Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci.
Mathematics, 46 (1), 1-8 (2026).

Multi-sublinear maximal operators on product total Morrey-Guliyev
spaces

Sabir G. Hasanov

Received: 21.07.2025 / Revised: 07.12.2025 / Accepted: 11.02.2026

Abstract. Let M be the multi-sublinear maximal operator. We study the boundedness of the multi-
sublinear maximal operator M on product total Morrey-Guliyev spaces LPVMPL(R™) x ...
x LPmAmstm (R™) to total Morrey-Guliyev spaces LP M (R™).
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1 Introduction

The classical Morrey spaces were introduced by Morrey [21] for the study of solutions
of some quasi-linear elliptic partial differential equations. For more applications of Morrey
spaces on partial differential equation, the reader is referred to [4,25]. The total Morrey-
Guliyev spaces LP**(R™), introduced by Guliyev [7], extend the Morrey space LP*(R™)
by including the second parameter p, which can be seen as the intermediate spaces between
Lebesgue spaces and Morrey spaces. The norm in these spaces is defined by a combination
of the norms of LP*(R™) and LP*#*(R™), which allows a wider range of behavior. Let 0 <
p < oo, A€ R, pue R, [ty = min{l,t}, ¢ > 0. The total Morrey-Guliyev spaces
LPAH(R™) are the set of all locally integrable functions f with the finite (quasi-)norm

_2 ©
[fllzexw = sup  [t]y " [L/E] [l e (Bt
z€R™,t>0

where B(z,t) denotes the ball centered at x with radius ¢ > 0. Here the norm in the case
p < \is equal to the maximum of the norms of LP*(R") and LP#(R™). Total Morrey-
Guliyev spaces can be viewed as generalizations of both classical and modified Morrey
spaces. In particular, the case where A = p corresponds to classical Morrey space, and the
case where 1 = 0 corresponds to modified Morrey space Ep’ A(R™), see [2,3,6,8-12,19,23,
24].

Let (R™)™ = R™ x ... x R™ be the m-fold product space (m € N). For z € R™ and

r > 0, we denote by B(x, r) the open ball centered at x of radius r, and by cB(a:, ) denote
its complement. Let | B(x, r)| be the Lebesgue measure of the ball B(z, ). We denote by

fthe m-tuple (f1, fo, ..., fm)s ¥ = (Y1,...,ym) and dy = dy; - - - dym,.

S.G. Hasanov
Gandja State University, Gandja, Azerbaijan
E-mail: sabhasanov@gmail.com




2 Multi-sublinear maximal operator on product total Morrey-Guliyev spaces

In the past twenty years, the multilinear Calderén-Zygmund theory was developed a lot
and studied by many authors. Grafakos and Torres [5] introduced the multilinear Calderén-
Zygmund operator and studied the boundedness of such operators. Later in [18], Lerner et

—

al. introduced the following multi-sublinear maximal function M(f)(z) defined as (see,
also [16,30-32])

" 1
M@ =z 11 /B i)y

When m = 1, we get M = M, the classical Hardy-Littlewood maximal operator is given
by
1
M(f)(e) = sup o [ 17wl
B>z ‘B | B

—

where f is a locally integrable function. Obviously, it is easy to see M(f)(x)
< [Tz M(f) ().

In this paper, we obtain the boundedness of the multi-sublinear maximal operator M on
product total Morrey-Guliyev spaces LP1 141 (R™) x . . . x LPm-Am:tm (R™) to total Morrey-
Guliyev spaces LPMH(R™).

This paper is organized as follows: In Section 2, we give some theorems about the
boundedness of multi-sublinear maximal operator M on the product total Morrey-Guliyev
spaces LP’A’“(R”), see also [13,17,20,22,26-29].

Throughout this paper, we assume the letter C' always remains to denote a positive con-
stant that may vary at each occurrence but is independent of the essential variables.

2 Multi-sublinear maximal operator on product total Morrey-Guliyev spaces

In this section, we investigate the boundedness of multi-sublinear maximal operator M
on product total Morrey-Guliyev spaces.

Definition 2.1 Ler 0 < p < 00, A € R, p € R, [t|; = min{1,t}, ¢ > 0. We denote by
LPA(R™) the classical Morrey space , by LP*(R™) the modified Morrey space [6], and by

LP’A’“(R”) the total Morrey space the set of all classes of locally integrable functions f
with the finite quasi-norms

_A _A
[fllzer = sup 2 [[flleBn), 1fllzon = sup [thy 7 | fllze(B.t):
0 R™, >0

zeR™, t> TE

_2 B
[ fllzeaw = sup [th g [1/t]1p ”f”LP(B(x,t))7
z€R™, t>0

respectively.

Definition 2.2 Let 0 < p < 0o, A € Rand i € R. We define the weak Morrey space
W LPA(R™), the weak modified Morrey space W LPA(R™) [6] and the weak total Morrey
space W LPMH(R™) as the set of all locally integrable functions f with finite quasi-norms

A

_A -2
I fllwpes = sup t» HfHWLP(B(x,t))a ”f”wzp,x = sup [t]l g HfHWLP(B(:c,t))a
zER™, >0 zER™, >0

D

P—*N“g

1fllwreaw = sup [t 7 [1/1]

Jlwerrs
zER™, >0 H ”W #(Bl=h),

respectively.
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Lemma 2.1 [7,9]If0 <p <oo, 0 < u< A< n,then
LP,A,M(Rn) — Lp’/\(R") N LPH(R™),
W LPAH(R™) = W LPAR™) N W LPH(R™)
and
11l Lo gy = max {|| fll ox, | fllzow
1 lw oxngny = max {[| fllw o, [ fllweew}
respectively.

The following local estimate is valid.

Lemma 2.2 [1, Lemma 3.3] Let 1 < p < oo and B(x,r) be any ball in R™. Then, for
p > 1 the inequality

IM fllor(Bry) STP sup t P flle(B(at) (2.1)

holds for all B(x,r) and for all f € LY (R™).

loc

Moreover if p = 1, then the inequality

M fllwrr By ST Sup Nl L (B

holds for all B(z,r) and for all f € Li _(R™).

Theorem 2.1 [7] 1. If f € L' *(R"), 0 < A\ < nand 0 < yu < n, then Mf €
W LY M (R™) and

IM fllwpraw < Cunp Ll pra, (2.2)

where C1  , is independent of f.

2Iff € LPM(R"), 1 <p<o0,0< A<nand0 < u < n, then M f € LPMH(R?)
and

HMfHLPvA»u < Cp,/\,u Hf”LP«Wv (2.3)
where Cy, 5 ,, depends only on p,\, ;v and n.

Lemma 2.3 [15] Let p be the harmonic mean of p1, . .., pm > land f € LI (R") x...x
L. (R™). Then there exists a constant C > 0 such that for any x € R"

loc
S i % £
M) < T [M (57 ) @)] ™ 2.4)
j=1
When m > 2, we find out M also have the same properties by providing the following

multi-version of the Theorem 2.1.

Theorem 2.2 Let p be the harmonic mean of p1,...,pm > 1 and

P Aj R Hj
S=) for0< A <n =% L for 0< i <n. 25)
P — Dj P 5P
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(i) If p > 1, then the operator M is bounded from product total Morrey space LP1- 141 (R™) x
.o x LPmAmtm (R™) to total Morrey space LPH(R™). Moreover, there exists a positive

constant C such that the following inequality is valid for all fe LPLALEL(R™) x ... X
me,)\m“um (Rn)

m
HMf”LP’A,u S CH HfjHijAjﬂﬂj*

j=1

(ii) Ifp = 1, then the operator M is bounded from product total Morrey space LP* 1 (R™) x
.o x LpmAmstm (R™) to weak total Morrey space W LPH(R™). Moreover; there exists a

positive constant C such that the following inequality is valid for all fe LPrALHL (R?) x
oo X LPmoAmotm (RM)

m
M Fllw porn < CH HfjHij,xj,u]..
j=1
Proof. (i) If p > 1, by (2.4) and the Holder inequality, we get

(e [ 1Miwpa)’

.
Taking the p-th root of both sides and applying Theorem 2.1 with p > 1 and ‘ fi ] O €
LPA3k5 (R™), we get

M= s (W70 [ 1MT@ )’

z€R™ t>0

m Pj m Pj
— P p
_HHM(f] )‘prkjyuj S HH‘}CJ
Jj=1 Jj=1

which is the desired inequality.

(i) If p=1,forany 7 > 0,leteg = 7, ¢, = 1 and €1, €9, ..., £,,—1 > 0 be arbitrary which
will be chosen later. From the pointwise estimate (2.4), we get

3

LP Aok Hfj”ij,Aj,u]-,

j=1

—

{y € B(z,t) : Mf(y) > 7}

cUfveBan: [MiHw)” > —=22— ).

Jj=1

Let us now take €1, €9, ..., €m—1 > 0 such that

s'/p;
1 e e

Ej=1 TSl/ijfjHLPj»/\j»#j

. j=1,2,...,m.
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Then, applying Theorem 2.1 with p = 1 and the fact | f; }pj € LYk (R™), we get

‘{y € B(x,t) Mf(y)’ > 7'}

Si‘{yeB(x,t):M(ffj)(y)> ( A—}fjil _#—{Lj)pj}‘
= e[t [/t "

A=A _ Bpj

0 0 () U

Ej—1

NE

.
I
=

B 0/ () N3l = SR e [ ()l |

Ej—
J— =1 J—1

o /dy (Hufjuwm)![ i (HHngLp”u])-

Hence, we obtain the following inequality

I
NE

.
I
—

Il

<
I
—

M Fllw Loon
=supT sup ([t]l_)‘ [1/t)} Hy € B(x,t) : ./\/lf(y) > 7‘}

>0  z€R",t>0
m

S Tl s s
j=1

This is the conclusion (ii) of Theorem 2.2.

N——
S =

Inthe case A = pu, \j = pj, 7 = 1,...,m from Theorem 2.2 we get the following corollary
Corollary 2.1 [14, Theorem 2] Let p be the harmonic mean of p1, . .., pm > 1 and

A=
S=>3" for 0< A <. (2.6)
p — Dj

(i) If p > 1, then the operator M is bounded from product Morrey space LP1™M (R™) x
.. X LPmAm (R™) to Morrey space LP* (R™). Moreover, there exists a positive constant

C such that the following inequality is valid for all ferph (R™) x ... x LPmAn(R?)

IMFor < C T s -

=1

(ii) If p = 1, then the operator M is bounded from product Morrey space LP1 1 (R™) x

. X LPmAm (R™) to weak Morrey space W LP(R™). Moreover, there exists a positive

constant C such that the following inequality is valid for all f € LPAM(R?) x ... x
LPmAm (R™)

m
M fllwrer < CH [ £ill pojn; -

j=1
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In the case p = pj = 0,7 = 1,..., m from Theorem 2.2 we get the following corollary

Corollary 2.2 [14, Theorem 4] Let p be the harmonic mean of p1, . .., pm > 1 and satisfy
(2.0).

(i) If p > 1, then the operator M is bounded from product modified Morrey space LpiM (R™)x
. X LPmAm (R™) to modified Morrey space P A(R™). Moreover, there exists a positive
constant C such that the following inequality is valid for all f e Lpvh (R™) x ... X
LPmAm(R™)

IMFlzor < CTLS 00,

j=1

(ii) If p = 1, then the operator M is bounded from product modified Morrey space Lpi (R™) x
.. X LPmAm(R™) 10 weak modified Morrey space W LP*(R™). Moreover, there exists a
positive constant C such that the following inequality is valid for all f e LrrM (R™) x

. x LpmAm (R™)

m
HMfHWEp,)\ S CH Hfj”ZpJ,AJ

J=1
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