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1 Introduction

Let Ry = {to €ER ‘ tg > O}. All functions entered are considered to be real-valued. The

following functional spaces are used [1], [10], [11], [14], [21], [22], [9, p.123] : the space
of summable functions L, (£2), p > 1, with norm

1/p

lullpe = / (@) Pde |
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2 The existence of strong solutions of ...

anisotropic Sobolev space W, (£2) with norm

9

p;02

lullwagay = luly

Z

space W —/p (042) withnorm [[uf . to which the traces of functions from W72 (£2)

2 1/p
(992)°
belong. By D'u we denote a vector from partial derivatives D®u of the function u (),
a= (ozl, ..,an), |a| =i, thathas N components for ¢ = 1 and N? fori =2,byi(z) =
(uy (z), .. ( )) a vector of functions u; (z), by D@ a vector (Duy, ..., D'uy). We

will write that @ € L, (£2) ifu; € Ly, (£2) foreach j = 1, n and ||i]|p,0 = Z 1w || p: 2. We
j_
will adhere to similar agreements in the case of spaces C (92, Wg p (02) and I/Vp2 (2)
as well.
Consider the following boundary value problem for a single equation

Lu= > aq(z,u,Du) D = f(x,u,Du), x € (2,

=2 (L.1)
u‘fm =p(z), x€0f,

- — (2w Ou
where v = u (x) and Du = (axl s D

The problem (1.1) is studied in the class of real functions from the Sobolev space

W]? (£2) for p > 1, so that the boundary function ¢ (x) is the trace ¢ (x) = @ (z) 0

of the function ¢ () from W2 (£2), i.e., belongs to the space Wp2 —ip (042) with norm
el 2-1/2(50) < COH@HWE(Q), where ¢y does not depend on ¢ (z).It is assumed that

for any strong solution of problem (1.1) u € I/Vp2 (§2) there is the first a priori estimate
lullwg oy < M with M > 0 holds. Thus, the boundary value problem (1.1) is considered

at the intersection of spaces W2 (£2) (Y W3 (£2). Note that for p >
inclusion W2 (£2) C W3 (£2) (see [22]).

The following conditions are assumed to be fulfilled

A.1) Let the function f (z, &, &1) be determined on £2 x R x R with the values in R
and be a caratheodorian function, i.e. measurable with respect to z for all (&, &) € Rx RN

and continuous with respect to (£o,&1) € R x RY almost for all 2 € 2.
A.2) Let

N +2 takes place in the

|f (z,&0,&1) | < b(x,&) + b1 (z,&) - |61

almost for everyone z € §2 and for all & € R, & € RY with non-negative carateodory
functions b (x, &p) and by (x, &p) such that for any » > 0

br () = sup {b (2. &) | 6ol <7}

belongs to the space L, (£2) with p > N and p > ]\%\_72 the function

b (@) = sup {1 (2, €0) | Ig0l <7}

belongs to the space L, (£2) withg > pand pp > 1.

A3)Letp =52 -2
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A.4) Let L (u) be a second order quasilinear elliptic operator of the form

Lu= Z aq, (z,u, Du) D%u,
|a|=2

the coefficients a,, (|| = 2) be real and continuous function on 2 x R x RN,
Let the operator L,u, which is linear with respect to u (x), be equal to

L= Y aq(z,v(x),Dv(z)) D*u
|a|=2

for any function v € C! (ﬁ), there exists a linear elliptic operator with real and continuous
coefficients such that the linear (with respect to u (x) ) boundary value problem

{Lvu:g(aj), x € (2,
1.2)
= 09 (
U‘ g~ ¢ (@), TE
is coercive in the space I/Vp2 (£2), i.e., the a priori estimate is satisfied.
lullwz2 < € (9l + €]y 2-17mp0, + lullse) (1.3)

with a positive constant C, independent of g € Ly, (2), of ¢ € WI? —p (042) and of the
solution u € Wp2 (£2) of the linear problem (1.2).

In this case, the constant C' may depend on the continuity modules of the coefficients
aq (|| = 2), and the continuity modules of the functions v (z) and Dv ().

Note that sufficient conditions for the coefficients of the operator L ensuring the coer-
civity of the linear (with respect to u (z)) boundary value problem (1.2) are given in [1].

The first part of the article presents a diagram of the method using the example of a
second-order equation. Limitations on the summability of the right-hand side have been
found, in which the compactness of the corresponding nonlinear superposition operator
holds. It is shown how these limitations are related to the proposed method for obtaining
a second a priori estimate. The second part proves the theorem on a priori estimates for
a second-order quasi-linear elliptic system. Quasi-linear and semi-linear systems with a
bounded right-hand side were considered in [7], [14], [25] and many other works. However,
they assume the existence of an a priori estimate of the maximum modulus of the solution
and allow any growth of the right-hand side relative to the desired function, but require that
all equations of the system have the same leading terms. At the same time, the following
from the condition of coercivity, the latter is not necessary. It is also important to note that
a nonlinear term can have unbounded features.Such equations were studied in [4], [5], [6],
[15], [16], [18], [19], [20], systems in work [16].

The main focus is on the question of the attainability of the limiting degrees of growth
of the nonlinear component of the system and the restrictions on its summability index. As
is known, for elliptic equations [19], [5] and parabolic [16], [4], [6] of the second order,
the limiting degrees are reached. However, in high-order elliptic equations, this is not true,
as shown by the examples constructed in [20], [23] . In the parabolic case, Wahl [23],
[24] proved that when the condition of coerativity is satisfied for high-order equations and
systems, a limit growth rate is permissible.

The condition for growth of the right-hand side obtained in this work, which provides a
strong a priori estimate of the solution of a quasi-linear system through the maximum mod-
ulus of this solution, differs somewhat from the conditions in [19], [20], [25], [3], [13]. A
new exact condition has been obtained for the growth of the considered nonlinear functions
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f (z,&,&1) with respect to & € RY under which an a priori estimate ||uHW21(Q) of the
solution to problem (1.1) yields an a priori estimate || Dul|s o for S = %. One particular
example shows non-improvement the corresponding growth indicator. The theory of solv-
ability of problems of the form (1.1) is considered under the conditions of the existence of
upper and lower solutions to these problems. Here, along with the theorem on the a priori
estimate ||ul|yy2(c), the maximum principle established by A.D. Aleksandrov [2] is used.
Based on the general solvability theorem, specific theorems on the solvability of problems
of the form (1.1) have been obtained. Theorems on a priori estimates for quasi-linear elliptic
systems of the second order are proven.

In investigating the problem (1.1), the embedding theorem for anisotropic spaces is used
extensively HUHWZ?( ©)» which yields the following multiplicative inequality. Let us formu-
late a general theorem, investments [16] in the specific form we need.

Lemma 1.1 Let u (x) € W7 (£2), p > N+2 and conditions fulfilled A.1) -A.3). Then

1/1 7
(£2)

1/u

[1Dulls. < cillullypz gy - lullypr o) + c2llullwg @ (1.4)

with positive constants c¢1 and ca, independent of function u () of sz (£2), where
;:;+;<;_N+2>
S 2 w\p 2N (1.5)
L<p< i

Lemma 1.2 Let  conditions A.1)-A.3) be  fulfilled.  Then the  operator
F (u)(z) = f (=, u( ) Du (x)) acts completely continuously from W7 (£2) to L, (£2)

withp > 1 and p > -2 N+2
Proof. Estimate || (u) ||, by means of conditions A.1) -A.3) and Holder’s inequality.
1F" (w)

with r = const - [|ul|yy; () and § = %. Then, based on equalities A.3) and interpolation

inequalities (1.4) with the specified S and u corresponding to them according to formula
(1.5), we obtain

2 < brllps2 4 (101 llg:2 - ||DUH/§,Q (1.6)

1 () g2 < [[brllpi2 + 101,0]lg:02

1 1-1 ®
x e lullyh gy - lullyy i + 2 lullwyy] ™ < Iblle
— —1 —
1ol - 27t Hullﬁﬂ o Nullwzoy + lonllg - 27 - - lully o
2( ) P 2( )

< lbr]lps2 + D1 (HUHWQ(QO Nullwzo) + 2 (Hu||W21(Q)) ; (1.7)

where @1, ¢3 : R, — R, are the increasing functions determined by the known data.

This proves the boundedness of the operator F' (u). Since p (N + 2) > 2N. Under the
constraints of this lemma, the embedding operator F} : Wg (£2) — Lg (£2) is completely
continuous. By the estimate (1.7), the operator F' : Lg ({2) — L, ({2) is bounded and by
the common properties of the superposition operator it is continuous. Then the operator F' :
Wg (2) — L, (£2) is completely continuous as a composition of completely continuous
and continuous operators.

Lemma 1.2 is proved.
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Letu(z) € sz (£2) be the solution of problem (1.1) and let conditions A.1) - A.4) be
fulfilled. Then we can consider the problem (1.1) as a linear problem with a fixed right part
F(u)= f(z,u(z),Du(z)) € L, (£2) withp > 2N/ (N + 2).

Theorem 1.1 Let conditions A.1) - A.4) be fulfilled with some p > 6FS) N +2) Then there exists

such a function @ : R2 — R4, bounded on each compact that for any solution u () from
Wg (£2) withp > N +2 of the problem (1.1) the following inequality

lullwzo) < @ (M. 1@ly2-1 00 )
where |[ully1 (o) < M, R% =R x R4,

Proof. We have
f (x? u? ‘Du)

Lu =
YT I [ Dule

- (1+ |Dul").

Hence

Lu—c(@)u(z) =1 (“””’ffgﬁfj ©) (14 1Dufty - () u (),

where ¢ (z) = b, () > 0,¢(z) € L, (12).

Then, for the function u (), we have

{Lu—c(x)u(m):fl(m)-|Du|”+fo($), T € (2,

u‘an =p(z), v €. (1.8)

Here f1 (z) = ZE8D0 - fy (2) = fi (2) — ¢ (2) u ().
Our goal obtain the estimate HuHWg( ) that bounds from above Hunl(Q

1f1]
consider the boundary value problem
{LV—c(x)V:fl () [ DVIF+ X fo(x), z €,
V’ —\o(x), z€dn,
90 p(r), ze

fOHp §2
;02 and ||90HW§_1/p(aQ) . For that let’s consider in the space W} (£2) with p > N+2 we

(1.9

with the parameter A € [0, 1] and the functions ¢ (x), f (z), fi (z) and ¢ (x) determined
above.

In connection with the introduction of the parameter, we note that the method of intro-
ducing parameters in elliptic and parabolic problems to obtain a priori estimates has been
used by many authors (see [3], [4], [13], [19] .)

For problem (1.9), the following lemma about the uniqueness of the solution holds.

Lemma 1.3 Az any fixed A € [0, 1] the problem (1.9) has at most one solution from Wg (2)
withp > 2N/ (N + 2).

Proof. Let us assume the opposite. Then for the difference W = V — Z of two possible
solutions V' (z) and Z (x) we have:

N
LW —c(x)W = fi(z) > hi(x) DWW, x € (2,
i=1
w =0, x € df2.
o2
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1
Here h; (x) = | H; (z,T) dr, where
0
N 51
Hi(z,7)=p|>_(7-DpyW+ Dp2)? (- DW + D;Z) ()
k=1
N 2 N 2
for Y (7-DW+ Dy Z)" (x) # 0and H; (x,7) = 0for Y (7- DWW+ DiZ)" (x) =
k=1 k=1

0.

Since ¢ (z) > 0, c(x) € Ly (z), fi(x) € Ly (£2), h; € L,(2) (i=1,...,N) and
p > 2N/ (N + 2), from the results of A.D.Alexandrov‘s [2] paper we obtain W (z) =
0,z € 2.

Let now V1 and V5 be the solutions of problem (1.9) corresponding to the values A; and
A2 > A of the parameter A. Then for the difference V' = V5 — V] we have

LV = c(@)V = i () X I () DIV + (2 — i) (o), 2 € 2

L, = Re— M), zeoe.

~ 1 ~
Here h; (z) = [ H; (x,7) dr, where
0

N 371
~ C 2 W
H; (z,7) = p Z (7- - DV + Dk;Vl) : (7' DV + Divl) ()
k=1
N i 2 N N . 2
for Y- (- DV + DyVa) () # Oand Fy (2,7) = Ofor 32 (- DV + DyVi ) () =
k=1 k=1

0.
Assume K = (A2 — A1) (1 + |]uHW21(Q)) , A2 > Mg

Lemma 14 ||V, — V1HW21(Q) < (A2 — A1) - (1 + HU||W21(Q)> .

Proof. For the function (f/ - K ) we have

(2

L(?—K)—c(x)(‘N/—K) =c(z) - K+ fi(x)
+ (A2 =) fo(z), =€,
(V—Kjbgz(&—Ameﬂ—K}meaﬁ

N . -
:ﬁﬂmD4V—K>+

Further,
c(x) K+ (A2 — 1) fo(x)

= Oz =) [e(@) (1+ lullwye)) + (1 (@) = e (@) u (@))]

= 2= M) [e@) (Iulwy ) —u@) + (@) + @) 20, e,
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(V- K) ], = Ce =) [o@ = (1+ lulwyo)]
< o= M) [0 (@) = Jully | <0, @ €00

Then from A.D.Alexandrov‘s paper [2] it follows that V (z) < Kinzx € (2.

Analogous reasoning proves the inequality V (z) > —K, = € {2.
Lemma 1.4 is proved.

We continue the proof of Theorem 1.1. For that we consider the parametric family of
problems (1.9). Note that by virtue of Lemma 1.3, the solution of problem (1.9) for A = 1
coincides with the solution of problem (1.8) and with the solution of problem (1.1).

Let v; (z) and v2 (z) be the solutions of problem (1.9) corresponding to the values of A;
and Ay > \; of the parameter \. Then by virtue of Lemma 1.4 we have

ez = vilwy ) < o = M) (1+ lulwye ) - (1.10)

On the other hand © () = vy () — v1 (x) function is the solution of the problem
Lo —c(2)0 = fi (2) [[Dva|" — [Dor|] + (A2 = M) fo (x), @ € 42,
{@\m: Mo — M) (z), z€dn.
Consequently,
ILo = e(2) tllpe < 27+ 11 (@) llge - 1DO]50
2 [l fillgse - [1Dvills, 0 + (A2 = A1) [ follpe2, (1.11)
I8l < Oz = M) Iy (1.12)

for1 < A\ <X <1
From the inequality (1.4) for the function @ (z) from W2 (£2) with p > 24 +2 it follows

that
- 1/p 1-1 -
| Do|s;02 < 1 - HvH ) 19l /(’;‘) + 2 [o]lwy ) (1.13)

with positive constants ¢; and ¢y independent of the function v (z) from Wp2 (12).
On the other hand, by virtue of the known linear theory of elliptic problems, the follow-
ing inequality is fulfilled:
9wy < s (126 = ¢ (@) Bl + 17l y2-17m ) -
Here c3 = ¢3 (£2, N, p, q). Then, using the inequalities (1.10)- (1.13), we get

9wz < es Oa = A1) (follpe + Ielyz-1m ) + 52" Il - [ Don g

_ 1 1 ~ ®
ez 270 il [en- 19155 - 18l + 2 Iollwzco)|

<oy 2072 fillge ok uauwg(m Nllwze

ez 2977 fillg - & - 10l ) + 03+ 2 s - [1Dv1 ]

e Oz = M) (I follne + 1€ly2-17m 00 )
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_ _ p=1 -
<3 2270 | fillge - (e = AP (1 + HU\|W21(9)) Nollwza)

“w
ey 22072 fullgo ¢ - (o = A" (14 ullwyo))
+eg - 2" fillge - [[1Dvills
ez Oz = M) (Mol + 19ly2-100 ) -
We require that the following inequalities be satisfied:
2u—2 " p—1 B 1
e 272 iy & o= 2" (14 lulwy o) <5

Then we have
[15llwz(0) < @1+ P2 - [[Dui]lls,q- (1.14)

for
0<A— A <h, (1.15)

where @1, &3 : Ry — R, areincreasing functions determined by the known data. Here \;
and A9 are any numbers from the interval [0, 1] satisfying the inequality (1.15), and v1, vy
are solutions corresponding to them from I/Vp2 (§2) of problem (1.9).

Denote A5=D = X;, A(®) = Xy and 0¥~ = v, v(*) = vy, from the inequality (1.14)
we obtain:

[0 llwa) < IWEPllwae) + 21+ 22 - [ Do V]l

for 0 < AKF) — \E=1 < A= A\(k) ¢ [0, 1]. Hence, by virtue of independence of h
of the indicated values A*) and A\(*1), from the inequality of the embedding WZ? (2) —
W3 () withp > 2N/ (N + 2)

IDv* V5.0 < const - [0 [ly2(q)

for the final number of iterations we obtain the statements of the theorem. At the same time
the first iteration(k = 1) corresponds to A = 0 and v(?) = 0.
Theorem 1.1 is proved.

As can be seen from Theorem 1.1, the conditions under which the inclusion theorem
holds are of primary importance for this method. Since we are looking for the maximum
value of i, we obtain the following result:

1_1,1(1 N+2
S 2 u\p 2N )’

q—p 1 1 1

ppg 2 pp  p-2N°
The solution of this equation is calculated explicitly in the form:

 N+2 2
/“L_ N q'

To obtain a significantly nonlinear problem, we will assume that g > 1. This leads to
the relation ¢ > IV, which will be assumed in the future.
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2 Unimprovability of the indicator p = % — %

This paragraph provides an example of a boundary value problem of the form (1.1)
for which all conditions of Theorem 1.1 are fulfilled, except for condition A.3). For this
counterexample, the corresponding inequality is verified and it is shown that the statement

of Theorem 1.1 is not true. Therefore, the indicator p = % — % from condition A.3)

cannot be replaced by 1 > & +2 E without additional assumptions.To this end, consider

the following counterexample (see [19)).
Let N =1, 2=[0,1] C R, and

Au=0b(z) - |Dult, z € 12,
{ 0= ou (s 1)

withb(z) = 1 - (v—=1) (2 4+&)" 2"V Here 0 < v < 1,0 < e < 1, pu >

%—523—§,p>1 Du=1u,Au=1".
This problem for the given parameters has a unique solution.
=(z+e)" —€".
For the norm ||b||4.; we have
1
(1 + E)k . €k /q

bl = v (1 =)

k

where k = [(1 —v) p + v — 2] - ¢ + 1. Hence, for & > 0, i.e. for

21 _y
7

p> ) (2.2)

1—v
and with the specified parameter values, the following inequality is satisfied
[bllgo < viTH - 2N 1/

for all € in the interval (0, 1).
For the function ¢ (z) = [(1 + )" — ] -  (such that gb’ag = u‘a(z) we have

‘p;fl + ||D95Hp;9 + ||D295Hp;9

1llwz(2) = 11@

=142 = [1+ (p+ )77 <2 < g,

for the given values of parameters.
By virtue of inequality (2.2), for any p > 1 and ¢ > 3 — %, q > p, there exists v,

, 0 < v, < 1, such that inequality (2.2) is satisfied.
Then, for the given values parameters p > 1, u > 3 — % and corresponding v, the

inequalities
Hqu;Q < Vi_u ’ 2k/q : k’_l/q;

ng||W§*1/P(aQ) < COH@HW}?(Q) < 400,
1/2

lullwio) = llullze + [ Dull2;e = /\UIQdfv
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1
+ /\Du|2dx
0
1/2

1
+ /1/2 (z+¢)* da <V24 2%, (2.3)
0

1/2 1/2

= / <(:c + &) — 2" (z +e)” + 52”) dx
0

uniformly relative to € out of (0, 1). Here, the constant ¢y is independent of the functions
¢ (x). Therefore, [lully2() — +oo fore — 0 (¢>0). In this way the statement of

Theorem 1.1 does not hold for any © > 3 — %. In fact, if the statement of this theorem

was completed, then from the boundedness of the function ¢ on the compact set defined by
inequalities (2.3), would follow limitation ||u||W5( ) is uniformly bounded with respect to

e from (0, 1).

3 Solvability theory

Let us consider boundary value problem (1.1) under the conditions A.1)-A.4) and the
following Lipschitz condition.
A.5) Let

| (@, u,m) = f (2,u,8) [ < b2 (2,u,8,m) - [n = |
almost for all z € £2 and for all (u, &,n) € Rx RY x RN, where the function by (7, u, &, n)

is measurable with respect to z for all (u,&,n) € Rx RN x RY, is continuous with respect
to (u, &, n) almost for all x € {2 and for any fixed r > 0

bo (2) = sup {ba (2, ,€,m) [Jul < 7 Ig <7, [n] <)}

and by, € Lg (2) withg > p, p > 2N/ (N +2).
We recall the known definition.

Definition 3.1 The function u™ () from W7 (£2) withp > 2N/ (N + 2) is called an upper
solution of the problem (1.1) if

{ —Lut + f (z,u™,Dut) >0, z € £,

+ > of.
U ‘89_90(@, T €

Definition 3.2 The functionu™ () from W7 (£2) withp > 2N/ (N + 2) is called an upper
solution of the problem (1.1) if

{—Lu‘ + f(z,u”,Du™) <0, z € £2,
- < 0.
u‘aﬂ_go(a:),mea

Theorem 3.1 Let conditions A.1) - A.5) with some p > 2N/ (N + 2) be fulfilled and the
boundary function ¢ (x) belong to the space W,? —/p (£2). Let there exist such upper u™ (x)
and lower u™ (x) solutions of problem (1.1) from W2 (2) that u™ (z) > u™ () in 2. Then
there exists a solution u (x) from W2 (£2) of the problem (1.1) and

u (z) <u(x) <ut(z),z €1
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The proof of this theorem is based on the following lemmas.

Lemma 3.1 Let the real-values function Fy (x,u,£) determined on 2 x R x RY satisfy
the Caratheodory condition A.1) with f = Fy and

sup |F0(-,’LL,€)| ELP(Q), p>2N/(N+2). 3.1
(z,£)eRx RN

Then the boundary value problem

{Lu:Fo(J,‘,U,DU), x € Q,
- o0

u‘arz pla), zeof,

where ¢ (x) € W]?_l/p (092) has the solution u € sz (12).

Proof. Let us consider the following boundary value problem

{LUUZFU (SL‘,U(Z'),DU(.T)), T € {2,
= , T €02
ot
for the arbitrary function v (z) € C* (ﬁ) Then according to the known linear L,, theory

of elliptic problems, this boundary value problem for any function v (z) from C'* (£2) has

the solution u (x) from W]? (£2), w = T (v) for which by virtue of (3.1) the following
inequality is fulfilled:
lullwz0) < C, (3.2)

where the constant C' is independent of v (z) from C! (£2). The operator T’ : C! (£2) —
W2 (£2) is continuous and as a result of the compact embedding W7 (2) — C* (£2),
(p > 2N/ (N + 2)) is a completely continuous operator from C! (£2) to C* (£2). Due to
the estimate (3.2), there exists a sphere in the space C'! (ﬁ) that the operator takes to itself.
Then, according to the well-known Schauder theorem, operator 7" has in space C'* (ﬁ) a

fixed point u (z), which, by definition of operator 7', belongs to space WI? (£2).
The lemma 3.1 is proved.

Determine we now for the function u (z) from W;? (2) with p > ]\2,52 the cut off
operator ¢ by the relation

ut (z) for u(x) > ut (x),
ou(x) = (x) for u= (z) <wu(x) <ut (z),
u” (z) for u(z) <u™ (),

and consider the following boundary value problem

{Lu = f(z,ou,Du), x € (2,
(3.3)

= on.
u‘aﬂ p(x), x €

Lemma 3.2 Let the function f (x, ou, Du) satisfy conditions A.1) -A.5) withp > 2N/ (N + 2)
and ¢ € Wp2_1/p (£2). Let u () from W} (§2) be the solution of the problem (3.3). Then

u (z) <u(z) <ut(z), v (3.4)
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Proof. For the function W (z) = u — u™* we have

LW > f(x,0u, Du) — f (:c,u+,Du+) , T €S2 (3.5)

W) <0, z€on. (3.6)
on

We now assume the inverse statement of the lemma. Then set the
G= {az e ‘ W(x) > 0} is not empty, and

Lw>f (m,u+,Du) —f (1:,u+,Du+) > —by, () - |DW|, x € 12,

where by, (x) = sup {b2 (x,u™, Du, Du*)} and bo, € L, (£2) with g > p and p >
2N/ (N + 2). Then it follows from A.D. Alexandrov‘s paper [2] that WV (x) attains strong
positive maximum on the boundary 0f2. This contradicts the boundary condition (3.6).
Thus, it is proved that u (z) < u™ (x) in the domain §2. Similarly, the inequality v~ (z) <
u () is proven in the domain 2.

Lemma 3.2 is proved.

Now let M = mgx{|yu+uw21(m, —Hu*HW;(Q)}. Then [|ullyys (o) < M and by virtue
of Theorem 1.1
lullwzo) < @ (M. 1¢ly2-1 00 ) -
By virtue of the Sobolev embedding theorem [22] we have

3.7

2N
2 1
W, (£2) c Wy (£2), HUHWg(Q) <2 ”Uuwg(ﬂy D> N2

where the positive constant ¢y is independent of the function u (z) € W7 (£2). Then we
obtain:

lullwzie) < Mi, My=co- @ (M, I¢llyzvm g ) -
Determine we now the function

f(LU,’U/,f) for |£‘ < M27
Fi (z,u,§) = f (:6.71L7]\427 I%) for €| > Ms,

where My = max { M, [t [l (), 4™ lwy e | -
This function satisfies the conditions A.1) - A.3) with the appropriate inequality

b(x,u) 4 by (z,u) [E]* for [§] < My,
|y (z,u,8) | < {b(m,u) +b1 (2,u) - |Ma|* for |€] >2M2.

The function F7 satisfies also the condition A.5) with the appropriate function b (z, u, &, ).
Let us consider the following boundary value problem

{LuzFl (z,ou, Du), = € §2,

= on.
u‘ag p(x), x €

(3.8)

The function
Fi (et (0),6) for  u>ut(x),

Fi(z,u,8) =< Fi(z,u(z),§) for u (z) <u(z) <u'(z),
F(z,u (z),§) for u<u (z),
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satisfies the conditions of Lemma 1.3, and
Fl (.’L‘,u((l?) , Du (.I')) =F (l’,O"LL (1’) , Du (.Z')) :

Consequently, to the problem (3.8) we can apply Lemma 3.1 by virtue of which there
exists the solution u (x) of this problem from the space Wg (2) with p > 1\2,—12
The function u™ () is the upper solution and u ™~ () is the down solution of the problem

{Lu:Fl(x,u,Du), x € {2,

— o(2), x € 0N, (3.9)

d
o0

By the Lemma 3.2 we have:
u () <u(z) <ut(z), €0,

and consequently, ou (x) = w (x) so that the obtained solution u () of the problem (3.8)
is the solution of problem (3.9) as well.
We now apply the theorem to the solution u (x) of the problem (3.9) and obtain

lullwzo) < @ (M. 1@ ly2-1m 00 ) -

Then from the inequality (3.7) it follows that

lullwac) < Mi, Mi = co-@ (M, lgly217m ) -

We finally obtain that the solution u (x) of problem (3.9) is the solution of problem (1.1).

Theorem 3.1 is proved.

Choosing the function from various trial functions sets as upper and down solutions, we
can obtain various theorems on the existence of solutions to boundary value problems of
the form (1.1).

Let us take as a “trial” set of functions of the form

u(z) = A,
where A is a real number.

Theorem 3.2 Let be satisfied conditions A.1)- A.5) with some p > 2N/ (N + 2) and the

boundary function ¢ (x) belong to the space Wp271/p (092). Let the functions f (x,u, Du)
and o () be such that there exist two numbers \* and \=, A\t > \~, such that

f($aA_70) SOSf('rv)\+aO)7 I‘EQ,
A" <p(x) <A, zedn.

Then there exists the solution u () of the boundary value problem (1.1) from the space
W2 (£2) and
A <u(z) <At zen.
For prove this theorem, it suffices to apply theorem 3.1 vt = \* and u™ = \™.

Now let us take as a “trial” set of functions of the form

2P
— =
u(z) = A

where X is a real number.
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Theorem 3.3 Let conditions A.1)- A.5) be satisfied for some p > N and the boundary

function ¢ (x) belong to the space Wp%l/p (092). Let the functions f (z,u, Du) and ¢ (x)
be such that there exist two numbers X\t and \=, \T > \~, such that

Y ag (x,A+ : @,ﬁx) A4 f (x,A+ : @,A%) > ren,
|a|=2

Y (x A—@,A—x) iy (x,A—@,A—x) <0, e,
|a|=2

A BE <o) < atEE 2 eon.

Then there exists the solution u (z) to the boundary value problem (1.1) from the space
W]? (12), and
2 |x|2

2
=l and

To prove this theorem, it is enough to apply Theorem 3.1 with u™ = AT .
um =\ @

Similarly, we obtain the solvability theorem for boundary value problem (1.1), if we
“trial” set of functions take functions of the form

|a:fx0]2

u(z)=M\- 5

with appropriate A=, AT € R and o,z € RY.
Let us take now as a “trial” set of functions the functions of the form

u(z) =up () + My (),
where ug (x) is the solution of the problem

{LUOZO, x € {2,
= on
o, = ¢), ze08,

Uo
a

A is a real number and 1 () is some first eigenfunction of the boundary value problem
{L’(ﬁ1+>\1w1 =0, z € (2,
=0
1/)1 ‘89 )
and ¢ (z) > 0in {2.

Theorem 3.4 Let conditions A.1) - A.5) be satisfied for some p > 2N/ (N + 2) and let the

boundary function ¢ (x) belong to the space W;il/p (012). Let the functions f (x,u, Du)
and o () be such that there exist two numbers X\~ and \*, A\t > X\~ such that

I (x,uo + AT, Dug + )\+D1/11) + M ATy (2) >0, 2 € 02,
f (.’L‘,UO + A" Y1, Dug + Atil) + AMAT Y (x) <0, z € {2

Then there exists the solution u (z) to the boundary value problem (1.1) from the space

W2 (£2), and
ug (2) + A" Y1 (2) <u(z) <wug(x) + ATy (2), 2 € 0.

To prove this theorem, it is enough to apply Theorem 3.1 with u* = wuy + ATy and
U =ug+ AT Y.
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4 Application to second-order systems

In this part of the paper we prove a theorem on a priori estimation for a second order
quasilinear elliptic system. The main attention is on the attainability of maximum degrees
of the growth of the nonlinear component of the system and constraints in its summability
index. The growth conditions for the right hand side obtained in this the paper and providing
strong a priori estimations of the solutions to the quasilinear system through the maximum
of the modulus of this solution, are a bit different from the conditions [4], [8], [7], [12], [13],
[15], [16], [20], [21]. The conditions under which the generalized maximum principle holds
for the system of the specified type, are given and a theorem on the existence of the solution
is proved. When proving the main result on a strong a priori estimation, the interpolation
method for obtaining such estimations and developed for elliptic equations by S.I. Pohojaev
[19], [20] is used.

Let us consider a quasi-linear operator generated by the system

n

Li= Z Zagj(x,ﬁ,Dﬁ’)Dauj , k=1,np,
la|=2 | j=1

where the coefficients a’;j (la| = 2), k,7 = 1, n are real and continuous function in 2 x
R" x R".

With the help of the described interpolation method, we will establish sufficient condi-
tions that are enough a strong a priori estimate of solutions « € VVp2 (£2) of the problem

~G(), €0, @D

Li = f(x,@,Did), z €,
0t
The following conditions are assumed to be fulfilled.
B.1) The functions f}, (ac, &, §?1> k = T, n vector components f (:U, &o, 51) determined

on 2 x R" x R™N and caratheodorian.
B.2) Let

7(-68) | < 3[0 (n6.6) | <5(6) 5 (+6) o
k=1

almost for all z € (2,50 € R"™ and 51 € R™V with such non-negative caratheodorian
functions 5(37, EO) and by <w, {0) that for any » > 0

by (z) = sup{5<x,§)) ‘|§_E)| < 7’}

2N

O and the function

belongs to space I_;p (2) withp > 1 and p >
b (@) = sup {51 (&) |G < v}

belongs to space Eq (£2) withg > pand p > ]\2,—_]\1:2
B. 3) Let
CN+2 2
/"L - N q'
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B.4) Let L be a second-order quasilinear elhptlc operator with real and continuous co-

efficients on £2 x R"™ x R™V. Let the operator Lyil, which is linear with respect to i (), be
equal to

Ly = Z Zagj(x,ﬁ,DU)Dauj, , k=1,n

for any function & € G (£2) be a linear elliptic operator with such real coefficients that the
linear (with respect i (x)) boundary value problem

Lyi =G (x), v €L,
U

— G(x), xedn (4.2)

a12

for any function @ () € C' (£2) is coercive in the space WPQ (), i.e. the a priori estimation
1200y < & (182 + 182-1m 00, + 1Tl

with a positive constant ¢ independent of § € Ep (2) of g € V_Vg i/ (042) and of the
solution @ € I/f/;? (£2) of the linear problem (4.2) is fulfilled. In this case, the constant ¢ from
continuity modules of coefficients a’;j (la| = 2), k,j = 1,n and module of continuity of

the functions ¢/, D¥. Note that sufficient conditions for the coefficients of the operator L
ensuring the coercivity of the linear (with respect to « (x)) boundary value problem (4.2)
are given in [1], [10].

Thus, boundary problem (4.1) is considered at the intersection of spaces V_VI,Q (2)n

W (£2). Note that when p > ]\2,]):2 there is an insertion I/V2 (2) € Wi (£2) (see, [22]),
so that the boundary function @ (z) is the trace @ () = ¥ () 0 of function ¢ (z) from

Vf/g (£2), i.e. it belongs to space ngl/p (02) with norm |]¢'||W371/p(89) < ¢p- HJHWIZ(Q)’

where ¢q does not depend on 1; (z) (see [ ).

In this work, it is assume that the nonlinear function f (z, ﬂ’ Dﬁ) belong to space Ep (2)
with arbitrarily fixed function @ () from WPQ (£2) with p > 225 +2

When investigating the problem (4.1), the embedding theorem of anisotropic spaces is

used substantially I/f/g (£2) and the multiplicative inequality that follows from it are essen-
tial. Let us formulate the general embedding theorem [17] in the particular form we need.

Lemma 4.1 Let i (x) € Wg (2),p > N+2 and the conditions have been fulfilled B.1) -
B.3). Then

1 1- 1
IDillso < ex - llligh o) 1l (e + e Il o) 43)

with positive constants c¢1 and ca, independent of the function i () of WPQ (£2), where

;_1+;<;_N+2)

S T 2 ©wA\p 2N |

1 < N+2 g _ mpg “4)
<,U/_T, —q_p.

Lemma 4.2 Let conditions B.1) - B.3) be fulfilled. Then the operator F (i) ( ) = f(z,@(z), D (z))
acts completely continuously from Wp2 (£2) in Ly, (£2) withp > 1 and p > N +2
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Proof. Let us evaluate || E () || p:02 using conditions B.1) - B.3) and Holder’s inequality:

I (a2)

2 < orllps2 + 101 llg:2 - HDﬁH’ég 4.5)

with 7 = const - ||E||W1( o and § = L. Then, based on equalities B.3) and interpolation
2

inequalities (4.3) with the specified S and p corresponding to them according to formula

(4.4), we obtain

VE @) o < Il + @1 (I8l 0y ) N0y + @2 (Il 00) . @6)

where &1, $2 : Ry — R, are the increasing functions determined by the known data.
This proves the boundedness of operator F (i) (z). Since p > 2N / (N + 2). Under the
restrictions of this theorem, the embedding operator F} I/V2 (£2) = Lg (£2) is completely
continuous. By virtue of estimate (4.6), the operator F' : Lg (Q) — Lp (£2) is bounded, and
by the general properties of the superposition operator, it is continuous. Then operator F .

Wg (2) - ij (£2) is completely continuous as a composition of completely continuous
and continuous operators.
Lemma 4.2 is proved.

Let 4 € I/f/z? (£2) be the solution of problem (4.1) and let the conditions B.1)- B.4) be
fulfilled. Then the problem (4.1) can be considered as a linear problem with a fixed right

hand side F () () = f (2,4 (z), Dii (z)) € Ly (2) with p > 2.

Theorem 4.1 Let conditions B.1) - B.4) with some p > 2N/ (N + 2) be fulfilled. Then
there exists such a function @ : Ri — Ry bounded in each compact that for any solution

u (z) from VT’/'p2 (£2) withp > 2N/ (N + 2) of the problem (4.1) the inequality

@20 < @ (M 1Bl g2-15 5 ) -
is fulfilled if ||ty ) < M and R% =Ry x R;.

Proof. We have

f (z, @, D)

Lii = f («,ii, Dil) = 77 D

(14 |Dul*).

Hence
) - Do
Li—c(z)d= Jw (1 + D" — ¢ (x) u,

where ¢ (x) = b, (z) > 0. Then for the function 4 (z) we have

{

Here f (z) = %, fo (@) = fi(x) — @(x) @. Our goal is to obtain an estimate

4.7)

F(x), xe€dmn.

S
Q

f—é(w)ﬁ:fl(a:)-]Dﬁ\“—kﬁ)(x), z €0,

Of [ly7;) through values that bound [ g+ |1 follsrs il and (1815211
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from above. To this end, consider the boundary value problem in the space Wg (£2) with
p>2N/(N +2).

(x

with the parameter A € [0,1] and with the functions &(z) , fo () and f (z) determined
above.

(): éx)V = fi(@)- DV + X fo(z), v €2, “8)

A-G(x), ©edf

01?2

For problem (4.8), the following lemma on the uniqueness of the solution holds.

Lemma 4.3 For any fixed )\, problem (4.8) has at most one solution from WPQ (£2) with
p>2N/(N +2).

Proof. Let us assume the opposite. Then, for the difference W =V — Z of two possible
solutions V' (z) and Z (x), we have

EW—E’(m)W:ﬁ(:c)%Ez(x)D1W(x), x € {2,

i=1
W| =0, zedn.
o
1
Here h f (x,7) dT where
0

S}

-1

(T.DkW+DkZ>2 . <T~D¢V_\>+Diz> (@),

=
™=

N 4 N 2 - N N =\ 2

for 3 (T - DWW + DkZ> () # 0and H; (z,7) = Ofor 3 (T F DV + DkZ> (z) =
k=1 k=1

0.

Sincec()z ,E(x) € Ly(x), fi(x) € Ly(2), hi(x) € Ly(R) (i=1,...,N),
q > pand p > 2N/ (N +2), it follows from the results of A.D. Aleksandrov [2] that
W( ) = 0.

Lemma 4.3 is proved.

Let now V; and V5 be the solutions of the problem (4.8) correspondlng to the values of
A1 and Ao > A; of the parameter \. Then for the difference Y = ‘/2 — V1 we have

—

EY—E(x)Y:ﬁ(:U)-%Zi(m)Di?—i—(Ag—)\l)ﬁ(x), x e,

=1
L, = M= M)F(@), zeo

—

- 1
Here h; (z) = [ H; (x, ) dT where
0

£

N 2

= - 0\ 2 — -

H (2,7) = p [Z (T . DyY + DkV1> : (r DY + Divl) ()
k=1
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N - -\ 2 7 o % 7))
ﬁmE(TJ%Y+DMﬂ @H“MMHN%ﬂ:”ﬁ”Z<TJ%Y+DMQ )=
= k=1

0.
Assume K = ()\2 — )\1) (1 + ||1_[HW21(Q)) , Ag > Aq.

Lemma 4.4 ||V, — V1HW1(Q) K.

Proof. For the function (17 - K ) we have

L(Y-K)-c@) (Y-K)=fi(): gﬁ() (Y- K)+
+ 2= \) fo(@)+E@) K, z e,

Y_K) ‘8(2:()\2—)\1)@(1‘)—K, € 09,

Further, .
c(@) K+ (A2 — M) fo(z) =

(>\2—>\1[ ( (ff)) ((l‘) +fi
(¥-x)],, S()\z—)\l)< () = lilzy)) <0 = € 02
(x

Then it follows from A.D. Alexandrov‘s paper [2] that Y

Similar reasoning proves the inequality Y (x) > —K in £2.
Lemma 4.4 is proved.

())]20, zeN
) < —K in {2.

Let us continue the proof of Theorem 4.1. To do this, consider the parametric family of
problems (4.8). Note that, by Lemma 4.3, the solution to problem (4.8) at A = 1 coincides
with the solution to problem (4.7) and with the solution to problem (4.1).

Let ‘7'1 and X72 be solutions to problem (4.8) corresponding to the values A; and As > A\;
of the parameter A. Then by Lemma 4.4, we have

1V = Vil ) < Q2 = 2) (1+ iy ) - 4.9)
On the other hand, this function is the solution to the problem
LY —2(2) ¥ = fi (2) [| DVl = IDVAJ] + 0o = M) o (2), @€ 2,
Y o= M= M) (@), weon.
Consequently,

ILY — 8(2) Y ||p < 27" - || fill gz - |1 DY ||+

421 | fillgs - 1DVA . + (A2 = M) 1 follpsea, (4.10)
1Y llg2-10 ) < Oz = M) 1Bl g2 5 @.11)

for0 < A\ < X < 1. . .
From the inequality (4.3) for the function Y (z) from W7 (£2) with p > 2N/ (N + 2) it

follows that . ey - 1/
IDY [|s;0 < ex - IV 5, ~” ||Y|| “+C2HUIIW1 () (4.12)
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with positive constants ¢; and ¢ independent of the function Y () from Wg (£2). On the
other hand, by virtue of the known theory of elliptic problems, the following inequality is
fulfilled

1Y llwz0) < cs (HEY —C(x)Y|

v+ 12150, ) -

Here c3 = ¢3 (£2, N, p, q). Then, using inequalities (4.9)-(4.12) we obtain

1730y < € Oz = A1) - (1 ollsez + 18052170 50)

- . R H
ber- -2 Fillga - o = M- (14 il gy )
+es 2 | fillge - |1 DVA|lf g
B - . . pn—1 -
teg - 22272 | fillg - - (Aa — AP (1 + ||“||W21(Q)) : ||Y||Wg((z)'

Hence it follows that

¥l < 265+ 02 = 20) - (Il + 190 g2 )

) . . w
tes b 2 Fillga - Oo = M) (14 il )

+es - 27 fillge - IIDVA g,

for

N | =

cy - 2272 1 fillge - (A2 = A)¥ . (1 * Hu||W21(Q)) =

Thus, we have . .
[¥lla(ey < P12+ B2 - [ DV, (4.13)

for
0< X~ <h, (4.14)

where
h = 63_1/(#—1) . 2—(2,u—1)/(u—1) . cl—ﬂ/(ﬂ—l) i (1 + M)—l 7
and &1, o : R, — R, are increasing functions determined by the known data. Here
A1 — Ay are any numbers from the interval [0, 1] satisfying the inequality (4.14) and V;, V5
are appropriate solutions from VVp2 (£2) of the problem (4.8).
Denote \F—1) = A, AE) = X\, and vk = 171, Vk) = 172, from the inequality
(4.13) we obtain

IV 200y < @1+ IIVE Dl + @2 - IDVE V50,

for0 < Xk _\(E=1) < p A(k_l), AK) ¢ [0, 1]. Hence, due to the independence of h of the
indicated values A*1) and A(*) and from the embedding inequality Wg (2) = W} (Q)
withp > 2N/ (N + 2)

||D‘7(k_1)||5;9 < const - ||‘7(k_1)”vf/p2(g)

for finite number of iterations we obtain the theorem statement. Moreover, the first iterations
(k = 1) correspond to A(?) = 0 and v(®) = 0.
Theorem 4.1 is proved.
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5 Solvability theory

Let us consider the boundary value problem (4.1) under the conditions B.1)-B.4) and the
following Lipschitz condition.
B.5) Let

‘ — — —

Fw,i i) - f(2.0.8) | <bs (w.0.€7) 17— €
for almost all z € (2 and for all (ﬁ,g,ﬁ) € R" x R™ x R™V, where the function
bs <m, U, E, ﬁ) is measurable with respect to x € (2 for all (ﬁ, 5, ﬁ') € R" x R™N x R"N,

is continuous with respect to (ﬁ, 5, ﬁ) almost for all x € {2 and for any fixed » > 0

b (@) = sup {B (- @,E7) ||l < v €] < v 7] < v}

belong to Eq (2) withq > pand p > 2N/ (N + 2)
Recall the known definitions.

Definition 5.1 The function u™ (z) from W]g (£2) withp > 2N/ (N + 2) is said to be the
upper solution of the problem (4.1) if
{—Em + f(x,@at,Dit) >0, z € Q,
it >¢ € 01.
i ‘ g 2 P2), @

Definition 5.2 The function @~ (z) from Wg (£2) withp > 2N/ (N + 2) is said to be the
down solution of the problem (4.1) if
{ —Li~ + f(z,@,Di") <0, z €,

T < 012.
U ag_go(x), T €

Theorem 5.1 Let conditions B.1) - B.5) be satisfied with some p > 2N/ (N + 2) and the
boundary function ¢ (x) belongs to the space WPQ —1/p (£2). Let there exist upper 4" (x)
and lower i~ (z) solutions to problem (4.1) of sz (2) such that @* (z) > @~ (z) in 0.
Then there exists a solution i (x) of Wg (£2) of problem (4.1) and

i () <i(x)<a(z), x €
The proof of this theorem is based on the following lemmas.
Lemma 5.1 Let the real function ﬁo (m, i, E) defined on £2x R"x R™ satisfy the Caratheodori
condition B.1) with f: 1*:"0 and

sup ‘ﬁo (a{) ‘ €L, (), p>2N/(N+2). (5.1)
(@,€)e(RmxRnN)

Then the boundary value problem
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Proof. We consider the boundary value problem

Lo = _’o(vafU),er,
i =¢g(x), ze€of

a12

at an arbitrary function 7 (z) € 1 (ﬁ) Then by the well-known linear L, -theory of
elliptic problems, this boundary value problem for any function ¥ (z) of oL (ﬁ) has a
solution u (x) of Wg (£2), @ (z) = T (), for which, by virtue of (5.1) the inequality

H’JHWS(Q) <C, 5.2)

where the conmstant ¢ is independent of @(z) of C'(Q). The operator
T : C'(Q) — W2 (1) is continuous and as a result of compact embedding
W;ﬁ(ﬂ)i% C'(2) (p > 2N/ (N +2)) is a completely continuous operator from ()
to C' (Q) By virtue of estimation (5.2) there exists a sphere in the space C'* (Q) that the

operator , operator T takes into itself. Then by the Schauder‘s known theorem, the opera-
tor 7" has in the space C 1 ((2) a fixed point @ (z) that by the definition of the operator T

belongs to the space I/Vp2 (£2).
Lemma 5.1 is proved.

Let us now define for the function @ (z) of Wg (£2) with p > 2N/ (N + 2) the shear
operator & by the relation

at (z) for u(x) > ut (x),
i (r) = (a:) for v~ (z) < d(x) <ut (),
u” (x) for 4 (z) <u (z),

and consider the following boundary value problem
Lii = f (z,Gi,Dii), x € 0,
{ o ( ) (5.3)

Lemma 5.2 Let the function f (x,0U
and g € W,?_l/p (2). Let @ (x) of

W) satisfy conditions B.1) -B.5) withp > 2N/ (N + 2)
Q) be a solution to problem (5.3). Then

/—\b

i (z) <ii(x)<ut(z), €0 (5.4)

LW > f(z,4, Dd) — f (z,a*, Dat), z € £, (5.5)
W) <0, z€dn. (5.6)
o192

We now assume the opposite statement of the lemma. Then the set G = {1: €N ‘ W (z) >0

is not empty, and

LW > f (z,at,Dd) — f (z,a",Da"), =€ Q.
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Hence, due to condition B.5) we obtain
IW > —fy, () IDW], 2 €2,

where 5377, € I_;q (2) with ¢ > pand p > 2N/ (N + 2). Then from the results of A.D.

Alexandrov‘s paper [2] it follows that w (x) attains strong positive maximum on the bound-
ary 0f2. This contradicts the boundary condition (5.6). Thus, it is proved that i (x) <
't (z) in the domain 2.

Inequality u~ (z) < @ (x) in the domain of §2 is proved similarly.

Lemma 5.2 is proved.

Assume the proof of Theorem 5.1. Let
_ -+ o
M = max {[[i* @) g3 (0 =17 (@) 70} -

Then ||1IHW21(Q) < M and by virtue of Theorem 4.1

a0 < @ (M 18 52-1m 00 ) -
By virtue of the Sobolev embedding theorem [22] we have

il 3 < 2 Illyagq) p> 2N/ (N +2), (5.7)

-,

where the positive constant ¢ is independent of the function @ () € W7 (£2). Then we
obtain

where My = ¢y - @ (M, |]<,5||W5_1/p(89)).
Now let’s define the function
— ) ]F(‘T’ﬁvg> for |a < M27
Fl (1.7 ﬁa é) = - & —
f (x,ﬁ, Mo, é) for |£] > Mo,

where
My = max { My, [ gy |7y, |

This function satisfies condition B.1) -B.2) with the corresponding inequality

| (:n i 5) | < {b(%ﬁ) +by (@) [€] for [€] < My,
y Uy - b(ﬂf,ﬁ)—kbl(x’ﬁ).Mé‘ for |€] > Ms.

The function Fy (x, U, E) also satisfies condition B.5) with the corresponding function

bs.
Let us now consider the boundary value problem

(5.8)

Li = F, (z,34, D), z € 12,
i =@(x), = edn.

o2
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The function

Fy (z,at (z) ,5) for a(z) >ut (),
7 (:“75) — ! B (2,@(x),8) for @ (z) <@(z) <at (),
F (:c, u (z) ,5) for U(zr) <u (z),

satisfies the conditions of Lemma 5.2 and
Fy (w,i (), Dit () = F, (v, 51 (), Dii (x)).

Hence, Lemma 5.2 applies to problem (5.8), by virtue of which there exists a solution
@ () of this problem from the space VV2 (2) withp > 2N/ (N + 2).
The function @* () is the upper solutlon and @~ () is the lower solution to the problem

Li = F, (z,@,Di), z €,
g‘ (5.9)

From Lemma 5.1 we have
i (z) <i(r)<ut(z), €

and hence 7 (z) = i (x), so that the solution # (x) of problem (5.8) is also a solution of
problem (5.9).
Now applying the Theorem 4.1 to the solution @ (z) of problem (5.9), we obtain

120 < @ (M 1Bz ) -
Then it follows from the embedding inequality (5.7) that

where M| = ¢y - P <M7 HSBHWIE*I/P(aQ))

We finally obtain that the solution @ (x) of problem (5.9) is the solution of problem (4.1).

Theorem 5.1 is proved.

By choosing functions from different “trial” sets of functions as upper and lower solu-
tions, we can obtain various existence theorems for solutions of boundary value problems
of the form (4.1).

Let us take as a “trial” set functions of the form

(z) = A,
where )\ is a real number vector.

Theorem 5.2 Let conditions B.1)- B.5) with some p > 2N/ (N + 2) be fulfilled, and the
function @ (x) belong to the space Wg_l/p (892). Let the functions f (x, 1, Dit) and & (z)
be such that there exist such two numbers \t and \=, \T > X\~ that

( ><o<f<mX+0>,a:eQ,
S)\+,:E€6(2

yl\
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Then there exists a solution # (x) of the boundary value problem (4.1) from the space

=

W2 (£2) and
X <i(x) <X, zen

To prove this theorem, it is enough to apply Theorem 5.1 4 = Xt and @~ = A~
Let us now take as a “trial” set functions of the form

where X is a real number vector.

Theorem 5.3 Let conditions B.1) - B.5) be satisfied with some p > 2N/ (N + 2) and the
boundary function @ () belongs to the space Wz_l/p (092) . Let the functions f(z,a, D)
and G (x) be such that there exist two numbers AT and \=, At > X7 such that,

f<x7§\‘+ |T| )>Zza ( +'¥,X+f)x+,k:1,n,x€(2,

o= 29

f(ac P %,_’*_'>< > Ea (x,)\*-@,xff)x*, k=1,n, z €1,

- 2 lod=27=
R < g@) < xr B s eon.

Then there exists a solution # (x) of the boundary value problem (5.1) from the space
Wg (£2) and Then there exists the solution @ (z) of the boundary value problem (4.1) from

the space 12 (£2) and

2 2
A*~ﬂ§ﬁ(x)§>\+-ﬂ, T € (.
2 2
To prove this theorem, it suffices to apply Theorem 5.1 with @ = Xt ‘x2|2 and ¥~ =
-l

5
Similarly, the theorem on solvability of the boundary value problem (4.1) is obtained if
we take functions of the following form as a “trial” set of functions

2
i(z) = 5+ . Bl
() o

where )\ is a real number vector and z, zg € RY.
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