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Abstract. Consider T M as the tangent bundle of a (pseudo-) Riemannian manifold M, endowed with
certain lift metrics. This paper aims to determine the necessary and sufficient conditions under which the
tangent bundle T M admits a Ricci bi-conformal vector field with respect to these lift metrics.

Keywords. Ricci bi-conformal vector field, Sasaki metric, synectic lift metric, tangent bundle.

Mathematics Subject Classification (2010): 53C07, 53A45

1 Introduction

Killing and conformal vector fields constitute fundamental infinitesimal transformations on
a Riemannian manifold (M, g), frequently employed in the analysis of symmetries and con-
served quantities in physical systems. These vector fields play a crucial role in the classifi-
cation of solutions to Einsteins field equations. Specifically, Killing vector fields correspond
to isometric deformations, with the isometry being represented by a Killing vector field that
determines the directions along which infinitesimal transformations preserve the metric,
thereby maintaining the underlying spacetime structure. A vector field V is classified as a
Killing vector field if the Lie derivative of the metric tensor g with respect to V' vanishes:

Lyg=0.

Furthermore, if there exists a scalar function v such that Ly, g = 21g, then V is termed
a conformal vector field. More generally, a conformal vector field generates a conformal
transformation of the metric, meaning that the Lie derivative of g with respect to V' re-
mains proportional to g itself. Conformal vector fields have broad applications in kinemat-
ics, geometry, and dynamical systems, as they preserve fundamental structures in physical
theories, including Maxwells equations and light cone structures [10].
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A natural extension of conformal vector fields is provided by Kerr-Schild vector fields
[3], which satisfy the conditions

Lvg=a(p®p), Lvp=_Pp,

where p is a null 1-form field, and «, 8 are smooth functions on (M, g). The generalized
Kerr-Schild vector field is further defined by

Lyvg=ag+B(p®p), Lvp=np,

where «, 3,7 are smooth functions on (M, g). These vector fields, which exhibit a more
intricate structure than classical Killing or conformal fields, have been instrumental in de-
riving exact solutions to the vacuum Einstein field equations.

Analogously, bi-conformal transformations have been introduced as a generalization of
conformal transformations by Garca-Parrado and Senovilla [5]. A bi-conformal vector field
is a vector field on the tangent bundle 7'M that induces conformal transformations with
respect to two distinct metrics on 7'M, denoted by g and h. Such a vector field V' satisfies
the coupled system

Lyg=ag+ Bh, Lyh=ah+ jyg,

where Ly represents the Lie derivative along V, and the functions «, 3, referred to as sym-
metry gauges, play a role analogous to the function ) in the definition of conformal vector
fields. Moreover, h is a symmetric square root of g, satisfying hikhf = gi;. Bi-conformal
vector fields provide insights into the interplay between different metrics on 7'M, thereby
contributing to the geometric analysis of the tangent bundle. These structures extend the
framework of conformal mappings and are particularly relevant for studying transforma-
tions that preserve geometric structures across multiple metrics. In certain physical models,
including mechanics and general relativity, tangent bundles equipped with multiple metrics
serve as models for phase spaces or extended geometric structures. Bi-conformal vector
fields describe transformations that preserve these dual structures.

Subsequently, De et al. [4] introduced the concept of Ricci bi-conformal vector fields by
considering the symmetric tensor h as the Ricci tensor R. A vector field V' is termed a Ricci
bi-conformal vector field if it satisfies the conditions

(Lvg)(&1,&2) = ag(&1,&2) + BR(&1, &2), (L.1)

(LvR)(&1,82) = aR(&1,62) + Bg(&1, &2), (1.2)

for arbitrary vector fields £; and &2, where R denotes the Ricci tensor of (M, g), and o, 8
are smooth functions.

Motivated by recent advancements in the study of Ricci bi-conformal vector fields (see
[2,4,11]), the present research investigates the necessary and sufficient conditions for a
vector field on the tangent bundle 7'M to be a Ricci bi-conformal vector field with respect
to specific lift metrics.

2 Preliminaries
2.1 The tangent bundle
Consider an n—dimensional differentiable manifold M. The tangent bundle 7'M of the
manifold M is defined as:
TM = U TpM,
PeM

where Tp M denotes the tangent space of M at P. Let us choose a local coordinate system
{U, 2"} within M, and use Cartesian coordinates (3") in each tangent space 7> M at a point
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P € M. These Cartesian coordinates are established using the natural basis {% \ p}.With

this setup, we can define a local coordinate system in 7'M denoted as {7~ *(U), 2", y"}.
Here, 7 represents the natural projection function defined as: 7 : T'M —— M, and P stands
for an arbitrary point belonging to U. Moreover, the coordinate system (2", 3") is referred
to as the induced coordinates on 7~ (U), which comes from the original coordinate system
{U, 2"} within M.

Given a torsion-free linear connection V on M, we can introduce on each induced co-
ordinate neighborhood 71 (U) a frame field which is very useful in our computation. It is
called the adapted frame on 7~ !(U) and consists of the following 2n linearly independent

vector fields {Eg} = {E]-, E]f} given by
Ej = 0; —y°’TlLoy, By = 05,

_0_
Oxh*

Lemma 2.1 The Lie brackets of the adapted frame of T M satisfy the following identities:

where 0, =

[Ej, Ei] = beij(Il)EE’
[Ej7 EZ] = Fﬁ-Eg,
55, 5| =0,
where R, j% denotes the components of the curvature tensor of M [15].

A vector field X = v"E}, + ’UEEE on 7'M within the adapted frame { Eg} is identified
as a fibre-preserving vector field if the components v" solely depend on the variable (:ch)

2.2 The Synectic lift metric

Given a pseudo-Riemannian metric g on M, another well-known classical pseudo-Riemannian
metric on 7'M is the metric g defined by Talantova and Shirokov [12]

7(x7.y") =a(X,Y),
(X7 YyV)=g(XxV,.Y") =g (X,Y),
g(x", vy =0

for all vector fields X, Y on M. Here a = (a;;) is a symmetric tensor field of type (0, 2) on
M. The metric g, called the synectic lift of the Riemannian metric g, has components:

= _ (5 _ [ @§ij Gig 21
7= (9as) <gij 0) @1
with respect to the adapted frame on T'M.

Lemma 2.2 [6] The Lie derivative of g with respect to the fibre-preserving vector field X
is given as follows:

Lgg= {LV(lij — 2gim (y”vc I — B (uﬁ)) } da'da? (2.2)
+2{Lvgij — gim (V;u™ — E7 (v'")) } da’sy’,

where X = VOE, + VOE, .



A. Gezer, E. Karakas, L. Bilen 57

Lemma 2.3 The components Eag of the Ricci tensor of g are as follows:

= _ (5 2R;; 0

R = (Rug) = ( 07 0) . (2.3)
Also the Lie derivative of Eag with respect to the fibre-preserving vector field X is given by

L3R =2{LyR;;}dz'da’. (2.4)

2.3 The Sasaki metric
Given a pseudo-Riemannian metric g on M, another well-known classical pseudo-Riemannian
metric on 7'M is the Sasaki metric. The Sasaki metric °g is defined by [9]

g (X YH) =g (X,Y),

S (XTYY) =g (XY, YH) =0,

g (XY, YY) =g(X.Y)
for all vector fields X, Y on M (see also [1]). The Sasaki metric © g has components:
Sg= (Sgas) = (% ) 25)
“ 0 gij

with respect to the adapted frame on T'M.

Lemma 2.4 [14] The Lie derivative of S g with respect to the fibre-preserving vector field
X is given as follows:

(2.6)
L)?Sg ={Lvgi;} dxtds? — 209m; {ybvc b — vEFbT - E; (vm) } daztoy’
+ {ngij — 20m; (Vivm — E; (vm))} (5yi(5yj.
where X = VOE, + V3E. (see also [8,13]).
Lemma 2.5 [7] The components * Rz of the Ricci tensor of Sq are as follows:
i) SRij = Rij + iysyp(Rmstph? + ngithZl)
i) SRy = 3y° (VsRij — ViRy)) 27
iii) SRz = 3y° (VsRji — V;Ra) ‘
i) SRg=-ly'wR RN

Also, the Lie derivative of ° R with respect to the fibre-preserving vector field X is given
by

L Rag = %{QLVRZ-]- +yy' [(ViAl) (TiRi; - VaRyy)]
+y*yt [(VjAZ> (ViRp; — Vthi)}
+0" gyt [Ryt (VeRmj — VinReg) + Ryt (ViRmi — Vi Ryi)| ba' da?
+%{Uhyt (Vi (ViR — ViRij)] + (Vjvh> (ViRin — ViR) (2.8)

+y AY (Vi Ri; — ViRy;) + y A (ViRy; — Vi Ryj)
+B" (Vi Rij — ViRyj) }dal oy,
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3 Main Results
3.1 Ricci bi-conformal vector fields with respect to synectic lift metric on (7'M, q)

We will now investigate the necessary and sufficient conditions for a vector field on the
tangent bundle 7'M to be a fibre-preserving Ricci bi-conformal vector field with respect to
the synectic lift metric.

Theorem 3.1 Let X = v"Ej, + vﬁEﬁ be a vector field on (T M,q) with respect to the
adapted frame {Eg}. The scalar function o on TM depends only on the variables (z")

with respect to the induced coordinates (azh , yh). Then X is a fibre-preserving Ricci bi-
conformal vector field with respect to the synectic lift if and only if the following conditions
are satisfied:

i. =0,
1. Ly Ri; = aR;j,
iii. v =y Al + BI,
. V°Req = VAL,
V. Lvaij + 2 (VJBZ) = Qayj,
vi. Lyl =nVio.

Proof. Referring to the relation (1.2), the following equation is obtain

(LgR) (&1,&) = aR(61,&) + Bg(&1, ). (3.1
Using the expressions (2.4), (2.3) and (2.1) in (3.1), we write
2(Lv Rij) dztds? = 204Rijda:idxj + 3 (aijdajidxj + 2gijda:i5yj) )
From this equality, we conclude

2ﬁgzg:O:>B:0

and
LvRij = OéRij.
Using relation (1.1), we derive the equation:
(L59) (&1,&) = ag(&1,&) + BR(&1, &). (3.2)

Using the expressions (2.2), (2.1) and (2.3) in (3.2), we have
a (aijdr'de? + 2g;;dz' 0y’ ) + 2B Ry;dx' da?
=9 {ngij — Gim (Vjvm — Ejf (vm)) } dz' oy’
+ {Lvaij — 2Gim (ybvc jgg - vgfbgn - L (vﬁ)> } dztda?
from which we get
Lvgij — gim (Vjvm - E; (vm)) = agij, 3.3)

and
{Lvaij — 29im (ybvc j::nb — vabT — Ej (vm))} = Q45 + QﬁRij.
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If the value 5 = 0 is used in the last equation, we have
{Lvaij — 20im <ybvc ich — vgfbgn - LK (vm)>} = aayj. 3.4)
Applying E;- to both sides of Equation (3.3), we have
9imEgB; (V) = B (@) g5 (3-5)
if the indices k and j are interchanged, from which we get
Er (@) gij = E5 () gi-

It follows that
(n—1) By (o) =0= Era=0.

This shows that the scalar function e on 7'M depends only on the variable (xh) with respect

to the induced coordinates (xh,yh). If the last equality is used in Equation (3.5), the
following equation is obtained

o = y2 Al 4 Bh, (3.6)
where AZ” and B" are certain functions which depend only on the variable (:ch) Further-

more one can show that A” and B" are the components of a (1, 1) tensor field and a con-
travariant vector field on M, respectively. Substituting (3.6) into (3.4), we have

Lvai;j—2gim (ybvc jZI; - (y“Ag + Bb) Fb}n — <8j — ysl—gaﬁ> (y* AT + Bm)> = aa;j.
Further simplification yields:
Lvaij — 29im (ya (UC j?g — VjAZl) — Vij) = ozaij,

from which we conclude: A
VReq = vjAsz 3.7

and
Lvaz‘j + 2 (V]BZ) = aajj.

Substituting (3.6) into (3.3), we have
Ly gij — agij — Vjvi + gimAj" = 0. (3.8)
Applying the covariant derivative V, to both sides of (3.8)
gim (ViAT') = Vi (agij + gimVjv™ — Ly gij)
= (Vra)gij + ViVjvm — Vi (Lv gij)

= (Via)gij + ViVivi = Vi [v™ (Vingi;) + (Vivy) + (Vj05)]
= (Via)gij + ViVjv; — Vi (Vivy)

Using the relation Ly I} = V V0™ + R [0, we can obtain
gim (VeAT") = (Vea)gi; — (Lv I} — Ryiiv®)

From the eq.(3.7), we get

gim (V' R.35) = (Vi) gij — (Lv I} — Rofiv®) gmj.
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Contracting both sides of the last equation with g*/, we have
vaI ;?;Ln = nvka.

Conversely, if B", A?,a and [ are taken so that they satisfy (i)-(vii), reserving the above
steps, we see that X = "B, + (y“AZ + Bh) Ex is a fibre-preserving Ricci bi-conformal
vector field on 7'M with respect to the synectic lift. This completes the proof.

Let g be a Riemannian metric of M with components g;;, then we see that
g = 2g;;dz'dy’

is non-singular and can be regarded as pseudo-Riemannian metric on 7'M . The metric g,
which is called complete lift metric has components

~ o~ o 0 Gij
9= (9ap) = <gij 0
with respect to the adapted frame on 7'M . This metric is obtained by setting the symmetric

(0, 2)-type tensor a = (a;j) to zero in the synectic lift metric. As a direct consequence of
Theorem 3.1, we derive the following result.

Corollary 3.1 Let X = v"E), + ’UEEE be a vector field on (T M,q) with respect to the
adapted frame {Eg}. The scalar function o on TM depends only on the variables (z")

with respect to the induced coordinates (a:h, y"). Then X isa fibre-preserving Ricci bi-
conformal vector field with respect to the complete lift metric g if and only if the following
conditions are satisfied:

i. 8=0,
1. LvRZ'j = OéRij,
iii. v = y* Al + Bh,
iv. VR, + V;Ay =0,
V. VJBl == 0,
vi. LyIy =nVia.

Let X = (v"E), + vﬁEg) be a vector field on 7'M relative to the adapted frame {Eg}.
Then, X is a vertical vector field on 7'M if and only if v, = 0. In this case, the vector field

X in Theorem 3.1 simplifies to X = y® Al + B"E},. Therefore, from Theorem 3.1, we can
draw the following conclusion.

Corollary 3.2 Let X = y*AM 1 B"E}, be a vertical vector field on (T M, G) with respect
to the adapted frame {Eg}. The scalar function o on T'M depends only on the variables
(x") with respect to the induced coordinates (x",y"). Then X is a fibre-preserving Ricci
bi-conformal vector field with respect to the synectic lift metric if and only if the following
conditions are satisfied:

i. =0,
ii. R;; = 0,1.e., the base manifold is Ricci flat.
iii. V;AL =0,

w. 2 (VJBZ) = QQyy,
v. Via = 0.
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In particular, if U is a local vector field that remains constant on each fiber 7, M such that
U =y, then its vertical lift UV = y"E}, is referred to as the canonical vertical vector field,

also known as the Liouville vector field on T'M. In this case, the vector field X in Theorem
3.1 reduces to X = 4" E),. Therefore, Theorem 3.1 gives the following conclusion.

Corollary 3.3 Let X = y" E}, be the Liowville vector field on (T M, g) with respect to the
adapted frame { Eg}. The scalar function o on T M depends only on the variables (z") with

respect to the induced coordinates (", y"). Then Xisa fibre-preserving Ricci bi-conformal
vector field if and only if the following conditions are satisfied:

i. =0,

1. R;j =0, i.e., the base manifold is Ricci flat.
1it. aq; = 0, i.e., the synectic lift metric reduces to the complete lift metric.
w. Via =0.

3.2 Ricci bi-conformal vector fields with respect to Sasaki metric on (TM o g)

We will now investigate the necessary and sufficient conditions for a vector field on the
tangent bundle 7'M to be a fibre-preserving Ricci bi-conformal vector field with respect to
the Sasaki metric ©g.

Theorem 3.2 Let X = v"Ej, + vﬁEg be a vector field on (TM, °g) with respect to

the adapted frame {Eg} and o, depends only on the variables (z"). Then X is a fibre-

preserving Ricci bi-conformal vector field with respect to the Sasaki metric ° g if and only
if the following conditions are satisfied:

1. LvRij = OéRij,
ii. o =y2Ah 4 B",
iii. V; AT = v°R,,

0. szm == 0,
h
V. R’LSI"anR]pm = 0,

vi. Rl Ry, =0,

vii. Lyl = —gvka Vi (Vio™),
viii. B" (ViRij — ViRpj) =0,
1w. Lygij = agij,
. o (VtRij — VZ'Rtj) = ’Uh [Vh (VtRij — ViRtj)] + (Vjvh> (VtRih — viRth>

+Ah (ViRij — ViRyj) + Al (ViRp; — ViRyj).

Proof. We begin by considering the relation (1.1), represented as follows:

(Lg ®9) (61,&) = a®g(&,&) + B R(&, &). (3.9)
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Using the expressions (2.5), (2.6) and (2.7) in (3.9) we write
{Lvgij} da'da’ — 2gp, { R — o' T — B (u™) } da'oy’
+{Lvgij — 2gm; (Viv™ — E7 (V")) } 6y’ Sy’
= a{gijda'da’ + g;;6y'5y’ } + B{ <Rij + iysyp(RmngphJ + R, LR )) dx'da’
+y° (VsRji — VjRyi) da'sy’ — (iy YR " m’%) 5y oy’ }.
From this equation we obtain the followings:

Lygij = agij + 8 [Rij +Y Y (R, Ry + Rm?ith?)] , (3.10)
Lv gij — 2Gm; (Viv™) 4 2gm; (E7 (v™)) = agij — *5 (y YR jpﬁfz,) , (3.1

and
—2gm; { R — I — B (Uﬁ)} = By* (VsRji — V;Rg;) . (3.12)
In equation(3.10), since Ly g;;, agi; and SR;; depend only on the variable (xh), we obtain

R =0. (3.13)

mis th]

Considering equations (3.10) and (3.11) together, we get

1 s m
agij =+ 6 Rij + -y yp(Rmksthj + ngszhp ) -2 (vivj) + 2gmj (E; (U ))

4
0
= agij — */3 (y YR ij1> :
from which we write o
BRij = 2(Vivj) — 2gm; E7 (V) , (3.14)
and
sth R]p}rln =0. (315)

Applying E- to the both sides of Equation (3.14), we obtain
V™ =y A™ 4 B™, (3.16)

where A" and B™ are certain functions which depend only on the variable (mh) Fur-

thermore one can show that A” and B" are the components of a (1,1) tensor field and a
contravariant vector field on M, respectively. Substituting (3.16) into the Equation (3.12)
we have

20y {y o R — (oAb + B) I = (0 — ' Thog) (oA + B™) }
= By* (VsRji — V;jRy;) .
After making the necessary adjustments to the last equation, we write

—29mji {—y*v°R.js —y* (Vi AY") — ViB™} = By® (VsRji — VRg;),
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from which we conclude:
2gmj (UCRC;‘Z + VZAZL) =7 (VSRJ‘Z' — Vszi) , (3.17)
and
Vi:B™ = 0.
Substituting (3.15) and (3.16) into the Equation (3.11), we have
Ly gij — 2g9mj (Viv™) + 2gm; (07 (y* A" + B™)) = agij,
from which we get
Lv gij = 2gm; (Viv™) + 2g9m; A" = agi;. (3.18)
Applying the covariant derivative V, to both sides of (3.18)
(3.19)
29mj (Vi Ai") = Vi (agij +2(Vivj) — Lvgij)
= (Via)gij +2 (Vi Vivj) — Vi (Lvgij)
= (vka)gij + 2 (Vk vi’Uj) — Vi [Um (Vmgij) + (Vﬂ}j) + (Vjvi)]
= (Vka)gij + 2 (Vk vi’Uj) — Vi (Vin) — Vi (Vjvi)
= (Vka)gij + Vi (Vivj) = Vi (Vjv;) .
Also from the equation(3.17), (if i — k and s — ¢ index is changed) we write
ngj (Vk A:n) = ﬁ (VZ-R]-;C - VjRik) - ngj (UCRCZ;) . (320)
Using expression (3.20) in (3.19), we obtain
B(ViRji, — VjRix) = 2gm; (v°Repi) = (Vi) gij + Vi (Vivj) — Vi (Vi) -
From this formula: Ly I} = Vi Vv + R _[}v°, we can write
B (ViR — VRik) — 2gm; (Lv Iy — Vi Vo) = (Via)gij + Vi (Viv; — Vju;)
B(ViRj — VjRix) — 2gmj (Lv I};) +2 (Vi Vivg) = (Vi) gij + Vi (Vivy — Vjv;)
B(ViRji — VjRix) — 29m; (Lv I73) = (Vka)gij — Vi (Viv; — Vjv;).
Contracting both sides of the last equation with g™/, we have

0
——

B | ViRl — ViR] | =288 (LyI73) = n(Via) — Vi, (V™) 88, — Vi (V0™) 6,

_2LVFIg¢n = n(Vka) — Vk (vam) - Vk (vam)
_2LVFl?an = n(Vka) - 2Vk (vam)

n
LyI7 = —§(Vk04) + Vi (Vm'l)m) .

Furthermore using the expressions (3.13) and (3.15) in (2.7) , the components * R, of the
Ricci tensor of ¥¢ become simpler as follows:

i) *Rij = Rij,

ii) *R;. = 3y° (VsRij — ViRsj),

) 321
y® (VsRji — VjRgi), (3.21)
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In line with relation (1.2), we derive the equation:

(Lg °R) (&1,6) = a "R(&1, &) + B8 °9(&1,&). (3.22)
Using the expressions (2.5), (2.8) and (3.21) in (3.22) we write

{LyRi; + %y“yt [(ViAﬁl‘) (ViRn; — ViRy) + (VjAZ) (VeRpi — Vthi)}

1 o
ivhyayt (Rt (ViRmj — Vi Rej) + Ry jat (ViRi — Vi Ryi)| Yda' da?

1

5{vhyt (Vi (ViRi; — ViRij)] + 4 (vjvh) (ViRip, — ViR)

—i—ytA? (VhRij - Vz‘th) + ytA? (Vtth - Vthj) + Bh (VhRij - Vith)}dxjéyi
=« {Rijdazldﬂsj + iyt (VtRij - viRt]’) d$J5yZ} + B {gijdxzdac] + gijcsyzéyj} y

from which we get o
Bgijoy'dy’ =0= 5 =0, (3.23)

a(ViRij — ViRy;) = v" [V}, (ViRi; — ViRyj)] + (Vjv") (ViR — ViRy,)
+A} (ViRij — ViRyj) + Al (ViR — ViRyj)
B" (VLRij — ViRyp;) =0,
and
2Ly Rij + 1"y [(viA{;) (ViRpj — VaRy) + (VjAZ) (ViRp; — VhRm-)]
0y " (Rt (VeRmj — Vi Rej) + Ry i (VeRmi — Vi Rys)] (3.24)
= 2aR;; + 2Bgj.
Substituting (3.23) into the Equation (3.17) we get
VR 4+ VAT =0 = VAT = v°R,". (3.25)

Using the expression (3.25) and (3.23) into the Equation (3.24) we conclude
2Ly Ry + %y [ (v Rila) (ViRes = Vi) + (v Ryla) (Ve = VaFio)|
" (0" Rt (VeRnj = VnRes) + 0" Byt (VeBoni — VR
= 2aR;; + Bgij-
0

It follows that
LvRi]’ = OZRZ']'.

Also using the expression (3.23) in (3.10) we get
Lvgij = agij.

This shows that V' is a conformal vector field on M.
Conversely, if B, A?,oz and [ are taken so that they satisfy (i) — (z), reserving the

above steps, we see that X isa fibre-preserving Ricci bi-conformal vector field on T'M
with respect to the Sasaki metric °g. This completes the proof.
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