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Abstract. Consider TM as the tangent bundle of a (pseudo-) Riemannian manifold M , endowed with
certain lift metrics. This paper aims to determine the necessary and sufficient conditions under which the
tangent bundle TM admits a Ricci bi-conformal vector field with respect to these lift metrics.
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1 Introduction

Killing and conformal vector fields constitute fundamental infinitesimal transformations on
a Riemannian manifold (M, g), frequently employed in the analysis of symmetries and con-
served quantities in physical systems. These vector fields play a crucial role in the classifi-
cation of solutions to Einsteins field equations. Specifically, Killing vector fields correspond
to isometric deformations, with the isometry being represented by a Killing vector field that
determines the directions along which infinitesimal transformations preserve the metric,
thereby maintaining the underlying spacetime structure. A vector field V is classified as a
Killing vector field if the Lie derivative of the metric tensor g with respect to V vanishes:

LV g = 0.

Furthermore, if there exists a scalar function ψ such that LV g = 2ψg, then V is termed
a conformal vector field. More generally, a conformal vector field generates a conformal
transformation of the metric, meaning that the Lie derivative of g with respect to V re-
mains proportional to g itself. Conformal vector fields have broad applications in kinemat-
ics, geometry, and dynamical systems, as they preserve fundamental structures in physical
theories, including Maxwells equations and light cone structures [10].

? Corresponding author

A. Gezer
Ataturk University, Faculty of Science, Department of Mathematics, 25240, Erzurum-Trkiye.
E-mail: aydingzr@gmail.com

E. Karaka
Ataturk University, Faculty of Science, Department of Mathematics, 25240, Erzurum-Trkiye.
E-mail: erkanberatkarakas@gmail.com

L. Bilen
Igdir University, Faculty of Science and Art, Department of Mathematics, 76000, Igdir-Trkiye.
E-mail: lokman.bilen@igdir.edu.tr



A. Gezer, E. Karaka, L. Bilen 55

A natural extension of conformal vector fields is provided by Kerr-Schild vector fields
[3], which satisfy the conditions

LV g = α(ρ⊗ ρ), LV ρ = βρ,

where ρ is a null 1-form field, and α, β are smooth functions on (M, g). The generalized
Kerr-Schild vector field is further defined by

LV g = αg + β(ρ⊗ ρ), LV ρ = γρ,

where α, β, γ are smooth functions on (M, g). These vector fields, which exhibit a more
intricate structure than classical Killing or conformal fields, have been instrumental in de-
riving exact solutions to the vacuum Einstein field equations.

Analogously, bi-conformal transformations have been introduced as a generalization of
conformal transformations by Garca-Parrado and Senovilla [5]. A bi-conformal vector field
is a vector field on the tangent bundle TM that induces conformal transformations with
respect to two distinct metrics on TM , denoted by g and h. Such a vector field V satisfies
the coupled system

LV g = αg + βh, LV h = αh+ βg,

where LV represents the Lie derivative along V , and the functions α, β, referred to as sym-
metry gauges, play a role analogous to the function ψ in the definition of conformal vector
fields. Moreover, h is a symmetric square root of g, satisfying hikhkj = gij . Bi-conformal
vector fields provide insights into the interplay between different metrics on TM , thereby
contributing to the geometric analysis of the tangent bundle. These structures extend the
framework of conformal mappings and are particularly relevant for studying transforma-
tions that preserve geometric structures across multiple metrics. In certain physical models,
including mechanics and general relativity, tangent bundles equipped with multiple metrics
serve as models for phase spaces or extended geometric structures. Bi-conformal vector
fields describe transformations that preserve these dual structures.

Subsequently, De et al. [4] introduced the concept of Ricci bi-conformal vector fields by
considering the symmetric tensor h as the Ricci tensorR. A vector field V is termed a Ricci
bi-conformal vector field if it satisfies the conditions

(LV g)(ξ1, ξ2) = αg(ξ1, ξ2) + βR(ξ1, ξ2), (1.1)

(LVR)(ξ1, ξ2) = αR(ξ1, ξ2) + βg(ξ1, ξ2), (1.2)

for arbitrary vector fields ξ1 and ξ2, where R denotes the Ricci tensor of (M, g), and α, β
are smooth functions.

Motivated by recent advancements in the study of Ricci bi-conformal vector fields (see
[2,4,11]), the present research investigates the necessary and sufficient conditions for a
vector field on the tangent bundle TM to be a Ricci bi-conformal vector field with respect
to specific lift metrics.

2 Preliminaries

2.1 The tangent bundle

Consider an n−dimensional differentiable manifold M . The tangent bundle TM of the
manifold M is defined as:

TM = ∪
P∈M

TPM,

where TPM denotes the tangent space of M at P . Let us choose a local coordinate system
{U, xh}withinM , and use Cartesian coordinates (yh) in each tangent space TPM at a point
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P ∈M . These Cartesian coordinates are established using the natural basis
{

∂
∂xh
|P
}

.With
this setup, we can define a local coordinate system in TM denoted as {π−1(U), xh, yh}.
Here, π represents the natural projection function defined as: π : TM 7−→M , and P stands
for an arbitrary point belonging to U . Moreover, the coordinate system (xh, yh) is referred
to as the induced coordinates on π−1(U), which comes from the original coordinate system
{U, xh} within M .

Given a torsion-free linear connection ∇ on M , we can introduce on each induced co-
ordinate neighborhood π−1(U) a frame field which is very useful in our computation. It is
called the adapted frame on π−1(U) and consists of the following 2n linearly independent
vector fields {Eβ} =

{
Ej , Ej

}
given by

Ej = ∂j − ysΓ hsj∂h, Ej = ∂j ,

where ∂h = ∂
∂xh

.

Lemma 2.1 The Lie brackets of the adapted frame of TM satisfy the following identities:

[Ej , Ei] = ybR a
ijbEa,

[Ej , Ei] = Γ ajiEa,[
Ej , Ei

]
= 0,

where R a
ijb denotes the components of the curvature tensor of M [15].

A vector field X̃ = vhEh + vhEh on TM within the adapted frame {Eβ} is identified
as a fibre-preserving vector field if the components vh solely depend on the variable

(
xh
)
.

2.2 The Synectic lift metric

Given a pseudo-Riemannian metric g onM , another well-known classical pseudo-Riemannian
metric on TM is the metric g defined by Talantova and Shirokov [12]

g
(
XH , Y H

)
= a (X,Y ) ,

g
(
XH , Y V

)
= g

(
XV , Y H

)
= g (X,Y ) ,

g
(
XV , Y V

)
= 0

for all vector fields X,Y on M . Here a = (aij) is a symmetric tensor field of type (0, 2) on
M . The metric g, called the synectic lift of the Riemannian metric g, has components:

g =
(
gαβ
)
=

(
aij gij
gij 0

)
(2.1)

with respect to the adapted frame on TM .

Lemma 2.2 [6] The Lie derivative of g with respect to the fibre-preserving vector field X̃
is given as follows:

L
X̃
g =

{
LV aij − 2gim

(
ybvcR m

jcb − vbΓmbj − Ej
(
vm
))}

dxidxj (2.2)

+2
{
LV gij − gim

(
∇jvm − Ej

(
vm
))}

dxiδyj ,

where X̃ = V aEa + V aEa .
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Lemma 2.3 The components Rαβ of the Ricci tensor of g are as follows:

R =
(
Rαβ

)
=

(
2Rij 0
0 0

)
. (2.3)

Also the Lie derivative of Rαβ with respect to the fibre-preserving vector field X̃ is given by

L
X̃
R = 2 {LVRij} dxidxj . (2.4)

2.3 The Sasaki metric

Given a pseudo-Riemannian metric g onM , another well-known classical pseudo-Riemannian
metric on TM is the Sasaki metric. The Sasaki metric Sg is defined by [9]

Sg
(
XH , Y H

)
= g (X,Y ) ,

Sg
(
XH , Y V

)
= g

(
XV , Y H

)
= 0,

Sg
(
XV , Y V

)
= g (X,Y )

for all vector fields X,Y on M (see also [1]). The Sasaki metric Sg has components:

Sg =
(
Sgαβ

)
=

(
gij 0
0 gij

)
(2.5)

with respect to the adapted frame on TM .

Lemma 2.4 [14] The Lie derivative of Sg with respect to the fibre-preserving vector field
X̃ is given as follows:

(2.6)

L
X̃
Sg = {LV gij} dxidxj − 2gmj

{
ybvcR m

icb − vbΓmbi − Ei
(
vm
)}
dxiδyj

+
{
LV gij − 2gmj

(
∇ivm − Ei

(
vm
))}

δyiδyj .

where X̃ = V aEa + V aEa (see also [8,13]).

Lemma 2.5 [7] The components sRαβ of the Ricci tensor of Sg are as follows:

i) SRij = Rij +
1
4y

syp(R h
misR

m
phj +R h

msiR
m

jhp )

ii) SRij =
1
2y

s (∇sRij −∇iRsj)
iii) SRij =

1
2y

s (∇sRji −∇jRsi)
iv) SRij = −

1
4y

sypR m
ish R

h
jpm.

(2.7)

Also, the Lie derivative of SRαβ with respect to the fibre-preserving vector field X̃ is given
by

L
X̃
SRαβ =

1

2
{2LVRij + yayt

[(
∇iAha

)
(∇tRhj −∇hRtj)

]
+yayt

[(
∇jAha

)
(∇tRhi −∇hRti)

]
+vhyayt

[
R m
hia (∇tRmj −∇mRtj) +R m

hja (∇tRmi −∇mRti)
]
}dxidxj

+
1

2
{vhyt [∇h (∇tRij −∇iRtj)] + yt

(
∇jvh

)
(∇tRih −∇iRth) (2.8)

+ytAht (∇hRij −∇iRhj) + ytAhi (∇tRhj −∇hRtj)
+Bh (∇hRij −∇iRhj)}dxjδyi.



58 Ricci bi-conformal vector fields on tangent bundle ...

3 Main Results

3.1 Ricci bi-conformal vector fields with respect to synectic lift metric on (TM, g)

We will now investigate the necessary and sufficient conditions for a vector field on the
tangent bundle TM to be a fibre-preserving Ricci bi-conformal vector field with respect to
the synectic lift metric.

Theorem 3.1 Let X̃ = vhEh + vhEh be a vector field on (TM, g) with respect to the
adapted frame {Eβ}. The scalar function α on TM depends only on the variables (xh)

with respect to the induced coordinates (xh, yh). Then X̃ is a fibre-preserving Ricci bi-
conformal vector field with respect to the synectic lift if and only if the following conditions
are satisfied:

i. β = 0,
ii. LVRij = αRij ,

iii. vh = yaAha +Bh,

iv. vcRca = ∇jAja,
v. LV aij + 2 (∇jBi) = αaij ,
vi. LV Γ

m
km = n∇kα.

Proof. Referring to the relation (1.2), the following equation is obtain(
L
X̃
R
)
(ξ1, ξ2) = αR(ξ1, ξ2) + βg(ξ1, ξ2). (3.1)

Using the expressions (2.4), (2.3) and (2.1) in (3.1), we write

2 (LVRij) dx
idxj = 2αRijdx

idxj + β
(
aijdx

idxj + 2gijdx
iδyj

)
.

From this equality, we conclude

2βgij = 0⇒ β = 0.

and
LVRij = αRij .

Using relation (1.1), we derive the equation:(
L
X̃
g
)
(ξ1, ξ2) = αg(ξ1, ξ2) + βR(ξ1, ξ2). (3.2)

Using the expressions (2.2), (2.1) and (2.3) in (3.2), we have

α
(
aijdx

idxj + 2gijdx
iδyj

)
+ 2βRijdx

idxj

= 2
{
LV gij − gim

(
∇jvm − Ej

(
vm
))}

dxiδyj

+
{
LV aij − 2gim

(
ybvcR m

jcb − vbΓ m
bj − Ej

(
vm
))}

dxidxj

from which we get
LV gij − gim

(
∇jvm − Ej

(
vm
))

= αgij , (3.3)

and {
LV aij − 2gim

(
ybvcR m

jcb − vbΓ m
bj − Ej

(
vm
))}

= αaij + 2βRij .
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If the value β = 0 is used in the last equation, we have{
LV aij − 2gim

(
ybvcR m

jcb − vbΓ m
bj − Ej

(
vm
))}

= αaij . (3.4)

Applying Ek to both sides of Equation (3.3), we have

gimEkEj
(
vm
)
= Ek (α) gij (3.5)

if the indices k and j are interchanged, from which we get

Ek (α) gij = Ej (α) gik.

It follows that
(n− 1)Ek (α) = 0⇒ Ekα = 0.

This shows that the scalar function α on TM depends only on the variable
(
xh
)

with respect
to the induced coordinates

(
xh, yh

)
. If the last equality is used in Equation (3.5), the

following equation is obtained
vh = yaAha +Bh, (3.6)

where Aha and Bh are certain functions which depend only on the variable
(
xh
)
. Further-

more one can show that Aha and Bh are the components of a (1, 1) tensor field and a con-
travariant vector field on M , respectively. Substituting (3.6) into (3.4), we have

LV aij−2gim
(
ybvcR m

jcb −
(
yaAba +Bb

)
Γ m
bj −

(
∂j − ysΓ hsj∂h

)
(yaAma +Bm)

)
= αaij .

Further simplification yields:

LV aij − 2gim
(
ya
(
vcR m

jca −∇jAma
)
−∇jBm

)
= αaij ,

from which we conclude:
vcRca = ∇jAja, (3.7)

and
LV aij + 2 (∇jBi) = αaij .

Substituting (3.6) into (3.3), we have

LV gij − αgij −∇jvi + gimA
m
j = 0. (3.8)

Applying the covariant derivative∇k to both sides of (3.8)

gim
(
∇kAmj

)
= ∇k (αgij + gim∇jvm − LV gij)
= (∇kα)gij +∇k∇jvm −∇k (LV gij)
= (∇kα)gij +∇k∇jvi −∇k [vm (∇mgij) + (∇ivj) + (∇jvi)]
= (∇kα)gij +∇k∇jvi −∇k (∇ivj)

Using the relation LV Γmki = ∇k∇ivm +R m
aki v

a, we can obtain

gim
(
∇kAmj

)
= (∇kα)gij − (LV Γ

m
ki −R m

aki v
a)

From the eq.(3.7), we get

gim
(
vaR m

akj

)
= (∇kα)gij − (LV Γ

m
ki −R m

aki v
a) gmj .
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Contracting both sides of the last equation with gij , we have

LV Γ
m
km = n∇kα.

Conversely, if Bh, Ahj ,α and β are taken so that they satisfy (i)-(vii), reserving the above
steps, we see that X̃ = vhEh +

(
yaAha +Bh

)
Eh is a fibre-preserving Ricci bi-conformal

vector field on TM with respect to the synectic lift. This completes the proof.

Let g be a Riemannian metric of M with components gij , then we see that

g̃ = 2gijdx
iδyj

is non-singular and can be regarded as pseudo-Riemannian metric on TM . The metric g̃,
which is called complete lift metric has components

g̃ = (g̃αβ) =

(
0 gij
gij 0

)
with respect to the adapted frame on TM . This metric is obtained by setting the symmetric
(0, 2)-type tensor a = (aij) to zero in the synectic lift metric. As a direct consequence of
Theorem 3.1, we derive the following result.

Corollary 3.1 Let X̃ = vhEh + vhEh be a vector field on (TM, g̃) with respect to the
adapted frame {Eβ}. The scalar function α on TM depends only on the variables (xh)

with respect to the induced coordinates (xh, yh). Then X̃ is a fibre-preserving Ricci bi-
conformal vector field with respect to the complete lift metric g̃ if and only if the following
conditions are satisfied:

i. β = 0,
ii. LVRij = αRij ,

iii. vh = yaAha +Bh,
iv. vcR m

cja +∇jAma = 0,
v. ∇jBi = 0,
vi. LV Γ

m
km = n∇kα.

Let X̃ = (vhEh + vhEh) be a vector field on TM relative to the adapted frame {Eβ}.
Then, X̃ is a vertical vector field on TM if and only if vh = 0. In this case, the vector field
X̃ in Theorem 3.1 simplifies to X̃ = yaAha +BhEh. Therefore, from Theorem 3.1, we can
draw the following conclusion.

Corollary 3.2 Let X̃ = yaAha +BhEh be a vertical vector field on (TM, g) with respect
to the adapted frame {Eβ}. The scalar function α on TM depends only on the variables
(xh) with respect to the induced coordinates (xh, yh). Then X̃ is a fibre-preserving Ricci
bi-conformal vector field with respect to the synectic lift metric if and only if the following
conditions are satisfied:

i. β = 0,
ii. Rij = 0, i.e., the base manifold is Ricci flat.

iii. ∇jAja = 0,

iv. 2 (∇jBi) = αaij ,
v. ∇kα = 0.
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In particular, if U is a local vector field that remains constant on each fiber TxM such that
U = y, then its vertical lift UV = yhEh is referred to as the canonical vertical vector field,
also known as the Liouville vector field on TM . In this case, the vector field X̃ in Theorem
3.1 reduces to X̃ = yhEh. Therefore, Theorem 3.1 gives the following conclusion.

Corollary 3.3 Let X̃ = yhEh be the Liouville vector field on (TM, g) with respect to the
adapted frame {Eβ}. The scalar function α on TM depends only on the variables (xh) with
respect to the induced coordinates (xh, yh). Then X̃ is a fibre-preserving Ricci bi-conformal
vector field if and only if the following conditions are satisfied:

i. β = 0,
ii. Rij = 0, i.e., the base manifold is Ricci flat.
iii. aij = 0, i.e., the synectic lift metric reduces to the complete lift metric.
iv. ∇kα = 0.

3.2 Ricci bi-conformal vector fields with respect to Sasaki metric on
(
TM, Sg

)
We will now investigate the necessary and sufficient conditions for a vector field on the
tangent bundle TM to be a fibre-preserving Ricci bi-conformal vector field with respect to
the Sasaki metric Sg.

Theorem 3.2 Let X̃ = vhEh + vhEh be a vector field on (TM, Sg) with respect to
the adapted frame {Eβ} and α,β depends only on the variables (xh). Then X̃ is a fibre-
preserving Ricci bi-conformal vector field with respect to the Sasaki metric Sg if and only
if the following conditions are satisfied:

i. LVRij = αRij ,

ii. vh = yaAha +Bh,
iii. ∇iAms = vcR m

ics ,
iv. ∇iBm = 0,
v. R m

ish R
h

jpm = 0,

vi. R h
misR

m
hpj = 0,

vii. LV Γ
m
km = −n

2
∇kα+∇k (∇mvm) ,

viii. Bh (∇hRij −∇iRhj) = 0,
ix. LV gij = αgij ,

x. α (∇tRij −∇iRtj) = vh [∇h (∇tRij −∇iRtj)] +
(
∇jvh

)
(∇tRih −∇iRth)

+Aht (∇hRij −∇iRhj) +Ahi (∇tRhj −∇hRtj) .

Proof. We begin by considering the relation (1.1), represented as follows:

(
L
X̃
Sg
)
(ξ1, ξ2) = α Sg(ξ1, ξ2) + β SR(ξ1, ξ2). (3.9)
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Using the expressions (2.5) , (2.6) and (2.7) in (3.9) we write

{LV gij} dxidxj − 2gmj

{
ysvcR m

ics − vbΓmbi − Ei
(
vm
)}
dxiδyj

+
{
LV gij − 2gmj

(
∇ivm − Ei

(
vm
))}

δyiδyj

= α
{
gijdx

idxj + gijδy
iδyj

}
+ β{

(
Rij +

1

4
ysyp(R h

misR
m

phj +R h
msiR

m
jhp )

)
dxidxj

+ys (∇sRji −∇jRsi) dxiδyj −
(
1

4
ysypR m

ish R
h

jpm

)
δyiδyj}.

From this equation we obtain the followings:

LV gij = αgij + β

[
Rij +

1

4
ysyp(R h

misR
m

phj +R h
msiR

m
jhp )

]
, (3.10)

LV gij − 2gmj (∇ivm) + 2gmj
(
Ei
(
vm
))

= αgij −
1

4
β
(
ysypR m

ish R
h

jpm

)
, (3.11)

and

−2gmj
{
ysvcR m

ics − vbΓmbi − Ei
(
vm
)}

= βys (∇sRji −∇jRsi) . (3.12)

In equation(3.10), since LV gij , αgij and βRij depend only on the variable
(
xh
)
, we obtain

R h
misR

m
hpj = 0. (3.13)

Considering equations (3.10) and (3.11) together, we get

αgij + β

Rij + 1

4
ysyp(R h

misR
m

phj +R h
msiR

m
jhp︸ ︷︷ ︸

0

)

− 2 (∇ivj) + 2gmj
(
Ei
(
vm
))

= αgij −
1

4
β
(
ysypR m

ish R
h

jpm

)
,

from which we write
βRij = 2 (∇ivj)− 2gmjEi

(
vm
)

, (3.14)

and
R m
ish R

h
jpm = 0. (3.15)

Applying Ek to the both sides of Equation (3.14), we obtain

vm = yaAma +Bm, (3.16)

where Ama and Bm are certain functions which depend only on the variable
(
xh
)
. Fur-

thermore one can show that Aha and Bh are the components of a (1, 1) tensor field and a
contravariant vector field on M , respectively. Substituting (3.16) into the Equation (3.12)
we have

−2gmj
{
ysvcR m

ics −
(
yaAba +Bb

)
Γmbi −

(
∂i − ysΓ hsi∂h

)
(yaAma +Bm)

}
= βys (∇sRji −∇jRsi) .

After making the necessary adjustments to the last equation, we write

−2gmj {−ysvcR m
cis − ys (∇iAms )−∇iBm} = βys (∇sRji −∇jRsi) ,
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from which we conclude:

2gmj (v
cR m

cis +∇iAms ) = β (∇sRji −∇jRsi) , (3.17)

and
∇iBm = 0.

Substituting (3.15) and (3.16) into the Equation (3.11), we have

LV gij − 2gmj (∇ivm) + 2gmj (∂i (y
aAma +Bm)) = αgij ,

from which we get
LV gij − 2gmj (∇ivm) + 2gmjA

m
i = αgij . (3.18)

Applying the covariant derivative∇k to both sides of (3.18)

(3.19)
2gmj (∇k Ami ) = ∇k (αgij + 2 (∇ivj)− LV gij)

= (∇kα)gij + 2 (∇k∇ivj)−∇k (LV gij)

= (∇kα)gij + 2 (∇k∇ivj)−∇k [vm (∇mgij) + (∇ivj) + (∇jvi)]
= (∇kα)gij + 2 (∇k∇ivj)−∇k (∇ivj)−∇k (∇jvi)
= (∇kα)gij +∇k (∇ivj)−∇k (∇jvi) .

Also from the equation(3.17), (if i→ k and s→ i index is changed) we write

2gmj (∇k Ami ) = β (∇iRjk −∇jRik)− 2gmj (v
cR m

cki) . (3.20)

Using expression (3.20) in (3.19), we obtain

β (∇iRjk −∇jRik)− 2gmj (v
cR m

cki) = (∇kα)gij +∇k (∇ivj)−∇k (∇jvi) .

From this formula: LV Γmki = ∇k∇ivm +R m
ckiv

c, we can write

β (∇iRjk −∇jRik)− 2gmj (LV Γ
m
ki −∇k∇ivm) = (∇kα)gij +∇k (∇ivj −∇jvi)

β (∇iRjk −∇jRik)− 2gmj (LV Γ
m
ki ) + 2 (∇k∇ivj) = (∇kα)gij +∇k (∇ivj −∇jvi)

β (∇iRjk −∇jRik)− 2gmj (LV Γ
m
ki ) = (∇kα)gij −∇k (∇ivj −∇jvi) .

Contracting both sides of the last equation with gij , we have

β


0︷ ︸︸ ︷

∇iRik −∇jR
j
k

− 2δim (LV Γ
m
ki ) = n(∇kα)−∇k (∇ivm) δim −∇k (∇jvm) δjm

−2LV Γmkm = n(∇kα)−∇k (∇mvm)−∇k (∇mvm)
−2LV Γmkm = n(∇kα)− 2∇k (∇mvm)

LV Γ
m
km = −n

2
(∇kα) +∇k (∇mvm) .

Furthermore using the expressions (3.13) and (3.15) in (2.7) , the components SRαβ of the
Ricci tensor of Sg become simpler as follows:

i) sRij = Rij ,
ii) sRij =

1
2y

s (∇sRij −∇iRsj) ,
iii) sRij =

1
2y

s (∇sRji −∇jRsi) ,
iv) sRij = 0.

(3.21)
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In line with relation (1.2), we derive the equation:(
L
X̃
SR
)
(ξ1, ξ2) = α SR(ξ1, ξ2) + β Sg(ξ1, ξ2). (3.22)

Using the expressions (2.5) , (2.8) and (3.21) in (3.22) we write

{LVRij +
1

2
yayt

[(
∇iAha

)
(∇tRhj −∇hRtj) +

(
∇jAha

)
(∇tRhi −∇hRti)

]
1

2
vhyayt

[
R m
hia (∇tRmj −∇mRtj) +R m

hja (∇tRmi −∇mRti)
]
}dxidxj

1

2
{vhyt [∇h (∇tRij −∇iRtj)] + yt

(
∇jvh

)
(∇tRih −∇iRth)

+ytAht (∇hRij −∇iRhj) + ytAhi (∇tRhj −∇hRtj) +Bh (∇hRij −∇iRhj)}dxjδyi

= α

{
Rijdx

idxj +
1

2
yt (∇tRij −∇iRtj) dxjδyi

}
+ β

{
gijdx

idxj + gijδy
iδyj

}
,

from which we get
βgijδy

iδyj = 0⇒ β = 0, (3.23)

α (∇tRij −∇iRtj) = vh [∇h (∇tRij −∇iRtj)] +
(
∇jvh

)
(∇tRih −∇iRth)

+Aht (∇hRij −∇iRhj) +Ahi (∇tRhj −∇hRtj) ,

Bh (∇hRij −∇iRhj) = 0,

and

2LVRij + yayt
[(
∇iAha

)
(∇tRhj −∇hRtj) +

(
∇jAha

)
(∇tRhi −∇hRti)

]
+vhyayt

[
R m
hia (∇tRmj −∇mRtj) +R m

hja (∇tRmi −∇mRti)
]

(3.24)
= 2αRij + 2βgij .

Substituting (3.23) into the Equation (3.17) we get

vcR m
cis +∇iAms = 0⇒ ∇iAms = vcR m

ics . (3.25)

Using the expression (3.25) and (3.23) into the Equation (3.24) we conclude

2LVRij + yayt
[(
vcR h

ica

)
(∇tRhj −∇hRtj) +

(
vcR h

jca

)
(∇tRhi −∇hRti)

]
+yayt

[
vhR m

hia (∇tRmj −∇mRtj) + vhR m
hja (∇tRmi −∇mRti)

]
= 2αRij + βgij︸︷︷︸

0

.

It follows that
LVRij = αRij .

Also using the expression (3.23) in (3.10) we get

LV gij = αgij .

This shows that V is a conformal vector field on M .
Conversely, if Bh, Ahj ,α and β are taken so that they satisfy (i) − (x), reserving the

above steps, we see that X̃ is a fibre-preserving Ricci bi-conformal vector field on TM
with respect to the Sasaki metric Sg. This completes the proof.
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