. Efimova and V.P.
Potapova (see [10]), F. Barbaresco [6], E.Bedford and Y.Dadok [7].

The selection of classes of biholomorphically equivalent domains is of great impor-
tance in multidimensional complex analysis and its applications. It is fairly well known that
any two simply connected domains of the same type on the complex plane map confor-
mally onto each other (Riemann’s theorem). But in the multidimensional case, the situation
is completely different. For example, two simplest domains, a ball and a polydisk from
the space C"— do not map biholomorphically onto each other. Therefore, in multivariable
complex analysis it is very important to have a stock of domains that are biholomorphically
equivalent to each other. Since the set of biholomorphic automorphisms of the matrix unit
circle and the matrix upper half-plane are given by linear-fractional functions of matrices, it
is natural to consider Blaschke products (for these matrix domains) as a function of matri-
ces. Such products for the matrix circle and for the matrix upper half-plane were introduced
in [20].

3 Matrix unit circle and matrix upper half-plane

Consider the space C™”, the space of m? complex variables. In some questions, it is con-

venient to represent the point Z of this space as Z = (z;)";_;. i.€., as square [m X m]-
. . . . . 2 .

matrices. With this point representation, the space C™" will be denoted by C[m x m].

Denote by C"[m x m] the direct product of n instances of [m x m]-matrix spaces

Clm xm] x --- x C[m x m].

n

Let Z = (Zi,...,Zy) be a vector composed of square matrices Z; of order m, con-
sidered over the field of complex numbers C. Let us write the elements of the vector

Z =(Zy,...,2Zy) as points z of the space crm’
(1) (1) 1) ey (n) (n) (n) 2y e cnm?

2= (207 s s Zlppr -2 2l Zamims o s B11 s Bl e o1 Zyndr e - -

Hence, we can assume that Z is an element of the space C™ [m x m], i.e., we came to the
. . 2
isomorphism C” [m x m| = C"™",

The matrix unit circle (the classical domain of the first type according to E. Cartan’s
classification [8]) is defined as the set

Rr(m,m)={Ze€Clmxm|:ZZ* <1},

where Z* = Z' is conjugate and transposed matrix to Z, notation ZZ* < I (I = I,, is
the identity matrix [m x m] ) means that the Hermitian matrix I — ZZ* is positive definite,
thus, all its eigenvalues are positive. It is useful to note that, if Z € C [m x m], then

det (I — ZZ*) = det (I — Z*Z).

In addition, the conditions I — ZZ* > 0 and [ — Z*Z > 0 is equivalent. This statement is
also true for rectangular matrices (see Theorem 2.1.3 in [16]).
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The boundary R (m, m) consists of the set
R (m,m)={Z € Clmxm]:det(I —ZZ*)=0,ZZ* <1},

i.e., from the set of matrices Z, for which the matrix I — ZZ* is non-negative definite but
not positive definite Hermitian matrix (its eigenvalues are non-negative and at least one of
them is equal to zero).

On the border lies the set

I'm={Ze€Cmxm|:2ZZ* =1},

which is called the skeleton of R (1, m) (note that, I is the Shilov boundary for R (m, m)).
It is clear that, the set Iy is the set of all unitary [m x m|-matrices (the set of unitary ma-
trices of order n is usually denoted by U (n)). It should be noted that, the set of matrices
{Z :det (I — ZZ*) = 0} contains a bounded component distinguished by the condition
4 7* < I, and unbounded component, for which ZZ* > I. These components intersect
along the skeleton I (see [16]).

Note that, the matrix unit circle is a bounded domain centered at O (O is zero matrix).

Indeed, if we denote by 2/ = (z{, zg, .. ,zﬂn) of any j-th row of the matrix Z, then the

2 . . o o
, and since this matrix is positive

elements of the main diagonal [ — ZZ* will be 1 — }zj
definite, hence they are all positive. Therefore

m

22 =3 <m

j=1

and the domain 2R; (m, m) lies in the ball B = {|Z| < y/m}. Further, from [16] it is known
that, for any Z € C [m x m)] there exist unitary matrices U of order m and V' of order m
such that

MO -+ 0

0Xg--- 0
Z=U ool v

00 - Ay

for some A1 > Ay > ... > )\, > 0. Hence it follows that
det (10— 22') = (1=23) ... (1 =A%) = det (10 — 2'Z).

Therefore, for a given Z € C [m x m)] the relation I(™) — ZZ' > 0 holds if and only if
1-A2>00r\, <1,5s=1,...,m.On the other hand, for any Z € B™" (1), where

m m

2 2

B™ (1): Z:(211,...,Z1m,221...,ng,...,zml...,zmm)G(Cm 2ZZ‘ZSJ"2<1
s=1 j=1

is the ball from space C™, we have
m m m m m
2P =30 Yl = 2 Yoy = S0 (22) = oM <1
s=1 j=1 s=1 j=1 s=1

Whence A\ < 1(s=1,...,m) and Z € QR (m,m). Therefore, we have the following
relation )
B™ (1) C Ry (m, m).
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For m = 1 the domain %R (m, m) coincides with the unit circle, and the Iy is the unit
circle in the complex plane C.
For m = 2 the domian 7 admits the representation

r={ZeC]2x2]: ¥(Z) <0},
where
Y(Z) = max ||z11]> + |212)* = 1, |z01]* + |222]* = 1, %0 (2)],
vo(Z)=det ZZ* + SpZZ* — 1,

and Sp (Z) is the trace (hole) of the matrix Z (this representation can be obtained from
Sylvestr’s criterion for a positive definite matrix).
The matrix upper half-plane is defined as the set of matrices

J={ZeCmxm]:ImZ >0},

where Im Z = % (Z — Z*). It is the usual upper half-plane when m = 1.

The boundary 0J of this domain consists of matrices Z, for which Im Z is a non-
negative definite but non-positive definite Hermitian matrix (its eigenvalues are non-negative
and at least one of them is equal to zero). Since the vanishing of the eigenvalues of a Her-
mitian matrix is expressed by a real analytic equality, then 0J consists of pieces of real
analytic surfaces of dimension 2m? — 1.

The set

SJ)={Z:ImZ =0} ,

which lies on 07, is called the skeleton of the upper half-plane J. It consists of all Hermitian
matrices. The Hermitianity condition is expressed by m? independent equations, so the real
dimension of S(7J) is equal to m?.

For m = 2 this special case has the form

Z12—Z21
JZ{ZE(C[QXQ]:(ImZH 2 )>0}.

221;i212 Im 299
This domain is defined by the inequalities
1 2
J=<¢Imzy1 > 0,Imz; Im 290 — Z|212 — 221| >0,
and its boundary by the equation
~ 1 = 2
0J =<Imz11Imz99 = 1’212 — Z21| R

where the skeleton is the real four-dimensional plane
S(j) = {Im 211 =Im 299 = 0, 210 = 221} .

Note that, the non-degenerate affine transformation

o (Z) = . 211 + 222 212 + 221
i (221 — 212) 211 — 222

maps J to the domain defined by the inequalities

7'(2) = {Imzn > 0, (Im Z11)2 > (Im Z12>2 + (Im Z21>2 + (Im Z22>2} s
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which called the pipe of the future (see [28]), i.e. into the tubular domain 7' = R* (z) + iC
over the cone

2 2 2 2
C = {yi1 —v3 — yi2 — vz > 0},
more precisely, over one cavity Cy of this cone for which y1; > 0 (we put 2, = z; +
iy;%). Then the boundary 93 maps 0C x R* (z), and the skeleton becomes into the real

subspace R* (), more precisely, into the product of the vertex of the cone C; by it. These
implementations are given in more detailed in [27], [28].

4 Blaschke matrix product

In this section, using the Blaschke product for the matrix unit circle and the matrix upper
half-plane, some results are obtained for one variable.

A finite Blaschke matrix product of degree k in 9y (m, m) we will call a function of
matrices of the form (see [20])

k
« o\ —1
B(Z):H(Z_Pj) (I-P;z) ",
j=1
where P; € Ry (m,m),j =1,2,..., k.

Theorem 4.1 The Blaschke product for the matrix unit circle has the following properties:
(i) The function B (Z) is continuous up to the boundary Ry (m,m);
(ii) B(Z) B*(Z) =1 on I'y;
(iii) B(P;) = 0,0 € By (m,m),j =1,2,... k.

Proof. i) follows from the fact that det ([ — P;Z) # 0. P; € Ry (m,m) by condition.

Since the conditions I — ZZ* > 0 and I — Z*Z > 0 are equivalent we have P’ €
MR (m, m) . From the relation

I—(PZ)(PZ) =1-P22*Pj= (1 - P'P)+ P (I—-ZZ*)P; >0

follows that (P;Z) € Ry (m,m). Therefore, all eigenvalues of the matrix (P]*Z) €

M1 (m, m) lie inside the unit circle. And so det (I - Pz ) # 0.

ii) According to [16], the automorphism R} (m, m), which maps an arbitrary point P €
MR (m, m) to the origin has the form

W=A(Z—-P)(I—-P2Z) B, 4.1
where A, B are [m x m] -square matrices such that
A(I-PP)YA'=1,B(I1-PP)B =1.
The inverse mapping to (4.1) has the form
Z=(I—A""WBP*") ' (A'WB+P). (4.2)

Since for P = O, it follows from (4.2) that Z = A~'W B, then the automorphism (4.1)
can be represented as

(=(Z-P)(I-P2Z)" (4.3)
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It is cear that, the unitary matrix Z € I'p we can take as Z = VU™ and the matrix P €
R (m,m) as P =V SU* Here V, U are unitary matrices.
Indeed, let P € QR (m, m) be, then for all unitary matrices U, V' matrix S we have

I— (VSU*)(VSU" =T -VSU'US*V* =V(I - SS)V*>0.

Therefore, this means that P = V.SU* € 9 (m, m). This is one of those looks we have
a relationship:

PiP; = Z*P;P; Z. (4.4)

To prove the equality
B(Z)B*(zZ)=1

we will show that, the equality B* (Z) B (Z) = I holds, which is equivalent to mentioned
equality above. Let’s look at the difference between the right and left sides of this last
expression, by virtue of (4.3):

B*(Z)B(Z)— 1= [(Z —p)(I- P;Z)*l} ’ [(Z —P)(I- P;Z)*l} 1=

_ [(I - sz)‘l]*[(z — P [(Z —P)(I- pjz)‘l} I=

=1 -P2)] (2 =P (Z-P) (1 - Fj2) " ~ 1=

1

=(I-2P) (2" -P})(Z-P)(I-P;Z) —I=

1

=(I-2P) (2" -P))(Z-P)(I-P;Z) —I=

=(-2'P)  [(Z° = P))(Z-P) - (U-2'P) (I- P{Z)] (I - P} 2) " =

= (- z'B) ' [P - 2'PP}Z) (I~ F;Z)"
The second multiplier in the last multiplication is zero according to (4.4) multiplication.
Hence, B (Z) B* (Z) = I is true on Iy.

iii) Since the function B(Z) vanishes at the points Z = P; we get reality of the statement
iii.

5 The Blaschke product for the matrix upper half-plane
Let 3, = {Z € Clm xm|:ImZ > —ol} be the matrix half-plane of square [m x m|
matrix in the space C [m x m|, where o > 0.
The next theorem is true.
Theorem 5.1 Transformation
W = (Z— A* +2icl) ' (Z - A), (5.1)
where A € J,, A — A* = cl, c € C, biholomorphically maps 3, to the matrix unit circle

Rr(m,m) ={W € Clm xm]: WIWV* <I}.
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Proof. First of all, let us show that the next matrix is invertible
(Z — A" + 2i0l) .
Let p be column vector of length m and
(Z — A" +2icl)p=0.

Hence
(Z +iocl)p = (A" —iol)p,
p(ZF —iol)=p" (A+iol).

Multiplying both sides of the first equality on the left by p*, the second equality on the right
by p and subtracting the second equation from the first, we get

p(Z—=Z"+2i0l)p=—p*(A— A"+ 2iol)p,

Consequently,
prImZ+ol)p=—p*(ImA+ol)p.
Since
ImZ+ ol >0,
ImA+ol >0,

then p = 0. This means that the matrix
(Z — A" 4 2i01)

is nondegenerate, i.e. it is invertible and therefore the map (5.1) is holomorphic in J,.
Now we need to show that (5.1) maps J, to R (m, m). This follows from the following
relationship:

I—WW*=1—(Z—A*+2icl) " (Z - A)(Z* — A*) (Z* — A — 2i0])"!
= (Z — A"+ 2i0]) " [(Z — A* + 2i0]) (Z* — A= 2i0]) — (Z — A) (Z* — AY)]
x ((Z Sy 2@'0[)_1)*

=GZZ* — A*Z* +2i0Z* — ZA+ A*A — 2i0 Al — 2i0Z + 2iA* o1 + 40°1

27+ AZ* + ZA* — AAY|G* = G[2i (A ;.A + a) A/ <A ;.A +o> 2i

(3 1

[ A— A* e [A— AT Z—-7* 1
—22( 57 +U) 2i0|G —G[Qz( 57 +a>><( 57 -I-U) (—21)]G

A_A* *
:4G< 5; —|—al>< 5 —|—UI>G*:4G(ImA+JI)(ImZ—|—JI)G*,

where G = (Z — A* + 2iol) .
It is known that, the Hermitian matrices B and ABA* are both positive definite if A is
nondegenerate. Since A — A* = c¢l, c € C, then

B=(ImA+oc)(ImZ+o0l)=[ImA+ocl)(ImZ+ol)]" = BY,
i.e. B is Hermitian matrix. Therefore, the matrices I — WW™ and

B=ImA+ocl)(ImZ+0l)=0(ImZ +o0l),
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are simultaneously positive definite where 6 is a positive number. This says that (5.1) maps
Js to Ry (m,m).
Now from (5.1) we will find the inverse mapping
Z=[A— (A" =2ic)W] (I -W)"". (5.2)

Since for W € P (m,m) all its eigenvalues are less than one, then det (I — W) # 0,
i.e. the matrix (I — W) is nondegenerate. This implies that the map (5.2) is holomorphic in
MR (m, m). Due to the relation

I—WW* =4(Z — A* + 2icl) ' (Im A + o) x
x (ImZ +ol) ((Z — A* + 2icI) )",

it can be seen that for W € 97 (m, m), i.e. [-WW* > 0, the matrix G = (Z — A* + 2io1) ",
is non degenerate also and hence, Im Z + oI > 0, i.e. (5.1) maps Ry (m,m) to J,. The
statement is proved.

In a special case, when A = il and o = 0, the transformation (5.1) is the well-known
Cayley transformation. In addition, (5.1) transforms the skeleton

In={Ze€Cmxm]:ImZ = —0ol}
of the matrix half-plane J, the set
Iy ={W - WWw*=1}

the skeleton (Shilov boundary) 2R (m, m), which consists of unitary [m x m| matrices.
By a finite Blaschke matrix product of degree k in J, we say the function of matrices
(mapping C [m x m] — C [m x m] of the form (5.1))

k )
B (2)=]] [(Z — A%+ 2i01) " (2 - Aj)} v (5.3)
j=1

where A; € H,, Aj — A% = ¢;1,¢j € C, g; are positive integers, j = 1,2, ..., k.

Based on Theorem 5.1 for the Blaschke product of the form (5.3), we have the following
Corollary 5.1 The Blaschke product of the form (5.3) has the following properties:

i. B, (Z) is continuous up to the boundary J,;

ii. B(Z)B;(Z) = 1 on I';

iii. By (A;) =0,0 € Ry (m,m),j=1,2,...,k;

iv. Transformation B (Z) is a map of domain J, to Ry (m,m).
Proof. The first assertion i) follows from the invertibility of the matrices
(Z — A} + 2i01)
forall Z, A% € J,.
Properties ii) is a consequence of the fact that the mapping
W = (Z — A5 +2i01) " (Z — A)) , Aj € 3,

maps J, to Ry (m,m). In this case, the skeleton J, maps to the skeleton Iy.

iii) It is clear that the function By, (Z) vanishes at the points Z = A; , which makes the
third statement true.

iv) Note that, Z, W € R (m,m) implies that (ZW') € Ry (m, m). The validity of this
assertion follows from the statement above and from the Theorem 5.1.
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6 The Horwitz-Rubel theorem for the Blaschke matrix product

In this subsection, we prove an analogue of the Horwitz-Rubel theorem for the Blaschke
matrix product. It should be noted that in this case, Blaschke matrix products cannot be
represented in the form (1.2), (1.3), due to the noncommutativity of matrices.

Let

By (Z) = f[ (z-P)(1-P2)7"],
By (Z) = f[ (Z-Q)(1-Q;2)"'.

1

J

where Pj,Q; € ®y(m,m),j =1,2,...,k, Blaschke matrix products of degree k for the
matrix unit disc.
The following theorem is true.

Theorem 6.1 Let be P;, (), be diagonal matrices. If By (vj) = Ba (v;) for diagonal ma-
trices v; from Ry (m, m), such that det (v;) # 0, j =1,...,2, then

B1 (Z) = BQ (Z) .
To prove Theorem 6.1, we first prove the following.

Lemma 6.1 If P;,(); are diagonal matrices, then for By and Bo there exists at least one
matrix U € I, such that
B (U)=DB(U).

Proof. The equality By (Z) = Bz (Z) is equivalent to the equality

ﬁ{(Z_PJ' I-riz ] f[{z Qj) I—Q}TZ)_l] 6.1)
j=1

Jj=1

For ZZ* = I,ie. Z € I, the matrices Z — P; and Z — (); are nondegenerate, i.e.
det (Z — P;) #0,det (Z — Q;) #0,5 =1,2,...,k, so from (6.1) we get

-1
k k

11 [(Z —P)(I- PfZ)_l} 11 [(Z —-Q;) (I - Q}fZ)_l} =1 6.2)

j=1 j=1

Consider a matrix function of a scalar variable ¢t € C of the form

-1
k

n=TI[er-p) (-0 [TT [er - @ (1- @507

Jj=1 Jj=1

Note that, the elements of ¢ (¢) are holomorphic in the disc {|¢| < 1} = U and continuous
functions on U.

If t¢ = 1 then, due to the diagonality of P;, Q;, the function ¢ (¢) can be presented in
the form

-1

) =TT [t =Pyt — @] [er =Py 1 - @)

Jj=1
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Then the elements of ¢ (¢) are functions of the form

k -1

() =TT =Pyr-Q)7'| [(I-P)I-Q)7] .
= ss

s=1,2,...,m. Assuming that
Pi=(p),Qi=(¢"),i=12,....,mj=12,...k,
we can rewrite the function ¢ (¢) in the form
o A B0
‘PSS(t):l:[ m s/(t_q;s> -

j=1 B qj Jss (t)

i

where
k
t— p?s

Gss (t) == H

If we represent g (¢) in exponential form, i.e.

Gss (t) = ’gss (t)| ei T8 Jas (t)7

then @, (t) = e2895:(!) (here we assume that arg gs; (t) exists). We are interested in the
values ts, |ts] = 1, such that @4 (ts) = 1 for each fixed s, i.e.

cos (2arg ges (ts)) + isin (2arg gss (ts)) = 1.

It follows
cos (2arg gss (ts)) = 1,

1
sin (2arg gss (ts)) = 0.

Hence, arg gss (t;) = mn for some n. Thus,

Pss (eil/)s) =1,

where 4
s = t,,0 < 1)y < 27
Let us now show that for every fixed s, s = 1,2, ..., m, there exists arg gss (t). Denote
d= min [t—(|>0.
te{ps® a5}
cEqU

Then the functions g, (¢) are holomorphic and do not vanish in
Us={teC:|t| >1-4},

since Pj,Q; € My (m,m), thats why p3°,¢;* € U = {[t| < 1}. Consider the analytic
function
In Jss (t) = hss (t) )



J.Sh. Abdullayev, G. Khudayberganov 13

which admits a holomorphic branch in Uy, corresponding to the function gss () on co. Since

gss (00) = 1, then we choose a branch with the condition A, (00) = 0. Let T(t) = +. Then

T(I[J(;):{te(i: |t] <i5} DU, T (0U) = 0U

and
T (c0) = 0.

hss<1)60({t€(€f!t!<1ié}>.

Therefore, by virtue of the mean value theorem for harmonic functions (we apply this the-
orem in U for harmonic function Im h, (1)) we get

It’s clear that

27
1 .
— i
Im hgs (00) o /Im hgs (e )d@b
0
From here )
1 .
— W
27T/Imhss <e )d¢.
0

Therefore, there exists a value 5, 0 < 15 < 2, such that Im hy (€¥=) = 0. Since

hss (t) =1Ingss (t) = In|gss (t)| +iarg gss (t) = Rehgs (t) + i - Im hgg (1) ,

then
hss (ews) = Re hgs (ew’s) + 7 - Im hgg <ew‘“) = In |gss (eiws)‘ = In ggs (ews) =0.
Thus s (ewS) =1,s = 1,2,...,m. Now, using the Cauchy formula for functions of
matrices (see e.g. [22]) for all Z € R (m, m), we have
1 5
Z)=— t) (tI — Z)" "dt. 6.3
0(2)= 5 [e @)1~ 2) 63
ou

The left side of (6.3) is the same as the left side of (6.2) and it is continuous on [x. At the
points tg = ewé', 0 < 15 < 27, the function g (t) takes the value 1, hence at the points

e 0 0
i
U — 0 e*¥2 . 0 € I'n
0 0 ... eWm

the value of the matrix function ¢(z) equals to I, i.e.,
-1

:ﬁ[(z—Pj [-pz ]ﬁ[z Q) (r-Q2)| =1

This means that
By (U)=By(U).
The lemma is proved.
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7 Proof of Theorem 6.1

Let
R(Z)=Bi(Z)-B;' (2).
Then

-1
k k
* * -1
~I|z-pya-rz)"| H[Z Q) (1-Q;2)"'|
j=1 =1
Since B (Z) and By (Z) are automorphisms of 7 (m, m), then
R(Z)R*(Z) =1
on Iw. Hence
R(Z)R* (Z**l) —1

on I'x. By the condition of the theorem we have R (v;) = I. Hence, R (V;il) = [ for all
7 =1,2,..., k. Consider the matrix function

Put
(Vj)ll 0 0
v = 0 (I/j)22 0
0 0 e (Z/j)mm
Then Ry, ((v;),.) = 1 and R, (ﬁ) —1foralls=1,....,m,j=1,....k

By virtue of Lemma 6.1, we have R (U) = I for some

e 0 0
AT
U — 0 ez, 0 € Iy
0 0 ... eWm
ie. Rys (€+) = 1,5 =1,...,m. Therefore, for every fixed s, the rational function R (t)
of degree 2k takes the value 1 at 2k + 1 points e™=; (v1) ., ..., (Vk) 44 (311)”,. ey (ﬁkl).,’

Since Rss (t) = 1, we have
Bl (Z) = B2 (Z) .

The Theorem 6.1 is proved.
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8 Conclusion

This paper has advanced the theory of Blaschke products in the context of matrix-valued
functions, establishing key properties and proving a matrix analogue of the Horwitz-Rubel
theorem. By extending classical results from complex analysis to the of matrix domains,
we have developed a framework that preserves the essential characteristics of Blaschke
products while accommodating the complexities of higher-dimensional spaces.

We rigorously defined finite Blaschke products in the matrix unit circle 937(m, m) and
the matrix upper half-plane J,, proving their continuity, boundary behavior, and zero struc-
ture. These results generalize the well-known properties of scalar Blaschke products while
accounting for the noncommutative nature of matrix multiplication.

We established explicit transformations between the matrix upper half-plane and the
matrix unit circle, extending the classical Cayley transform to the matrix setting. These
mappings preserve the structural properties of Blaschke products and provide a foundation
for further investigations in matrix complex analysis.

A central result of this work is the matrix analogue of the Horwitz-Rubel theorem, which
guarantees the uniqueness of Blaschke products when they coincide on a sufficiently large
set of diagonal matrices. This theorem highlights the delicate interplay between algebraic
constraints and analytic behavior in matrix domains. In particular, for m = 1 Theorem 6.1
completely coincides with the Horwitz—Rubel theorem [4].

The implications of our findings extend beyond pure mathematics, with potential appli-
cations in mathematical physics, operator theory, and multidimensional signal processing.
Future research directions include:

Investigating whether the uniqueness theorem holds for non-diagonal matrices or more
general classes of operators;

Developing convergence criteria and factorization theorems for infinite Blaschke prod-
ucts in matrix unit circle R (m, m) and the matrix upper half-plane J,;

Exploring the role of matrix Blaschke products in the spectral theory of linear operators
and their applications in system theory.

In conclusion, this work bridges classical complex analysis with modern matrix theory,
offering new insights into the behavior of holomorphic functions in noncommutative spaces.
The results presented here not only enrich the theoretical landscape but also pave the way for
novel applications in both mathematics and related disciplines. Further exploration of these
ideas promises to uncover deeper connections between complex analysis, matrix algebra,
and functional analysis.

Acknowledgement. The authors are grateful to the reviewers for their useful responses
to improve the article.

References

1. Aizenberg, L.A.: Extrapolation of functions holomorphic in the product of half-planes
or bands. Analytic continuation of the spectrum, Dokl. Akad. Nauk SSSR 290 (2),
265-268 (1986) (in Russian).

2. Aizenberg, L.A.: Khudaiberganov, G., Multiple extrapolation of holomorphic func-
tions from matrices and functions that are holomorphic in the product of half-planes,
Izv. Vyssh. Uchebn. Zaved. Mat. 3-9 (6) (1988); Russian Math. (Iz. VUZ), 32 (6), 1-8
(1988) (in Russian).

3. Aizenberg, L.A.: Carleman formulas in complex analysis, Science, Novosibirsk,
(1990) (in Russian)



16

On the Blaschke matrix product and an analogue of the Horwitz-Rubel theorem for ...

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

. Horwitz, A.L., Rubel, L.A.: A uniqueness theorem for monic Blaschke products, Proc.

Amer. Math. Soc. 96 (1), 180-182 (1986).

. Baranov, A.D., Kayumov, L.LR., Nasyrov, S.R.: On Bloch seminorm of finite Blaschke

products in the unit disk, J. Math. Anal. Appl. 509 (2), 125983 (2022).

. Barbaresco, F.: Information geometry of covariance matrix: Cartan-Siegel homoge-

neous bounded domains, Mostow/Berger fibration and Frechet median. Matrix Infor-
mation Geometry Book chapter, Springer Berlin Heidelberg, pp. 199-255 (2013).

. Bedford, E., Dadok, J.: Generalized Reinhardt domains, J. Geom. Anal. 1, 1-17

(1991).

. Cartan, E.: Sur les domaines bornes homogenes de I’espace de n variables complexes,

Abh. Math. Sern. Univ. Hamburg, 11, 116-162 (1935).

. Dubinin, V.N.: An upper bound for the least critical values of finite Blaschke products,

Sbornik: Mathematics, 213 (6), 744-751 (2022).

Efimov, A.V., Potapov, V. P.: J-expanding matrix functions and their role in the an-
alytical theory of electrical circuits, Uspekhi Mat. Nauk, 28:1 (169), 65-130 (1973);
Russian Math. Surveys, 28:1, 69-140 (1973).

Garcia, S.R., Mashreghi, J., Ross, W.T.: Finite Blaschke products and their connec-
tions, Springer, Cham., xix+328 pp. (2018).

Garnett, J.B.: Bounded analytic functions, Graduate texts in mathematics 236.
Springer-Verlag, New York, (2007).

Gindikin, S.G.: Analysis in homogeneous domains, Uspekhi Mat. Nauk, 19:4 (118),
3-92 (1964); Russian Math. Surveys, 19:4, 1-89 (1964) (in Russian).
Khudayberganov, G.Kh., Abdullayev, J.Sh.: Laurent-Hua Loo-Keng series with re-
spect to the matrix ball from space C™"[m x m], J. Sib. Fed. Univ. Math. Phys. 14:5,
589-598 (2021).

Henkin, G.M.: The method of integral representations in complex analysis, Complex
analysis-several variables - 1, Itogi Nauki i Tekhniki. Ser. Sovrem. Probl. Mat. Fund.
Napr. 7, VINITI, M., 23-124 (1985) (in Russian).

Hua, L.K.: Harmonic analysis of functions of several complex variables in the classical
domains (in Russian), Translated from the Russian by Leo Ebner and Adam Koranyi
American Mathematical Society, Providence, R.1. 164 pp. (1963).

Khudayberganov, G., Kytmanov, A.M., Shaimkulov, B.A.: Analysis in matrix do-
mains, Siberian Federal University, Krasnoyarsk, (2017) (in Russian).
Khudayberganov, G., Khalknazarov, A.M., Abdullayev, J.Sh.: Laplace and Hua Luo-
geng Operators, Russ Math. 64, 66-71 (2020).

Khudayberganov, G., Abdullayev, J.Sh.: Holomorphic continuation into a matrix ball
of functions defined on a piece of its skeleton, Vestn. Udmurtsk. Univ. Mat. Mekh.
Komp. Nauki 31:2, 296-310 (2021).

Khudaiberganov, G.: Carathéodory-Fejér problem in C™, Mathematical Notes of the
Academy of Sciences of the USSR, 42, 694-699 (1987).

Kusis, P.: Introduction to Hp Spaces with an Appendix on Wolff’s Proof of the Corona
Theorem Cambridge University Press, Cambridge-New York, (1980).

Lancaster, P., Theory of Matrices, Academic Press, New York, 45-49 (1969).
Mashreghi, J., Fricain, E.: Blaschke products and their applications, Springer 2013 (
Fields Inst. Commun., 65, Springer, New York; Fields Institute for Research in Math-
ematical Sciences, Toronto, ON, x+319 pp. (2013)).

Pjateckii—éapiro, LL: Geometriya klassicheskikh oblastei i teoriya avtomorfnykh fuik-
tsi, (in Russian) [ Geometry of classical domains and theory of automorphic functions|
Sovremennye Problemy Matematiki Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 191 pp.
(1961).

Sergeev, A.G.: On matrix and Reinhardt domains, Preprint, Inst. Mittag-Leffler, Stock-
holm, 7 pp. (1988).



J.Sh. Abdullayev, G. Khudayberganov 17

26.

27.

28.

29.

30.

Sergeev, A.G., Zhou X.: Invariant domains of holomorphy: Twenty years later, Proc.
Steklov Inst. Math. 285, 241-250 (2014).

Vladimirov, V.S.: The Blaschke product in the ” generalized unit disc” and a complete
orthonormal system in the future tube, (Russian) Modern problems of mathematics.
Differential equations, mathematical analysis and their applications. Trudy Mat. Inst.
Steklov. 166, 44-51 (1984) (in Russian).

Vladimirov, V.S., Sergeev, A.G.: Complex analysis in the future tube, Several complex
variables, I1: Function theory in classical domains”, Complex potential theory, Encycl.
Math. Sci. 8, 179-253 (1994) (in Russian).

Ming, X.: Regularity of mappings into classical domains, Math. Ann. 378 (3-4), 1271-
1309 (2020).

Zhou, X.: On matrix Reinhardt domains, Math. Ann. 287, 35-46 (1990).



