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Abstract. On the interval G = (0,1) an ordinary differential operator of second order with summable
coefficients is considered. Riesz property for the system of eigen and associated functions of the given
operator is studied. The criterion of Riesz property in L,(G),1 < p < 2, of eigen and associated functions
system is established.

Keywords. differential operator - eigen and associated functions - Riesz property criterion.

Mathematics Subject Classification (2010): 34110, 42A20
1 Introduction and statement of main result

On the interval G = (0, 1) consider the ordinary differential operator

Lu=nu + q1 () u + q2 () u,

with summable coefficients ¢; (z) € L (G),i = 1,2.

The root functions (i.e. eigenfunctions and associated function) of the operator L are
understood in the generalized sense (irrespective of the boundary conditions) [3].

Consider an arbitrary system {uy, (x)} ;- consisting of eigen and associated functions
(root functions) of the operator L. Let { A } -, be the corresponding system of eigenvalues
of this operator. We require that, together with each associated function of order s, s > 1,
the system {uy (z)},—, also contains the corresponding eigenfunction and all associated
functions of order less than s. This means that each element of the system {uy, (z)},-; is
identically non-zero, is absolutely continuous together with its first order derivative on G,
and almost everywhere in G satisfies the equation Luy + Agur = Oxui_1, where 0 equals 0
(in this case uy () is an eigenfunction), or 1 (in this case wy, (x) is an associated functions
of order r > 1, and uy_1 (z) is an associated functions of order r — 1, Ay = A1 = -+ =
= XNpe—r, Op =011 =0p_r11 =1land Op_, = 0).
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2 Riesz property criterion for the system of eigen and ...

The highest order of root functions corresponding to the given eigenfunction will be
called the rank of this eigenfunction.

In such a generalized understanding of eigen and associated functions (root functions)
Ilin V.A.(see [3]) first established the Bessel property unconditional basic property criterion
in Ly (G) of the system of root functions of the operator L for g1 (z) =0, ¢2 (z) € L1 (G).

In the papers (see [2],[4],[6-9], [16] ) these problems were studied for a higher order
ordinary differential operator. This time, for Bessel property it was always assumed that
Q1 () € La(G), q(x) € L1 (G), f(z) € La(G), for Riesz property it was always
assumed that ¢ (z) € L, (G), 1<p<2, f(z)eL,(G).

It should be note that the Riess inequality (in particular, the Bessel inequality) is widely
used to study the convergence of spectral expansions of functions (see [1-4], [9-16]).

In the present paper we study the Riesz property (in case p = 2 Bessel property) for the
system of root functions of the given operator with the coefficients ¢; (z) € L1 (G),i =
1, 2, and the criterion of Riesz property of root functions system is established.

Definition 1.1 A system {¢y (z)},—; C Lq(G) is called Riesz system if there exists a
constant M = M (p) such that for each function f(x) € L,(G), 1 < p < 2,q =
p/(p — 1), one has the inequality

[e’e] 1/‘1
<Z [62 mrq) < M||f]l,,
k=1

Denote i, = /Mg, Repy, > 0.

The main result of this work is the following theorem.

Theorem (Riesz property criterion). Let ¢; (x) € L1 (G) ,i = 1, 2, the ranks of eigen-
functions be uniformly bounded, and assume that there exists a constant C'y such that

Impp | < Co, k=1,2,.... (1.1)
i

Then a necessary and sufficient condition for the Riesz property of the system
{uk (x) ||uk||;1}:il inL,(G), 1 <p<2 ¢=p/(p—1)is that there a constant
M7 such that

Z 1< M, V7 >0. (1.2)
T<Repy, <T+1

Remark 1.1 In the sufficient part of the Theorem, the uniform boundedness of the ranks of
eigenfunctions holds automatically as a consequence of inequality (1.2).

2 Proof of the Theorem

Necessity: We fix an arbitrary number £ > 0. Introduce following set
Q. ={keN:7<Reup, <7+1,[Imuy | <Co, |px|>1},

and number
Ry = (no(1 4 Co)' Va1,

where ng > 1 is chosen so that Ry < 1/4 and for any set E C G, mesE < 2Ry, the

following is fulfilled:

w (Ro) = sup {llally g =12} < NG, @1
ECG
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where ||gill, p = [g @i (z)| de, <||H1 = Il G) ; No- is a positive number, the choice of
the value of which will be determined later.

Let x € [0, %] ,k € {2.. We write the mean value formula (see [3], [9], [10] ) for the
points x,x +t,x + 2t att < Ry:

42t
e () = 2u o+ ) cospe t —ui (o +20) =t [ {an (@ O+

T

+q2 (§) wr (§) — Opug—1 (§) }sinpug (|lo +t — & —¢) d€. (2.2)

Since, according to the condition of the theorem, the rank of eigenfunctions is uniformly
bounded, then it suffices to consider only the eigen-functions wuy (x) , i.e. the case 6 = 0.
Then adding and subtracting on the right hand of formula (2.2) the expression 2uy, (z + t) cos 7t
and by using the identity

. a
cosa — cos B = 2sin sin ,

then applying the operation I ! fORO dt, in the result we can obtain

Ro _
uy, (2) = Ryt (ug,v) + 4R~ /0 ug (z +t) sin 'uk;_ T tsin . 2'uk tdt+

Ro z+2t

T (Ropur) ! / / (01 (©) () + a2 (€) wp, (€)} sinpy, (2 4+t — €| — ) dedt, (2.3)
0 x

where v (t) = 2cost (z —t)—3 fort € [,z 4+ Ro], v (t) = —1/2fort € [z + Ry, z + 2Ro)
andv (t) =0fort ¢ [z,z + 2R].

In the second addend on the right hand side of the formula (2.3) applying to the expres-
sion uy (x 4+ t) following shift formula (see [3], [9], [10])

up (2 % t) = uy () cos pup £ £ pu sin gy tuy, (z) =

rtt
iﬂlzl/ {a1 (€) wy (&) + a2 () ur (§) — Opup—1 ()} sinpyy, (Jw — [ —1)dE 24)

for ;, = 0, we get

Ro _
uy, (2) = Ryt (ug,v) + 4Ry Luy (2) /0 COs i tsin 'uk;_ T tsin . 2'uk tdt+

, Ro —
+4(ppRo) Huy, (2) / sin pu, tsin 'uk;_ T tsin _ 2Mk tdt+
0

Ro

_ g T, T— ot :
+4(ukRo) 1/ sin qu tsin 2Mk dt/ {1 (&) uy, (&) +
0 x

+q2 (&) ug (§)} sin pg (lx — &| —t) dédt+
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Ro x+2t ,
T (uRo) ! /0 / {01 (©) e () + 2 (€) g ()} sin g, (| + 1 — €] — ) dedt =

4

=Ry (e, 0) + ) T (2.5)
j=1

Let estimate the integrals 7j, j = 1,4. Taking into account k € (2, and using the
inequality

[sinz | <2, |cosz | <2, |sinz| <2|z| for Imz <1
we get
T| < 8Ro |7 — pue| [ur ()] < 8Ro (14 Co) Jug ()] < 8ng " |ug ()]
ITo) < 8Ro |7 = pupl || 1, (2)] < 8Ro (1+ Co) || [ (@) < 8 pael ™" | ()]
We estimate T3 for k € (2;. Using the estimations (see [8],[9])

e

SO L) (U [T )P

X {Huka Ol (1 | T |)*1||Mk_1\\p} 1<p<oo,s=0,1; (2.6)

o] < €t bl {Jall Bl ™ @t g ) sl 221 @)

for 6, = 0 and applying the above elementary inequalities, we have

il < a2 lu’| [ [ a1 1 0) aars

Ro x4+t ,
w3z [ [ laa (€ dedtunl . < 32 (Ro) el | _+16R00 (B fl <
0 T [e'¢)

< 32 (Ro) C1 (1 |l ™) (1 + [T, )7 ]+
+16Row (Ro) Cy (1 + [Ty, )"/ Jun |, <
< 64w (Ro) (1 + Co) > Ch Jukll, + 16C1(1 + Co)'* Row (Ro) l|ugll,, <

< Csw (Ro) |luell, < CaNg *[luxll,.

The same estimation is fulfilled also for the integral Ty for k& € (2.
Consequently, from (2.5) we get

-1 -1 -1
e @)l < Rg™ |l v) |+

8 ()] el + g il o ()] ;P + CaNGE @2®)

By virtue of symmetry (see formulas (2.2), (2.4)) this inequality is valid in the case

z € |0,3], as well. This time the function v (t) is determined by the formula: v (t) = %

fort € [x — 2Rg,x — Ro], v (t) =2cost (x—t) — & fort € [z — Ro,z], v(t)=0for
tgé [ZL‘—QR(), ZL’]
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Hence, for ng > 16 it follows that

s @] el < 285" | (el v) |+

+16ng Y ] ’u; (:):)‘ gt + 204Ny . (2.9)
We raised to the power q every part of inequality (2.9), applying inequality
3 q 3
(o) <o Yt oz
i=1 i=1

integrating given result with respect to « from 0 to 1, we get
_ _ q
1 < 29371 (ukHuqu L v) ‘ +

I

_ _ _ q _ _ _
87116 g o | el 7 430 (2048 1)

applying inequality (2.7) for p = ¢, 0, = 0, we obtain

q q
1< 2‘13‘1_1R0_q‘ (uk||uk||q_1,v> n 3q—116qn5q03(1 n \ukl‘l) n

+3971 (204N )"
Summing above inequality over k € (2., we get

Y 1<23r IRyt Y ‘(ukHukH;l,U) Ty

ke, ke,

+307 116,708 S (1+ M ) +371 (20N, ) Y
ke, ke,

since, {uk () ||uk||;1} is Riesz system, and 1 + || ™ < 2 for k € £2;, then

_ 2
> 1< 23T Ry w||2 + 397 <<3n02> + (204N; ) >
0

kef2: kef2;

Taking into account estimate [v||7 < (6R0)%?, we have

> 1< R 4 {Cong + CeNg 1 D L,
ke, ke,
where C5 = 3971(3203)9, Cg= 3971(20,)".
Choosing the numbers ng (ng > 16) and N so that Csny ¢ + Cs N,y ¢ < %, we have at

the inequality
Z 1 < const.
kef2r

Consequently, for || > 1 necessity of condition (1.2) is established.
For |u| < 1 the validity of condition (1.2) is proved in the following way. We consider

(ReA;( > 1
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and the system {uy, (=)} does not change. Therefore inequality (1.2) is fulfilled in the case
|Ak| < 1 as well. The necessity of condition (1.2) is established.
oo
Sufficiency. Let conditions (1.1) and (1.2) be fulfilled. Prove that {uk (x) Huqu_l }k )
N -
is Riesz system. Firstly we prove that {uk () |Juelly }k ) is Bessel system in Ly (G) . By
- 2

o0
formula (2.4), conditions (1.1) and (1.2) for the convergence of the series > ( [ ugl|uklly 1) ‘
k=1
forany f € Lo (G), it suffices to prove the validity of the following inequalities:

1 2
S || T @eos ] o] P 0)F < €1 210
|| >1
1 2

S el 2| [ Fsinoe ]| (O < €A @11)

|pk|>1

1yt , 2
> |l /0 f(t)/o a1 (&) wy () sinpy, (& —t)dédt| |luplly® < ClFI5; (2.12)
|pg|>1

1t 2
S 2| [ T [ (@ (©)sing (€~ ) deat] Jauls® < CUFS: 213
e >1

2

1 t
3 & mw‘ / 0] / wir (€) sinp, (€ — £)dédt| Juglly? < CIFIZ, 2.14)

x| >1

where f € Ly (G).

Under conditions (1.1), (1.2), the validity of inequalities (2.10), (2.11), (2.13) follows
from [3].

Prove the validity of the inequality (2.12). Denote

g(t,&) = { where ¢ € [0,1].
0, 1-¢6<t<1,
Then
1 t , 2
Se (f) = paa| 2 / 10 / a1 (€)1l (€) sin . (€ — t)dedt| luglly? =
0 0

t 1
_ /0 a1 (6) iy (€) i unll; /O 3 (6, E)sin g tdtdé
1 - - 1 1
< [ @ Gy [ g ) S rdrd: =
0 0

1 1 —_— / 7 N _1 —
_ / / 01 (6) @1 (2 (€) i w3 ety ()peg il
0 0

1 1
X / g (t,&)sin g tdt/ g (r, z)sin py, rdrd€dz
0 0
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Applying here the estimation (see [5])

k]| < € el Tl

we get that at || > 1 for Sy, (f) the following inequality is fulfilled:

1,1 1 1
Se(f) < Cs /0 /0 G <z>|\ /0 g(t,osinuktdt‘ /0 9 (r2)sin i, rdr

dédz.

For an arbitrary finite subset J' of the set of indices .J = {k : [ux| > 1}, we obtain

1 1
S| [m@me |

keJ' keJ’

| 2

keJ’

1 1
<Gy /0 /0 191©) a1 Dlllg (-l llg (- 2)]] dédz.

Taking into account that for any { € [0, 1] we have the inequality ||g (-,&)|l5 < [|f]l5s

we obtain ) )
S Sk (h) < Cuollan 112
keJ’

1/2
5\ Y

X

1
| 9@ singm. tat
0

1/2
2\ v

dédz <

1
/ g (r, z)sin py, rdr
0

Hence, from arbitrariness of J C .J, it follows the inequality
Therefore, for an arbitrary function f () € L (G) the following Bessel inequality is
satisfied:

) 1/2
(Z‘(f,ukllukllgl)f) < M| flls- (2.15)
k=1

On the other hand, for any f € L; (G)
sup (fuslluelly) < sup (el Tl ") 151

Hence, by virtue of the inequality (see [5])
Jugll, < e flugll,, v=1, r>1 (2.16)

we get that for any function f € Ly (G) the following inequality is valid:

CN1/2
sup (fuelluellz) < Ml 7] @.17)

By virtue of the Riesz-Torin interpolation theorem (see [17], p.144) from inequalities
oo
(2.15) and (2.17) it follows that the system {uk (z) HukH;l}k ) satisfies the Riesz in-

equality, i.e.

o0 1/q
(Z (e (@) mmr;)\") < M@)|fl,
k=1
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forl <p<2, qg=p/(p—1).

Since

-1 -1 -1
uk (2) luglly ™ = wr () [Junlly " llukllglully

and by virtue of inequality (2.16), the estimation

1< Jugll luglly" < Cro

o0
is fulfilled, then the system {uk () ||uk.||;1 }k , satisfies the Riesz inequality as well, i.e.

the inequality

0 1/q
(Z ‘ (f, uy () ||m||;1) r) < M) |Ifll,,  a=p/(p—1)
k=1

is fulfilled forany f e L,(G), 1 <p<2.

Theorem is completely proved.
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