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Abstract. In this paper we study the maximal operator M in the total Morrey-Guliyev space Ly, x ,,(I")
defined on Carleson curves I'. We prove that for 1 < p < oo the maximal operator My is bounded
on the total Morrey-Guliyev space M, » ,(I"), and from the total Morrey-Guliyev space My y ,,(I") to
WLy, ().
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1 Introduction

Morrey spaces, introduced by Morrey [29], play an important role in the regularity
theory of PDE, including heat equations and Navier-Stokes equations. In harmonic analysis,
Morrey spaces are crucial for analyzing the behavior of integral operators and providing
conditions for the global existence of solutions to nonlinear PDEs, such as the Schrodinger
equation. The total Morrey-Guliyev spaces Ly, » ,(R"), introduced by Guliyev [13], extend
the Morrey space Ly, »(R™) by including the second parameter p, which can be seen as the
intermediate spaces between Lebesgue spaces and Morrey spaces. The norm in these spaces
is defined by a combination of the norms of L, y(R") and L,, ,(R™), which allows a wider
range of behavior. Let 0 < p < 0o, A € R, u € R, [t]; = min{1,¢}, ¢ > 0. The total
Morrey-Guliyev spaces Ly, » ,,(R™) are the set of all locally integrable functions f with the
finite (quasi-)norm

_A B
[z, s, @y = sup  [thy * [/t | fllL, (B
xeR™, t>0

where B(z,t) denotes the ball centered at x with radius ¢ > 0. Here the norm in the case
i < Ais equal to the maximum of the norms of L, (R™) and L,, ,(R"), see also [1,2,8,24,
25,27,28,30-33,36-38]. Total Morrey-Guliyev spaces can be viewed as generalizations of
both classical and modified Morrey spaces. In particular, the case where A = i corresponds
to classical Morrey space, and the case where ;1 = 0 corresponds to modified Morrey space

L, »(R™), see [3,4,7,12,14-16,22,23,31].
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2 Maximal operator in total Morrey-Guliyev spaces defined on Carleson curves

Let ' ={teC:t=1ts), 0<s <[ < oo} be a rectifiable Jordan curve in the
complex plane with arc-length measure v(t) = s, here [ = vI" = lengths of I
We denote
I't,ry=INDB(tr),tel,r>0,

where B(t,r) ={z € C: |z —t| <r}.
A rectifiable Jordan curve I is called a Carleson curve (regular curve) if the condition

vI(t,r) < cor

holds for all ¢ € I" and r > 0, where the constant ¢y > 0 does not depend on ¢ and r.

It is well known that maximal operator play an important role in harmonic analysis (see
[35]). In this paper, in the framework of this analysis in the setting of Carleson curve, we
study the boundedness of the maximal operator M- defined on Carleson curves /" on total
Morrey-Guliyev spaces Ly » ,,(I").

The paper is organized as follows. In Section 2, we present some definitions and auxil-
iary results. In Section 3, we prove L, » ,(I")-boundedness of the maximal operator M.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Preliminaries in the setting on Carleson curves and some auxiliary lemmas

Definition 2.1 Ler 0 < p < oo, A € R, p € R, [r]y = min{l,r}, r > 0. We denote
by L, \(I") the Morrey space [26], by Ly, \(I") the modified Morrey space [9], and by
Ly »u(I) the total Morrey-Guliyev space [13], associated with the Carleson curves the set
of all classes of locally integrable functions f with the finite norms

a
1fllz, ) = Swp v 1 f11 2y (er))

el,r>0

_a
IFI1Z, o) = Sup [rly " Wl ey

el ,r>0
_A M
= sup |[r]s ?[1/r]F ”)s
1fllz, s (1) tengo[ 2P /I ey

respectively.

Definition 2.2 Let 0 < p < oo, A € R and p € R. We define the weak Morrey space
L, A\(I") [26] (= weak D,-Morrey space), the weak modified Morrey space Ly, x(I") [9],
and the weak total Morrey-Guliyev space Ly » ,,(I") [13], associated with the Carleson
curves the set of all classes of locally integrable functions f with the finite norms

A
1 fllwr, ) = sup 1 | fllw iz, ()

el,r>0
_a
= = sup |r];? s
1wz, ) tEF,r>0[ I P WAl wr, ey
_2A B
— g p
1fllwer, ) = tesfl,lf>o[r]1 (/717 W fllw L, i)

respectively.
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Note that
Lypoo(I) = Lpo(I") = Lypo(I') = Ly(I'),
WLpoo(I') =WLyo(I') = WL, o(I') = WLy(I'),
Lpaa(I') = Ly (1), Lpao(I") = Ly (D),
1 fllwz, . ry < 1 fll, ) and therefore Ly, x ,,(I") C WLy (1)
and

Lpau(I) C Lp (L), p < Xand || fl|z, vy < fllz, .0 (2.1
Lpau(I') Co Lyp (L), p < Xand || fll1, .ry < I fllz,.0) (2.2)

Lpa(I) Co L(D) and | fll iy < 117,

and if A < 0or A > 1, then L, x\(I") = Ly \(I') = WLy \(I") = WL, (") = ©. Here
© = O(I') is the set of all functions on I” that are equivalent to 0 on I".

Maximal operators and potential operators in various spaces defined on Carleson curves
have been widely studied by many authors (see, for example [5,6,17-21,34]). In Morrey
spaces defined on quasimetric measure spaces, in particular Morrey spaces L, »(I") defined
on Carleson curves N. Samko [34] studied the boundedness of the maximal operator M
defined by

Mrf(6) =supr () [ )
>0 I(tr)

and proved the following:

Theorem A. [34] Let I' be a Carleson curve, 1 <p <ocoand0 < X < 1.
1) If1 < p < oo, then Mr is bounded from Ly, x(I") to Ly x(I").
2)Ifp =1, then M is bounded from Ly x(I") to W Ly x(I').

Theorem B. [26] Let I be a Carleson curve, 1 <p<o© agd 0< A<l
1)If1 < p < oo, then Mr is bounded from Ly x(I") to Ly, x(I").
2)If p =1, then M is bounded from Ly \(I") to W Ly x(I').
To prove our theorems we need the following lemmas.

Lemma 2.1 Let I be a Carleson curve, 1 < p <00, 0 < < XA < 1. Then

Lpau(I") = Lpx(I") N Ly, (I7)
and

10y 0 iry =m0 LUy sy I Ly iy } -

Proof. Let f € L, » ,(I"). Then from (2.1) and (2.2) we have that f € L, \(I") N L, ,(I")

and max {111z, (> 1/ £,y b < 10y 0 -
Letnow f € L, (L") N Ly ,,(I"). Then

1/p
1fllz,.r) = sup ([T]IAU/T’]T/ \f(T)\pdV(T)>

tel',r>0 I'(t,r)

1/p 1/p
—max{  sup (ﬂ / | f(T)ypdu(T>> . sup <r—“ / | f(T)\Pdu(T)>
tel,0<r<1 I'(t,r) telr>1 I'(t,r)

< max{HfHLM(F), Hf”L,,,,AF)} .
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Therefore, f € Ly » (1) and the embedding L, x(I") N Ly, ,(I") Cs Ly x (1) is valid.

Thus Ly » u(I") = Lp (1) NLyp,u (1) andmaX{HfHL,,,x(r), HfHL,,,u(r)} =Ifllz, .-
Corollary 2.1 Let I' be a Carleson curve, 1 < p < 00,0 < X\ < 1. Then

ZPJ\(F) = Lp,A(F) N LP(F)
and
11z, cry = max {1y Ly b -
Remark 2.1 If 1 < p < oo, and p < 0 or A > 1, then
LP,A7M(F) - WLp,/\,u(F) - Q(F)-
The following statement can be proved analogously.

Lemma 2.2 Let I be a Carleson curve, 1 < p < 00,0 < < XA < 1. Then

WLPJ\(F) - WLP,A<F> N WLP,/L(F)

and
1wz, oy =m0 { Ll a9 1 w2y } -

Lemma 2.3 Let I'" be a Carleson curve, 1 <p < 00,0 <A< 1and0 < pu <1, then

Lyp1u(I') Cr Loo(I') C Ly a1(1)
and )

[flzynir) < o 1 f oy < W2y )

Proof. Let f € Loo(I"). Thenforallt € "'and 0 < r <1

2 L
rr |l e < 6 1wy, 0SA<1
andforallt € ["andr > 1

1 1
v [ fllo, o)) < b 1l ner)-
Thus f € L, 1(I") and

1
[fllzpnir) < €6 1l Loy
Let f € Ly1,,(I"). By the Lebesgue’s differentiation theorem we have

_1
lion |24, 7) 77 [ 2y = (@] for actel
Then forae.t € I'

_1
FOI =107 1Ly
_1
p

1
<c sup 7 ? || fllo,r
0" S 1 f1l 2, (e

_1
<¢” HfHLp,l,H(F)-

Thus f € Loo(I") and
_1
[l rsery < o I fllzpr )
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Corollary 2.2 [26] Let I be a Carleson curve and 1 < p < oo. Then
Lpi(I') = Lo (1)
and y
1l ooy < WFllLy oy < o P by
Lemma 2.4 [8] Let I" be a Carleson curve, ) < A< 1,0< u<1,0<a<1—-Aand
0§[3<1—u,thenfor% Spg%

and for f € Ly, x ,(I") the inequality

1
[P NG o W o [ | PG o)
holds.

From Lemma 2.4 we obtain the following results.

Corollary 2.3 Let I' be a Carleson curve, 0 < u < A < 1,0 < a < 1 — ), then for
1\ e 1-u
(07 — p - (07
Lpau(I) C- Lia—a(I7)
and for f € Ly, » ,(I") the inequality

1
[y s—acry S g I llzya,. )

holds.

Corollary 2.4 [26] Let I' be a Carleson curve, 1 < p < ocoand ) < A< 1. Ifp = %,
then

1 /
Loa(D) € Lig—a(I) and |fll, .y < /" IF L,

where 1/p+1/p' = 1.

Corollary 2.5 Let I' be a Carleson curve, 0 < a < 1,0 < A\ < 1 — «. Then for % <

p< i
(0%
~ 1 /
Lya(I) Co Liga(D) and |fly,, oy <" 117, ooy

For the 0 < o < 1 we define the following fractional maximal functions on I"

1/p
MP,f(t) = (MR fP)P (1) = Sup (IF(t,T)I_HO‘/F |f(7)|pdu(7)> :

(t.r)

In the case o = 0 we denote M%p f by Mr,f and in the case p = 1 we denote M7, f by
Mpf.

Lemma2.5 Let1 <p<oo,0<a<landf€ Lyi-o(l). Then M} f € Loo(I") and

1M1 N,y = 1 s acry-
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Proof.

1/p
168, £,y = sup ( / . !f(T)I”dV(T)> = £l

tel,r>0

Lemma2.6 Letl <p<oo,0<a<landf € Epyl_a(F). Then Mp ,f € Loo(I") and
HM%,prLOO(F) < Hf”ip,l,a(F)'
Proof.

1/p
HM%prLDO(p) = sup (Ta_l /F(t,r) |f(T)|pd1/(7')>

tel,r>0

- 1/p
= su rlrly) P r]o1 ) |Pdv(T
= swp (r'lrh) ([ I /w () P ))

tel',r>0

1—«a

N -1
<1z, sup (k) >
= Hf‘|ip717a(p)-

In the case a = 0 from Lemma 2.5 for M, f the following property is valid.

Corollary 2.6 Let 1 <p < ocoand f € Loo(I"). Then Mrpf € Loo(I") and

HMF,prLOO(p) - ”f”Loo(F)'

In the case p = 1 from Corollary 2.4 and Lemma 2.5 for M7 f the following property is
valid.

Corollary 2.7 Let I be a Carleson curve, 0 < a < 1,0 < A< 1—aand f € Li-x ,(I').
Then M7 f € Loo(I') and

a 1-12%
IMEflloory = Wl a) S0 77 ”fHLQ’A(F)-

From Corollary 2.5 and Lemma 2.6 for M7 f the following property is valid.

Corollary 2.8 Let I' be a Carleson curve, 0 < aa < 1,0 < A< 1—a«aand f € zp,)\(F).
Then M7 f € LOO(F)for% <p<iand

a 1/p
M2l iy = Doy < & IFIE, -

3 Ly . (I')-boundedness of the maximal operator M

In this section we study the L), » ,,(I")-boundedness of the maximal operator M.
The following Guliyev type local estimates are valid (see also [10,11]).
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Lemma 3.1 [4] Let I be a Carleson curve and 1 < p < oo. If p > 1, then the inequality
1 _1
IMrfllL ey ST2 sup 7 2|1 fll L, ) (3.1)
T>2r

holds for all | € L;)OC(F).
Moreover if p = 1, then the inequality

My fllwr,(raey ST sup T ey (e (3.2)

T>2
holds for all f € L'°°(I).
Applying Lemma 3.1, one obtains the following result.

Theorem 3.1 Let [ be a Carleson curve,, 0 < A < land0 < p < 1.
LIffeLiy,(I), then Mpf € WLy ,(I") and

IMrfllwe, ) < Ciaplfllgs . (3.3)

where C1  , is independent of f.
2. Iff € Lpxu(I'), 1 <p < oo, then Mpf € Ly, (I") and

IMrfliz, ) < Corpllfllz, ) (3.4)

where Cy, 5 ,, depends only on p,\ and p.

DAL

Proof. Let p = 1. From the inequality (3.2) we get

IMrfllwe, .y = sup [P0 [/ IMe fllw )

tel,r>0
S sup [N/ e sup T f L reny)
tel,r>0 T>2r

wr) Sup [Pl (/] sup =t [y (/7]

el r>0 T>r

= ey x ) Sup [Pl L/ suplr T LA

el r>0 T>T
Sz

which implies that the operator M is bounded from Ly » ,,(I") to WLy ,(1").
Let 1 < p < oo. From the inequality (3.1) we get

_A B
sup [7']1 g [1/7”]f ||MFfHL,, I'(t,r))
tel,r>0

< sup [, ” [1/7“] re sup 77 ||l ()
tel,r>0 T>2r
_2 B 1A —
Sty S0 (/) 7 sup 5 o]} [1/7)
1-2 p—1 A—1 1—;;

= fllz, s,y sup [7 (/8,7 suplr],” [1/7],7
tel,r>0 T>r

IMrfllr

pku

S

=

Sz, )

which implies that the operator M is bounded in Ly, » ,,(1").
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From Theorem 3.1 in the case A = i or u = 0 we get the following corollaries.

Corollary 3.1 [34] 1. If f € L1 \(I") and 0 < X\ < 1, then Mpf € WLy x(I") and

IMrfllwe, ) < Cia

‘fHLL,\(F)v

where C y is independent of f.
2If fe Lpx(I'), 1 <p<ooand0 < X\ <1, then Mrf € L, \(I") and

IMrfliz, ) < Cpa

‘fHLp,A(F)7

where C,, \ depends only on p and \.

Corollary 3.2 [9, Theorem 1] 1. If f € ELA(F) and 0 < X\ < 1, then M f € WEL)\(F)
and

HMFfHWZLA(F) < Cl,A

where C' ) is independent of f.
2If feLpx(I'), 1 <p<ooand0 < X\ <n, then Mpf € L, \(I") and

”MFfHZpy)\(p) < Cp,)\

IIZ, oy

1z, oo
where C,, \ depends only on p and M.
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