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Abstract. The spectral problem for an ordinary differential equation with non-local boundary conditions
on a finite interval [0, 7| is investigated. In this case, the corresponding spectral problem has two series
of asymptotically close eigenfunctions that do not form a basis in the space Ly [0, 7], and a direct ap-
plication of the Fourier method is impossible. Based on these eigenfunctions, a new system of functions
is constructed that already forms a basis in Ly, [0, 7). Using the new system, we investigate the unique
solvability (in the strong sense) of the nonlocal boundary value problem for the Laplace equation in the
Sobolev space Wg (D), where D = (0,7) x (0, 1) is the half-disk of the complex plane.
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1 Introduction

Solving some elliptic equations with nonlocal boundary conditions using the Fourier method
leads to spectral problems with boundary conditions that are regular, but not strongly reg-
ular. For this reason, the root functions of these problems generally do not form a basis in
the corresponding function space. In such cases, direct application of the Fourier method is
impossible. One such problem is the following

AU (0;¢) =0, (0,¢) €D,

u (1;0)=9p(B), 0<0<m,

U (r;0)=0, re [0,1], (1.D)
8U§§;°) =2 g;ﬂ +aU(r;7),re [0,1],
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where D = {(r,0) : 0 < r < 1;0 < 6 < 7} is half-disc in polar coordinates, o ¢ R — some
parameter. This problem leads to the following spectral problem

—u” (x)

2 (0) Au(z), 0<z< m, } (1.2)

17(0): u (m) + awu ().

The boundary conditions of this spectral problem are regular, but not strongly regular [1].
The studies of such problems in the Lebesgue space Ly [0, 7|are devoted to the works [2—
6]. It should be noted that questions related to this topic, in the case of a = 0, were also
considered in the works [7,8]. All these spectral problems are not self-adjoint. The cases
« = 0 and a # 0 differ significantly from each other. The fact is that in the first case, all the
eigenvalues are double and they correspond to one eigenfunction and one associated func-
tion, and together they form a basis in Lo [0, 7] . In the second case, all the eigenvalues are
simple, but the eigenfunctions corresponding to them are not a basis in Ly [0, 7]. From lin-
ear combinations of these eigenfunctions, a new system of functions is constructed, which
already forms a basis in Lo [0, 7. Although the resulting system is not a system of eigen-
functions of the spectral problem, it nevertheless allows one to solve the equation under
consideration using the Fourier method. This fact is applied to solving the nonlocal bound-
ary value problem (1.1) for the Laplace equation. This approach is used in [4] to solve the
initial boundary value problem for the heat equation, in [5] to solve the nonlocal boundary
value problem for the Helmholtz operator in a half-disk, and in [6] to solve the inverse non-
local boundary value problem for the heat equation in the classical formulation. We also
note the works [9-20], where nonlocal boundary value problems for the elliptic equations
are studied in various domains, in various functional spaces, using spectral methods. In the
present paper, we apply this method to study the strong solvability of problem (1.1) in the
Sobolev class W7 (D).

The spectral problem for an ordinary differential equation with non-local boundary con-
ditions on a finite interval [0, 7] is investigated. Such problems arise when solving nonlocal
boundary value problems for partial differential equations using the Fourier method. They
arise, for example, when solving nonstationary diffusion problems with Samarskii-lonkin-
type boundary conditions, or when solving a stationary diffusion problem with counter cur-
rent flows over a portion of an interval. The boundary conditions of this problem are regular,
but not strengthened regular in the Birkhoff sense. In this case, the corresponding spectral
problem has two series of asymptotically close eigenfunctions that do not form a basis in
the space L, [0, 7], and a direct application of the Fourier method is impossible. Based on
these eigenfunctions, a new system of functions is constructed that already forms a basis in
L, [0, 7]. Using the new system, we investigate the unique solvability (in the strong sense)
of the nonlocal boundary value problem for the Laplace equation in the Sobolev space
W2 (D), where D = (0,7) x (0,1) is the half-disk of the complex plane.

2 Preliminaries
21 Notations.

Accept the following notations (in general, standard notation) which we use in this work.
N—positive integers; Z—all integers; Z4 = {0} U N; R—real axis; C—complex numbers;
L[] —linear span; M — closure of M; B - space — Banach space; ||| —norm in X;
X*—dual space of X; [X; Y] — B -space of linear bounded operators, acting from B-space
X to B-space Y; [X]| = [X; X], p’ is a conjugate to p number: % + i =1,forz € X and
¥ e X*: (x,2*) = 2" (x); forx € X and y € Y the relation ||z y < ||y|/, means
[zl x < const [lylly-




56 On strong solvability in Lj of one nonlocal boundary value problem ...

22 Some concepts and facts from the theory of bases.

Let us present briefly the main definitions and facts which will be used in what follows.
Let X be a B-space. A system {x,}, of elements X is said to be complete in X if

L ({xn}neN) = X; that is, any element of the space X can be approximated by a linear
combination of elements of this system with any accuracy in the norm of the space X.

A system {z, }, . of elements X is said to be minimal in X if z,, ¢ L ({J:k}k;én) It

is well known that a system {x},, . is minimal if and only if there exists a biorthogonal
system which is dual to it, that is, a system of linear functionals {x; },, .y from X* such that
(@p,x}) = Oy, for all n, k € N. Moreover, if the initial system is complete and minimal in
X, then the biorthogonal system is uniquely defined.

We say that a system {,,},y is uniformly minimal in X, if there exists v > 0 such
that foralln € N,

dist (25, Xp) > Y||zn|l x »

where X,, = L |{z;}, 7&”}. It is also well known that a complete and minimal system

{Zn}, ey is uniformly minimal in X if and only if:

sup ||z | x [|27 [ x« < oo
neN

A system {x,, },, .y forms a basis of the space X if, for any element 2 € X, there exists

a unique expansion into a series
oo

T = E CnTn

n=1

converging in the norm of the space X.

Two systems {2, },,cy and {yn },,cry of @ B-space X are called equivalent if there exists
an automorphism 7' that maps one of these systems to the other: 37" € [X]| : Tz, =
Yn, ¥ € N. A system equivalent to a basis is itself a basis in the same space.

A system {z,}, .y is called a basis with brackets in a B-space X if there exists a se-
quence {ny };,cy of positive integers such that ny < ng < ...<ny < ngqy < ..., and for
any z € X there is a unique expansion into a series

Nk+1

iL':Z Z ciri, (ng=0)

k=0i=ng+1

converging in the norm of the space X.
We say that a system {,, },, is almost normalized in X, if

0 < inf ||z,|| < sup [|z,|| < 400 .
neN

neN

A uniformly minimal system is almost normalized if and only if its bioorthogonal system
is almost normalized.

Any basis is a complete and minimal system in X, and, therefore, we can uniquely find
its biorthogonal dual system {x}, }, .y and hence the expansion of any element 2 € X with
respect to the basis {x}, . coincides with its biorthogonal expansion, that is, ¢, = (z, z},)
foralln € N.

We will use also some facts about p - closure bases. Concerning these facts more details
one can see the works [20-24].
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Systems {x,}, cny {¥n}tnen € X in B -space X are called p-closure if

[eS)
> lan — yalli < 0.
n=1

The minimal system {x,}, .y C X with biorthogonal system {x};}, .y C X* is called
p-besselian, if for any z € X

1
00 »

(Z |<$,$Z>|p) < M|jz| x-
n=1

If the basis {2, },,c for X is p- besselian, then we call it as p-basis.
It is valid the following

Theorem 2.1 [23,24] Let the system {xy}, cy is p-basis for B-space X and the system
{Untpen C X is p'—clousertoit, 1 < p < oc. Then the following assertions are equivalent:
{Un}pen is complete in X ;
{Yntnen is minimal in X ;
Yn }nen IS isomorphic to {xy },, c basis for X.

It is valid the following

Proposition 2.1 [25,26] Let system {x,}, oy forms a basis with parentheses for Banach
space X. If the system {xy}, cy is uniformly minimal and condition

sup (N1 — ng) < o0
keN

hold, then the system {x}, .y forms a basis for X.

In obtaining the main results we essentially will use the basicity in L,, (0, ) the system
{wn (%)},cz, Where

wo (z) = x, wog—1 () =sin2kx, wo () = zcos2kx, k €N, 2.1

which is a collection of root functions, corresponding to the spectral problem

w”(m)—)\w( ), z € (0,7),
w (0) = ' (0) — ' () = 0. } 2.2)

It is valid

Theorem 2.2 The system {wy (2)},,cz, forms a s-basis for L, (0,7), 1 <p < + oo,
where s = max {p, p'}.

Proof. The spectral problem (2.2) is regular, but not strongly regular in the sense of Birkhoff
(see [1]). From the results of [27], in particular, it follows that the eigenfunctions and associ-
ated functions of this problem, i.e., the system {wy, (2)},,c7, forms a basis with brackets in

L, (0,7), 1< p < + oo, and in the biorthogonal expansion, pairs of terms corresponding
to wok—1 and woy, must be combined in brackets, i.e., ng41 — ng = 2. The problem adjoint
to (2.2) has the form

= 0,7),
2" (0) =2 (0) — z (m) = 0. } (2.3)
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The system of eigen and associated functions of the spectral problem (2.3) is the system
{20 (¥)} ez, » Where

2 4

4
20 (z) = v 221 (x) = = (m — x) sin2kx, 2ok (x) = ﬁcosmm, kEeN. (24

The systems {wy, (2)},,c7, and {z, (2)},c;, are biorthonormal, i.e.
(Wn, Zm) = Opm, Mym € Z.
From the formulas (2.1) and (2.4) it is obvious that

SUZP Hwn||Lp(o,7r) ”Zn||Lp,(0,7r) < +00.
+

ne

Thus, all the conditions of Statement 2.1 are satisfied, according to which the system
{wn (2)},,c7, formsabasis in the space Ly, (0,7), 1 < p < 400. We show that the system

{wn (2)},ez, is also an s-basis in this space, where s = max {p, p'}. Let1l <p <2,

then s = p’ and, as follows from the Hausdorff- Young inequality (see [28]), for any function
f (x) from Ly, (0, 7)

(Z (22| ) S Ul
k=

1
Y

<Z|f,22k: 1 ) ( / f(z 7T—:1:)S1n2kx dx
k=1

0 P\ ¥ -
< (Z ) s|7, s,
k=1 P

where f (z) = (7 — ) f () is denoted, hence the system {w,, ()} ez, is a p'-basis in
L, (0,7).

If p € (2;+00), then p’ € (1;2) and s = p, and again applying the Hausdorff-Young
inequality and taking into account the embedding L,, (0, 7) C L, (0, ), we obtain

(Z (f, anp) S, Sz,
n=0

i.e., the system {wy, (2)},,c7, is a p-basis in L, (0, 7). Thus, the system {wy, ()}
an s-basis in L, (0, 7), where s = max {p, p'}.
Theorem is proved.

P') P

x)sin2kx dx

nely 18

Carrying out similar reasoning, we obtain that for the system {2y, ()},,c7, the follow-
ing corollary is true.

Corollary 2.1 The system {z (%)},cz, of eigenfunctions and associated functions of the
adjoint problem (2.3) forms an s-basis in the space L, (0,7), 1 < p < 400, where s =
maz {p,p'} .

From Theorem 2.2, as well as from Corollary 2.1, in particular for p = 2, we obtain the
following corollary.
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Corollary 2.2 The systems {wy (%)},cz, and {z, (z)} form a Riesz basis in the

space Lo (0, ).

nEZy

We will also need some concepts and facts from the theory of positive operators. Recall
that an operator L with a dense domain D (L) is called positive if [0, +00) belongs to the
resolvent set of the operator L and there exists a constant C' > 0 such that the estimate

H(LHI)_lH < tL t € [0,400).

+1

For positive operators, fractional powers LY, 0 < v < 1, are defined (see, for example,
[29]), and in the study of the convergence of spectral decompositions, the question of de-
scribing the domains of definition of D (L") is very important. For ordinary differential
operators, such results were obtained in [30-32]. In particular, from the results of [32] it
follows that the following theorem is valid.

Theorem 2.3 [32] Let the operator L be generated by the differential expression | (y) =
—y" and the boundary conditions from (1.2). Then for the domain of definition D (L") of
fractional powers of the operator L the following holds:

D(L”):Wi’fj(o,w), 0<v<l,

where ngj (0,7) = |Lp(0,m), W;?,U (O,ﬂ')} N [, ], denotes the interpolation spaces

corresponding to the complex method, and Wg’ v (0,7) denotes the space of functions be-
longing to VVp2 (0, ) and satisfying the boundary conditions from (1.2).

From the results of [31] it follows that the following theorem is true.

Theorem 2.4 [31] For 2v # %; 1+ %, Wp21£] (0, ) consists of functions belonging to the
Sobolev-Slobodetskii space Wg” (0, ) and satisfying the boundary conditions from (1.2),
the order of which does not exceed 2v — ]%.

3 Basicity questions of eigenfunctions for L, (0, )

In this section we will consider some basis issues for the eigenfunctions of the spectral
problem (1.2) in the general case @ € C, which we will use to obtain the main results.
Similar to the work [4], the system of eigenfunctions of the spectral problem (1.2) for any
a # 0, a € C, has the form {up, (z)},c;, where

usg—1 () =sin2kx , k € N, ugy () = sinpopz , k € Zy,

and poy, are roots of the equation

tanP =&
2 P
which satisfy the asyimptotics
1
por = 2k + 20, ke Z,, 5k—0<k> . (3.1

Let’s show that the system {uy, (2)},,c7, is not uniformly minimal in Ly, (0, ).
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Lemma 3.1 For any a # 0, o € C, the system {un (2)},,c7, of eigenfunctions of prob-

lem (1.2) is complete, minimal, and almost normalized, but is not uniformly minimal in
L,(0,7),1<p< +o0.

Proof. Let 1 < p < 400. As in the case of the spectral problem (2.2), (2.3), problem (1.2)
is also not strongly regular, and it follows from [27] that the eigenfunctions and associated
functions of problem (1.2) form a basis with brackets in L, (0, ) . This, in particular, im-
plies the completeness and minimality of the system {u,, (z)},,c, in the space L, (0, 7).

Moreover, the spectral problem adjoint to (1.2) has the form

9" (x) = A (x), O0<z< m, (3.2)
Y (r)— 3(0)= ¥ (7r)+ ad (0)=0.[" )
The eigenfunctions of the problem (3.2) are
2 (o 2k
Vop—1 (x) = = (stk:c —p < cos2kx ) Jk eN, (3.3)
Dok (x) = cop (Sinpogx + 225 cospor ) , k € Zy,
where the constants co, such that (ugg, J9r) = 1. By direct calculation we find that
2 1
cop =—+0 <> . (3.4
T k

The system {,, (2)},,c7, is a biorthogonal to {uy, (z)}
L, (0,7), and therefore the system {u,, (z)}

Let us show that the system {u,, (z)}
obvious relation

ez, System regarding the space
nez, 18 minimal in Ly, (0, 7).

neZy is almost normalized. For us;_1, we have an

w L L
Iquk_lle=</ Sin2k::n|pdg:> < 7h.
0

And for ugy, taking into account the asymptotic relation sin (2k + 2d;) x = sin2k x +
O (%), k — oo, we obtain

1
" v 1 1
Jugkll, = (/ |sin (2k + 20y,) IL‘|pdl‘> "< 7+ 0 (k) .
0

From this we obtain X
lim (ugkll, <m>. (3.5)
k—oo P

For the lower bound, we first consider the case 1 < p < 2. Then we have

s s T
uor—1l1" :/ |sin2kz ]pdxz/ sin?2kz do =—.
P Jo 0 2
This implies
s
luzk-1llr, = <§>

Similarly, for larger values of k£ we have

hSA

4 P
[uakll, = (/0 |sin (2k + 20%,) = |pdx>



T.B. Gasymov, 1.G. Feyzullayev 61

2</Oﬂ|sin2kx|pdx>;—0<]1{>Z(g);—0<i)—><g);, k — oo.

Therefore,

1

™ 7

lim ||uog > (—)p.
tim il > (5

Hence, taking into account (3.5), we obtain that for 1 < p < 2, the system {u,, (x)}
almost normalized.

Now let p > 2. Then there is a continuous embedding L,, (0, 7) C L2 (0, ), and there-
fore there exists a number C' > 0 such that

neZy 18

M\»—‘

s
i ll, > Cllus i, = 0(5)

[\J\H
+
@)
N
7| =
~_
N

1
Joasl > Claly > € (el +0 (1)) = ¢ ((3)

From this we have

1
N
lim |ju >C<—)p.
ﬁ:ng 2kHLp = 2
Thus, for all p € (1, 400)
0 < inf ||luyl|;, < sup ||un||L < 400, (3.6)
nEZ+ p nez +

i.e., the system {uy (2)},cz, is almost normalized in L, (0, ).
We now proceed to the proof of the last statement of the lemma. To do this, it is sufficient
to show that

lim ||ugs_ Vo = + oo.
Jim Jugk-1llg, 1Wok-1llp , =+
From the biorthonormality relations we have

(ugk—1,V26-1) =1, (ugg,V2%-1) =0, k€N

Hence, (uor — ugp—1,J2k—1) = 1. Using Holder’s inequality, we obtain
D261l , = lluok — ugk1lz, - (3.7

On the other hand, from the asymptotics por, = 2k + O ( %) it follows

ugg () — ugk—1 () = O <i) .

1
[uak — ugk—1lly, = O (k) :

Taking into account the last relation, from (3.6) and (3.7) we obtain

Consequently

li _ Yop— = .
Jm Juze—1llp, 9261y , = + o0

Thus, the system {u,, (z)} is not uniformly minimal. The lemma is proved.

nely

From this lemma follows
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Corollary 3.1 For any o # 0, a € C, the system {uy, (2)},,c7, of eigenfunctions of the
spectral problem (1.2) does not form a basis for L, (0,7), 1 < p < +o0.

Introduce to the consideration the following system
@0 (7) = uo (z), pak—1(z) = uzk—1 (), k €N,

Qo () = (ugp (@) — ugp—1 (2)) (205) "' k € N, (3.8)

which is a linear combination of the system {u,, (z)} . It is valid the following theorem.

neZy

Theorem 3.1 The system {¢n (2)},,cz, forms an equivalent to the system {wy (z)}
basis for Ly, (I) ,1 < p < 400, with biorthogonal system {1y, (2)},,c7, where

Yo (x) = Vo (x), Pog—1(2) = Do () + Vop—1 (7) , Yo (x) = 20021 (). (3.9)

Proof. Let us show that the system of functions {¢n, (2)},,¢c7, formsabasisin Ly, (0,7), 1 <

p < +o00. Obviously, it is complete and minimal in this space. Completeness follows from
the completeness of the system {un, (2)},,cz, in Ly (0, 7). On the other hand, the systems

{on (2)}ez, and {¢n (2)},,cz, are biorthogonal, which is verified directly, from here we

obtain the minimality of this system.
According to Theorem 2.2, the system {w, (x)}

formulas (3.8) we have

neEZy

nez., forms a basis in Ly, (0, 7). From

Yoi—1 () —wop—1 (x) =0, keN;

Par, () sin ((2k + 20y) x) — sin2k x) =

1
fﬁ(

= sin (0xz) xcos ((2k + 20x) x) =
OpT

= (1+ O () wcos (2kz) (14 O (07)) = wcos (2kx) + O (5%) =
= W2k (1‘) + O <11€> s

Qo (1) — woy, () = O (k) .

Then, for any p > 1, we have
1
lon = unll, =0 (7).

As aresult, we find that for any s, p € (1, 4+00), we have

or

o0
> lien — wallf, < +oo, (3.10)

n=0

i.e., the systems {¢y, (2)},,c7, and {¢n (2)},cz, are s-close in the space Ly, (0, ).
In addition, as follows from the Hausdorff-Young inequality (see [28]), for 1 < p < 2
the system {w, (2)},,c7, is ap’-basisin L, (0,7), i.e.

(Zi (82 wif’>\p/) < Ol|flly,¥f € Ly (0.m).

i=1 k=0

Y e
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and choosing s = p in (3.6) we obtain that the systems {¢y, (2)},,c7, and {wn (2)},,¢7,

are p-close.
If p € (2;+00), then p’ € (1;2) and from the embedding L, (0,7) C L,y (0,7) we
have:

2 oo P
(ZZ (£ w;‘:)>1p> <Clflly,, < Cillflly, ¥ € Ly (0,7),
i=1 k=0
i.e. the system {wy, (%)},,c7,
we obtain that the systems {¢n, (2)},cz, and {wy, (2)},c;, are p'-close. Thus, all the
conditions of Theorem 2.1 are satisfied, and therefore the system {¢,, (z)} forms a
basis in L, (0, 7), equivalent to the basis {w,, (z)}
The theorem is proved.

Corollary 3.2 The systems { ¢y, (x)}nez+ and {1y, (x)}n€Z+ defined by formulas (3.8) and
(3.9) form an s-basis in Ly, (0, ) for any p € (1, 400), where s = max {p, p'} .

is a p-basis in L, (0, 7), and choosing ) s = p’ in (3.10),

neEZy
TZEZ+ *

From Theorem 3.1, as well as from Corollary 3.2, we obtain, in particular, that for p = 2
the following corollary holds.

Corollary 3.3 Both systems {¢n (%)},,c7, and {¢n (2)},cz, defined by formulas (3.8)
and (3.9) form a Riesz basis in the space Ly (0, ).

4 Strong solution of BVP

Before formulating the statement of the BVP, accept the following notations: L,, (D) is the
Lebesgue space with the norm

1
1 s ?
fillyior = | [[1utempasay | = ([ ["woormaan)’. @

D

where U (r,0) = u (rcosf , rsind ). W7 (D) is the Sobolev space generated by the norm
(4.1), i.e., the space of functions with generalized derivatives up to second order with finite

norm
[ellwz(p) = >

o] <2
where 8 = (81, 2); B1,B2 € Zy, |B] = B + Bo;
To={(r,0):re(0,1), 6§ =0},
r={(r0):r=1,0¢€(0,n)},
Iy={(r,0):r€(0,1), 0 =m}.
Consider the following BVP

olBly
8m518y62

Ly(D)

AU =0in D,
Br U>::f7
Br,U =0, 4.2)

Br, (%) = Br, (%) + aBr,U,

where Br,, i =0, 1,2, denotes corresponding trace operator,« € R; f € Wg 0,m), 1<
p < +00, is a given function and U € Wg (D).
Firstly let’s prove that the problem (4.2) may have only a unique solution in WI? (D).
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Theorem 4.1 Forany f € L, (0,7), 1 < p < 400, the boundary value problem (4.2) can
have only one solution in the Sobolev class W7 (D) .

Proof. It is sufficient to prove that the corresponding homogeneous problem (i.e. the case
f = 0) has only zero solution. Let V' (r, §) any solution of the homogeneous problem in
Sobolev space W (D):

AV (r 9)—01nD

V(1,0) =
V (r,0) = O 4.3)
dVa(g,O) _ 8V(T ) +aV (T’ 7r)

Since the system {¢n},,c7,
representable in the form

forms basis for Ly, (I), then any solution of the problem (4.3)

=Y R (1) ¢n (0), 4.4)
n=0
where -
R (r) = / V (r,0) 0 (6) d6, n < Zy.
0

Let’s take into account that the functions {¢, }, satisfy the boundary conditions of the

spectral problem (3.2). It is known that for a.e. § € (0,7) it holds V (-,6) € W2 (0,1)
(see, f.e. the monograph [33, p.41, Theorem 2.7.1]). Then it is evident that for every fixed
neZy: R)(r)eWZ(0,1),and we have

d*R, (r) / 0%V (r,0)
d'f’2 0 (97“
Paying attention to the relation

0V (r,0) n 19V (r,0) n 1 0%V (r,0)
or? r  Or r2 062

n (0) dO

=0, (r,0)e D,

we obtain

PRO()  1dR)(r) 5V (r,6)
a2~ r dr r2/ 00?2 gz n(0)d0

Further considering the boundary conditions for V' (r, §) and 1, () we establish that R (r)
satisfies the equation

2d2R§]§(T) + Tngk(r) o )‘QICR(Q)]C( ) _ 0

2RO (1) dRS () Aot A } 4.5)
PR 0) | ) R ()~ MR, (1) =0,

where Aop_1 = (2k)%, k € N, Mg = (pax)®, k € Z,. Since RO (r) € W2(0,1), ne
Z., the solution of the system (4.5) has the form

ng (r) = cqprV?2x, 1€ (0,1], L6
RY y (r) = coparV21 4 oo a5 (7” Aok — v AQ’H) , 7€ (0,1], 0

where ¢,,, n € Z, are constants, non-depending of . Moreover, completely analogously
to the work [16] we establish

R (1) = /”Va,e) 4 (6)d6, n € 7.,
0
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where V' (1,0) = Br, V. Taking into account the boundary conditions (4 2) for V (r,0) we
obtain RY (1) = 0, consequently ¢,, = 0, Vn € N. Finally, we have R (r) = 0,Vn € Z,.
From basicity of the system {©n },,c7, for L, (0, 7) follows the baswlty of the biorthogonal

to it system {tn },,c7, for Ly (0, 7). Then from expression (4.4) we obtain that V' (r, ) =
0, a.e. in D. From Sobolev’s embedding theorems (see, for example, [29,34,35]) follows

that W} (D) c C (f)) ,p > 1. Therefore, we can state that V (r,6) = 0, V (r,0) € D.

And now consider the solvability question of the BVP (4.2) in W} (D). By W2+7 (0,7)
we denote the space of functions f from W;,U (0, 7) for which f” € W; v (0, 77).

Theorem 4.2 Let o € R, a # 0, fGWQJW(Oﬂ) 1<p<+oo,cmd§—%<fy<17

where s’ = min{p,p'} . Then for 1 < p < 1_50 the BVP (4.2) is solvable in Wg (D) and
the solution has the following representation:

U(r,0)=> <f2k—17“ + 7f2k: ("”pz’“ - 7“%)) Pk (0) + D farr? oo (),
k=1 k=0

where { fn}, 7, arethe biorthogonal coefficients of f on the basis {pn (0)},,c7, in Ly (0, 7).
For ﬁ < p < oo, BVP (4.2) is solvable if and only if the following condition is addition-

ally satisfied:
fo= [ 100 0)a8 =
0

Under this condition, the solution can be represented in the form

oo 1 oo
U(r,0)=> <f2k:—17“2k + Ef% (7"’)2’“ - 7“%)) Pk (0) + D forr? pax (0).
k=1 k=1

Moreover, for the solution it is valid the following estimation:
HUHWg(D) < c”f”wgﬂ“/(om)'

Proof. According to Theorem 3.1 the system {¢n}, 5, forms basis for Ly, (0,7), 1 <

p < +o00, and in result the solution U (r, §) for a.e. r € (0,1) in L, (0, 7) is representable
in the form (because by Fubini’s theorem for a.e. 7 € (0,1) itholds U (r,-) € L, (0, 7))

=3 Ru(r)eu 0). (47
n=0

where the coefficients R,, (), n € N, are defined by the expressions
m
Rar)= [ (U (r0)vn(6)db, n e 2y
0

Using the fact that Br, € [W7 (D); Ly (I3)]. i = 0,1,2, [29,34,35] similarly to the pre-
vious case, we obtain that the coefficients R,, (), n € Z, satisfy the system of equations
(4.5) and it have the expressions (4.6). From here direct follows

Ry (T) = Ry (1) rP2k  Nr € (0 1] 48)
Rop—1 (r) = Rog—1 (1) 7% + Ry (1) g5 (172 — r?¥) ,¥r € (0,1]. .
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Assume
m

Un (r,0) =Y Ry (r)gn (0), m € Z.

n=0

It is evident that
m
Br,Un =Y _ Ru(l)gn(8), Ym € Zy.
n=0

Then from Br, € [W7 (D), L, (T'1)] follows

Br,U=> Ry (1)pn(0).
n=0

Let’s expand the function f () on basis in Ly, (0, 7):

f (0) = an(/)n (9) >
n=0

where

fnz/ﬂfwwn(e)de, e,
0

Note that the system {1, (0)},,c7, has the expressions (3.9). Let f € Wj . (0,7) . Then
for biorthogonal coefficients f,,, n € Z,, we have

for = (£ = (L7 g, 0k ) = (0, (L") 7 gy )

1
= —57 (9 Ya) = gizw 4.9)

(Aok) 2 (A2k) 2

and
247

Jor—1 = ([, or) = ([, Var) + (f, Dop—1) = <L_Tg,192k>

2y 2y
A2k) 2 (Aok—1) 2
Let us show that U (r,0) is a solution of the BVP (4.2) in W7 (D) . To do this we show
that series (4.7) can be differentiated twice and the resulting series converge according to
the norm Ly, (D). From the expressions (4.9), (4.10) we directly obtain

+<L_2?9ﬂ92k—1>:( 2y I (4.10)

|92 |92
|fax| < P < Coay @.11)
2k
|92k | |92k—1] \92k| + |g2k—1]
fok—1] < —"F + i 4.12)
|Aok| 2 | Aok—1] 2
Let’s estimate the series (4.7)
1 | O p %
Oy = ( [ [ R r) 0 (0] i at
n=0
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Sni)(/O”‘%(Q),pde/olrRn(r)ypdr> <Z(/ 7[Ry, ( \Pdr>1

00 1 1
:Z</ 7| Rok_1 ( \pdr> +Z</ 7| Ray, (7 \pdr> : (4.13)
k=1 /0

Then, taking into account that R,, (1) = f,,, from (4.8) we obtain

(/()er2’“ (r)\pdrf - (/Olruzgk (1) ro2t y%«);

1
ol </1T1+p(2k+26k)dr> P | for] : |f2k!
0 2+ p(2k+28,))7 ~ k»

</01 7| Rojor (T)V’dr)’l’ < </01 r ‘ng_l (1)r2k‘pdr>;

1
1 IR 1) 2k (4206 _ 1 p P
+</r 2k (D7 (T ) dr
0

2,

Ly LY7okl + )

P P —_

S 0 (g )+ 1 0 (g ) s 2B
P

taking into account inequalities (4.12) and (4.14) in (4.13), for U (r, §) we obtain

ez, oy < llgllz, S 1 e

To obtain the estimate ||U HWQ o S f||W2+"’ (0.m)» We need to separately estimate the
norms of all derivatives D%u = xg‘fgzﬂz, 1Bl <2; 8= (B1,52), |B] = B1 + Pa. Using
the formulas for the derivatives D%u in polar coordinates, we have
ox |’ |oy|] — |Or r|{o0|’
0?u| |0%u 0%u 0*U OU| 1 |oU| 1]8%°U]| 1|oU
mar |55 a5zl ol Szl T2 |30l T3 30 T ==
0x2|’ | 0y? |’ |0x0y or2 | r2| 062 2100 r|0rof or
Let us estimate the norm of -5 Lo ge(2 % . The norm of the remaining terms is estimated simi-

larly. From this we obtain

(1

1 02U
802

1
rdrd@)

p

Crdr d0> < / / = ZR ol (
P » 1

rdrd9> < pg(
0

R2k 1(7) par—1(0)

o (0) vo (0) rdrd@) ’

2 ([

P v
Tde(9>

+Zﬂ2k 1(
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([

Now, taking into account (4.8) and substituting there R,, (1) = f,,, n € Z,, we obtain

o0 1
I < Zk2<
k=1 0

1
P p X2 111 Rog (1) r2k (7‘25k — 1)
2 —
r dr) +,§:1 k (/0 2 5%,
(1)

1
P P

— Roy, () (p3rp2r (0) — pay_102%-1 (0)) Td?"d9> =1y + I + L.

S =

1 p
T—Qng_l (r) rdr)

(1)

p
r dr)

2" ok—1

<2+ (/

1
00 1 5 > 1
= E k| for—1] (/ r(ZE=2)ptl d?") +E k| faxl (/ r(ZE=2)pt
k=1 0 k=1 0

25
(taking into account the boundedness of ( ) for 0y = O (1), as well as estimates
(4.11) and (4.12))

- ]+ +
ZkQ ‘f2k 1‘ ’ka‘l <Z ’f2k 1’ ’ka’
=1 ((2k=2)p+2)r o kv

<y 5(2 RenE ) (ngn) < lolle, Sllglls, S 1z

n=1ln

I5 is estimated similarly:

I<Zk2<

1

R2k

1
= ((p2x—2)p+2)r = kP k=1

(Z nE > (Dggk) S lsllz,, < lgllz, S I lhyze

k=1 k

The convergence of the integral in Iy depends on the location of pg = 24g, as well as on
the value of p. Note that (see [2,4]) under the condition & € R, o # 0, depending on the
sign of « estimate (3.1) can be refined as follows:

IN

2k <ppo<2k+1, keZy, if a>0,

2k+1<pro<2k+2, keZy, if a<O.

From here, in particular, we have 0 < pg < 1, if @ > 0and 1 < pg < 2, if a < 0. This
means that 0 < Jy < %, if > 0 and % < g < 1, if @ < 0. Therefore, in both cases, for

SR



T.B. Gasymov, 1.G. Feyzullayev 69

1<p< ﬁ, the integral in Iy converges, and for p > ﬁ, it diverges, and a solution to
the problem exists under the additional condition fy = 0. Therefore

O [

Completely analogously to above we establish

1
19°U P P
89 rdrd@) < HfHW3+W.

2

lllzpy S 11l

From here direct follows that the function U (r, §), defined by series (4.7), is a solution of

the equation AU = 0 in W} (D) . Moreover, from Br, € [W7? (D), L, (T'1)] follows

BFIU = ZRH (1) Pn (0) = an@n = f
n=0 n=0

At the same time, since the functions {¢y, (0)},,c;, satisfy the boundary conditions (1.2),
also from Br, € [Wil (D), Ly ()], i = 0,1,2, follows that the function U (r, §) satis-

fies ou ou
BFOU = 0, BF() <69> — D1y <86> — OéBFQU = 0.

To complete the proof, we will show that under the conditions of the theorem for p >
ﬁ, the condition fy = 0 is also necessary for the existence of a solution to BVP (4.2).
Suppose that the function V' (r, #) is a solution to BVP (4.2). We put U (r,6) =V (r,0) —
Ry (7) o (0). It is directly verified that U (r, 6) is also a solution to problem (4.2). Then,
from the uniqueness of the solution (Theorem 4.1), it follows that U (r,6) = V (r,0) a.e
in D. Considering that Ry (7) o (6) = forf°sinppf , po > 0, this is possible only in the
case fy = 0.

Theorem is proved.
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